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Abstract 

This paper offers some new results on randomness with respect to 
classes of measures, along with a didactical exposition of their context 
based on results that appeared elsewhere. 

We start with the reformulation of the Martin-Lof definition of ran- 
domness (with respect to computable measures) in terms of randomness 
deficiency functions. A formula that expresses the randomness deficiency 
in terms of prefix complexity is given (in two forms). Some approaches 
that go in another direction (from deficiency to complexity) are consid- 
ered. 

The notion of BemoulH randomness (independent coin tosses for an 
asymmetric coin with some probability p of head) is defined. It is shown 
that a sequence is BemoulU if it is random with respect to some Bernoulli 
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measure Bp. A notion of "uniform test" for Bernoulli sequences is intro- 
duced which allows a quantitative strengthening of this result. Uniform 
tests are then generalized to arbitrary measures. 

Bernoulli measures Bp have the important property that p can be recov- 
ered from each random sequence of Bp. The paper studies some important 
consequences of this orthogonality property (as well as most other ques- 
tions mentioned above) also in the more general setting of constructive 
metric spaces. 



1 Introduction 

This paper, though intended to be rather self-contained, can be seen as a contin- 
uation of [11] (which itself built on earlier work of Levin) and [13]. 

Our enterprise is to develop the theory of randomness beyond the framework 
where the underlying probability distribution is the uniform distribution or a 
computable distribution. A randomness test t{a),P) of object to with respect to 
measure P is defined to be a function of both the measure P and the point to. 

In some later parts of the paper, we will also go beyond the case where the 
underlying space is the set of finite or infinite sequences: rather, we take a con- 
structive metric space with its algebra of Borel sets. 

We will apply the above notion of test to define, following ideas of [16], for 
a class of measures having some compactness property, a "class test" t<^(tt>). 
This is a test to decide whether object to is random with respect to any one 
measure P in the class ^. We will show that in case of the class of Bernoulli 
measures over binary sequences, this notion is equivalent to the class tests intro- 
duced by Martin-Lof in [20]. 

In case there is an effective sense in which the elements of the class are mutu- 
ally orthogonal, we obtain an especially simple separation of the randomness test 
t{to,P) into two parts: the class test and an arbitrarily simple test for "typical- 
ity" with respect to the measure P. In some natural special cases, the typicality 
test corresponds to a convergence property of relative frequencies, allowing to 
apply the theory to any general effectively compact class of ergodic stationary 
processes. 

There are some properties of randomness tests t{to,P) that depend on the 
measure P, which our tests do not necessarily possess, for example a kind of 
monotonicity in P. It is therefore notable that in case of the orthogonal classes. 
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randomness is equivalent to an "blind" notion of randomness, that only considers 
randomness tests that do not depend on the measure P. 

Here is an outline of the paper. We start with the reformulation of the Martin- 
Lof definition of randomness (with respect to computable measures) in terms of 
tests. A randomness test provides a quantitative measure of non-randomness, 
called "randomness deficiency"; it is finite for random sequences and infinite for 
non-random ones. There are two versions of these tests ("average-bounded" and 
"probability-bounded" ones); a relation between them is established. 

A formula that expresses the (average-bounded) randomness deficiency in 
terms of prefix complexity is given (in two forms). It implies the Levin-Schnorr 
criterion of randomness (with prefix complexity, as in the special case first an- 
nounced in Chaitin's paper [4]). Some approaches that go in another direction 
(from deficiency to complexity) are considered. 

The notion of Bernoulli sequence (looking like the outcome of indepen- 
dent coin tosses for an asymmetric coin) is defined. It is shown that the set of 
Bernoulli sequences is the union (over all p E [0, 1]) of the sets of sequences that 
are random with respect to Bp, the Bernoulli measure with probability p; here 
we assume that p is given as an oracle). A notion of "uniform test" for Bernoulli 
sequences is introduced. Then the statement above is proved in the following 
quantitative form: the Bernoulli deficiency is the infimum of Bp deficiencies 
over all p E [0, 1]. 

The notion of general uniform test (not restricted to the class of Bernoulli 
measures) is introduced. It is shown that it generalizes Martin-Lofs earlier defi- 
nition of randomness (which was given only for computable measures). 

Bernoulli measures Bp have the important property that p can be recovered 
from each random sequence of Bp. The paper studies some important conse- 
quences of this orthogonality property (as well as most other questions men- 
tioned above) also in the more general setting of constructive metric spaces. 

The following notation is useful, since inequalities hold frequently only 
within an additive or multiplicative constant. 

Notation 1.1. We will write f{x) < g{x) for inequality between positive func- 
tions within a multiplicative constant, that is for the relation f{x) = 0{g{x)): 
precisely, if there is a constant c with f{x) ^ cg{x) for all x. The relation f = g 

means f < g and f > g. Similarly, f < g and f = g means inequality within an 
additive constant. 

Let A denote the empty string. 
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Logarithms are taken, as a default, to base 2. We use \x\ to denote the length 
of a string x. For finite string, x and finite or infinite string yletx^y denote that 
jc is a prefix of y. If x is a finite or infinite sequence then its elements are written 
as jc(l),jc(2), . . . , and its prefix of size n will be denoted by jc(l : n). 

Let R4. = [0,00] be the set of nonnegative reals, with the special value 00 
added. The binary alphabet {0, 1} will also be denoted by B. j 

2 Randomness on sequences, for computable 
measures 

2.1 Lower semicomputable functions on sequences 

In the first sections, we will study randomness over infinite binary sequences. 

Definition 2.1 (Binary Cantor space, Baire space). We will denote by Q. the set 
of infinite binary sequences, and call it also the binary Cantor space. For a finite 
string X let xD. be the set of all infinite sequences that have finite prefix x. These 
sets will be called basic open sets, the set of all basic open set is called the basis 
of Q. (as a topological space). A subset of Q. is open if it is the union of a set of 
basis elements. 

The set of infinite sequences of natural numbers will be called the Baire 
space. Basic open sets and open sets can be defined for it analogously. j 

A notion somewhat weaker than computability will play crucial role. 

Definition 2.2. An open set G C H is called effectively open, or lower semi- 
computable open, or c.e. open, or re. open if it is the union of a computable 

sequence XiQ. of basic elements. A set is upper semicomputable closed, or effec- 
tively closed if its complement is effectively open. 

A set r is called effectively Gg if there is a sequence of sets Uk, k — 1,2,... 
effectively open uniformly in k such that T = f]j^Uk. 

A function ? : H — )■ [0, 00] is lower semicomputable if 

(a) For any rational r the set {a> : r < t{a>)} is open in Q, that is is a union of 
intervals xQ. 

(b) Moreover, this set is effectively open uniformly in r, that is there exists an 
algorithm that gets r as input and generates strings xq,xi,... such that the 
union of interval XjQ. is equal to {oj : r < t{a))}. 
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J 

This definition is a constructive version of the classical notion of lower semi- 
continuous function as in requirement (a). The same class of lower semicom- 
putable functions has other (equivalent) definitions; here is one of them. 

Definition 2.3. A function u defined on Q. and having rational values is called 
basic if the value u{a)) is determined by some finite prefix of co. j 

If this prefix has length A^, the function can be presented as a table with 2^ 
rows; each row contains bits (the values of the first A'^ bits of co) and a rational 
number (the value of the function). Such a function is a finite object. 

The proof of the following proposition is a simple exercise: 

Proposition 2.4. The (pointwise) limits of monotonic sequences of basic func- 
tions are exactly the lower semicomputable functions on Q.. 

Since the difference of two basic functions is a basic function, we can refor- 
mulate this criterion as follows: lower semicomputable functions are (pointwise) 
sums of computable series made of non-negative basic functions. 

One more way to define a lower semicomputable function goes as follows. 

Definition 2.5 (Generating). Let T be a lower semicomputable function on the 
set {0,1}* of finite sequences of zeros and ones with non-negative (finite or 
infinite) values. This means that the set of pairs {x,r) such that r < T{x) is 
enumerable. Then function t defined as 

t{cS) = supT{x) 

is a lower semicomputable function on Q.: we will say that function T{-) gener- 
ates function t{-) if it is also monotone: T{x) ^T{y) li x\^y. j 

The monotonicity requirement can always be satisfied by taking T'{x) = 
max2C;,r(z). 

Proposition 2.6. Any lower semicomputable function t on Q is generated by an 
appropriate function T on {0,1}* this way. 

We may also assume that T is a computable function with rational values. 
Indeed, since only the supremum of T on all the prefixes is important, instead of 
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increasing T{x) for some x we may increase T{y) for all y □ jc of large length; 
this delay allows T to be computable. 

For a given lower semicomputable function t on Q. there exists a maximal 
monotonic function T on finite strings that generates t (in the sense just de- 
scribed). This maximal T can be defined as follows: 

T{x)= mf t{aj). (1) 

Let us now exploit the finiteness of the binary alphabet {0, 1}, which implies that 
the space ^2 is a compact topological space. 

Proposition 2.7. The function T defined by (I) is lower semicomputable. In the 
definition, we can replace inf by min. 

Proof. Indeed, r < inf^^zi ^ t{oj) if and only if there exists some rational r' > r with 
/ < t{a)) for all o)^ x. The last condition can be reformulated: the open set of 
all sequences o) such that t{oj) > r' is a superset of xQ. This open set is a union 
of an enumerable family of intervals; if these intervals cover xQ., compactness 
implies that this is revealed at some finite stage, so the condition is enumerable 
(and the existential quantifier over / keeps it enumerable). 

Since the function ?(co) is lower semicontinuous, it actually reaches its infi- 
mum on the compact set xQ., so inf can be replaced with min. □ 

2.2 Randomness tests 

We assume that the reader is familiar with the basic concepts of measure theory 
and integration, at least in the space ^ of infinite binary sequences. A measure 
P on ^2 is determined by the values 

p{x) = p{xa) 

which we will denote by the same letter P, without danger of confusion. More- 
over, any function P : {0,1}* [0, 1] with the properties 

i'(A) = 1, P{x) = P{xO) + P{xl) (2) 

uniquely defines a measure (this is a particular case of Caratheodory's theorem). 

Definition 2.8 (Computable measure). A real number is called computable if 
there is an algorithm that for all rational s returns a rational approximation of x 
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with error not greater than s. Computable numbers can also be determined as 
limits of sequences x\,X2,-- - for which |jc„ — Xn+k\ ^ 2^". An infinite sequence 
si,S2,--- of real numbers is a strong Cauchy sequence if for aWm <n we have 

A function determined on words (or other constructive objects) is com- 
putable if its values are computable uniformly from the input, that is there is 
an algorithm that from each input and e > returns an e-approximation of the 
function value on this input. 

Measure P over Q. is said to be computable if the function P : {0, 1}* — )■ [0, 1] 
is computable. j 

Definition 2.9 (Randomness test, computable measure). Let P be a computable 
probability distribution (measure) on Q.. A lower semicomputable function t on 
Q. with non-negative (possible infinite) values is an {average-bounded) random- 
ness test with respect to P (or P-test) if the expected value of t with respect to P 
is at most 1, that is 

j t{cj)dP^ 1. 

A sequence to passes a test t if t{a)) < oo. A sequence is called random with 
respect to P it is passes all P-randomness tests (as defined above). j 

The intuition: when t{a>) is large, this means that test t finds a lot of "regu- 
larities" in (o. Constructing a test, we are allowed to declare whatever we want 
as a "regularity"; however, we should not find too many of them on average: if 

we declare too many sequences to be "regular", the average becomes too big. 

This definition turns out to be equivalent to randomness as defined by Martin- 
Lof (see below). But let us start with the universality theorem: 

Theorem 2.10. For any computable measure P there exists a universal (maxi- 
mal) P-test u: this means that for any other P-test t there exists a constant c such 
that 

t{cjj) ^ c ■ u{a>) 

for every oj E ^1. 

In particular, m((X») is finite if and only if t{a)) is finite for every P-test t, so 
the sequences that pass test u are exactly the random sequences. 

Proof. Let us enumerate the algorithms that generate all lower semicomputable 
functions. Such an algorithm produces a monotone sequence of basic functions. 
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Before letting through the next basic function of this sequence, let us check that 
its P-expectation is less than 2. If the algorithm considered indeed defines a P- 
test, this expectation does not exceed 1, so by computing the values of P with 
sufficient precision we are able to guarantee that the expectation is less than 2. If 
this checking procedure does not terminate (or gives a negative result), we just 
do not let the basic function through. 

In this way we enumerate all tests as well as some lower semicomputable 
functions that are not exactly tests but are at most twice bigger than tests. It 
remains to sum up all these functions with positive coefficients whose sum does 
not exceed 1/2 (say, l/2'+2). □ 

Recall the definition of randomness according to Martin-Lof. 

Definition 2.11. Let P be a computable distribution over Q.. A sequence of open 
sets Ui,U2,--- is called a Martin-Lof test for P if the sets Uj are effectively open 
in a uniform way (that is Ui = [jjXijQ. where the double sequence Xij of strings 
is computable), moreover P{Uk) ^ 2^^ for all k. 

A set is called a constructive (effective) null set for the measure P if there 
is a Martin-Lof test Ui,U2,... with the property N = f]i^Uk. Note that effective 
null sets are constructive Gs sets. 

A sequence co E Q. is said to pass the test Ui,U2,--- if it is not in A^. It 
is Martin-Lof-random with respect to measure P if it is not contained in any 
constructive null set for P. j 

The following theorem is not new, see for example [19]. 

Theorem 2.12. A sequence a> passes all average-bounded P-tests ( =passes the 
universal P-test) if and only if it is Martin-Lof random with respect to P. 

Proof. If f is a test, then the set of all co such that t{a)) > is an effectively open 
set that can be found effectively given A'^. This set has P-measure at most 1 /N 
(by Chebyshev's inequality), so the sets of sequences oj that do not pass t (that 
is t{aj) is infinite) is an effectively P-nuU set. 

On the other hand, let us show that for every effectively null set Z there 
exists an average-bounded test that is infinite at all its elements. Indeed, for 
every effectively open set U the function 1 u that is equal to 1 inside U and to 
outside U is lower semicomputable. Then we can get a test J^,- lij.. The average 
of this test does not exceed L,-2^' = 1, while the sum is infinite for all elements 

of a t/,. □ 
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When talking about randomness for a computable measure, we will write 
randomness from now on, understanding Martin-Lof randomness, since no other 
kind will be considered. 

Sometimes it is useful to switch to the logarithmic scale. 

Definition 2.13. For every computable measure P, we will fix a universal P-test 
and denote it by tp(a»). Let dp{a)) be the logarithm of the universal test tp{a)): 

With other kinds of test also, it will be our convention to use t (boldface) for the 
universal test, and d (boldface) for its logarithm. j 

Li a sense, the function dp measures the randomness deficiency in bits. 

The logarithm, along with the requirement Jtp{a))dP ^ 1, implies that 
dp(a») may have some negative values, and even values — oo. By just choos- 
ing a different universal test we can always make dp(a») bounded below by, say, 
— 1, and also integer- valued. On the other hand, if we want to make it nonnega- 
tive, we will have to lose the property / l^^^^^dP ^ 1, though we may still have 
j2M'^)dP ^ 2. It will still have the following property: 

Proposition 2.14. The function dp(-) is lower semicomputable and is the largest 
( up to an additive constant) among all lower semicomputable functions such that 
the P-expectation of 2^''^'^ is finite. 

As we have shown, for any fixed computable measure P the value Ap{co) 
(and ip{(ji>)) is finite if and only if the sequence o) is Martin-Lof random with 
respect to P. 

Remarks 2.15. 1. Each Martin-Lof 's test (Ui,U2,...) is more directly related 
to a lower semicomputable function F{a)) = sup^^^^.i. This function has 
the property P[F{a)) ^ k] ^ 2^^. Such functions will be called probability- 
bounded tests, and were used in [30]. We will return to such functions later 
(subsection 2.3). 

2. We have defined d/>(co») separately for each computable measure P (up to a 
constant). We will later give a more general definition of randomness de- 
ficiency A{(x),P) as a function of two variables P and o) that coincides with 
Ap{a)) for every computable P up to a constant depending on P. 

J 
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2.3 Average-bounded and probability-bounded deficiencies 

Let us refer for example to [19, 26] for the definition of and basic properties of 
plain and prefix (Kolmogorov) complexity. We will define prefix complexity in 
Definition 2.18 below, though. We will not use complexities explicitly in the 
present section, just refer to some of their properties by analogy. 

The definition of a test given above resembles the definition of prefix com- 
plexity; we can give another one which is closer to plain complexity. For that 
we use a weaker requirement: we require that the P-measure of the set of all 
sequences a» such that ?(a») > A'^ does not exceed 1 /N. (This property is true if 
the integral does not exceed 1, due to Chebyshev's inequality.) 

In logarithmic scale this requirement can be restated as follows: the P- 
measure of the set of all sequences whose deficiency is greater than n does not 
exceed 2~". If we restrict tests to integer values, we arrive at the classical Martin- 
Lof tests: see also Remark 2.15, part 1. 

While constructing an universal test in this sense, it is convenient to use the 
logarithmic scale and consider only integer values of n. As before, we enumerate 
all tests and "almost-tests" J,- (where the measure is bounded by twice bigger 
bound) and then take the weighted maximum in the following way: 

d{a>) = ma.x[di{a>) — i] — c. 

i 

Then d is less than di only by i + c, and the set of all co such that A{a)) > ^ is the 
union of sets where di{co) >k-\-i-\-c. Their measures are bounded by 0(2^^^'^*^') 
and for a suitable c the sum of measures is at most 2~^, as required. 

In this way we get two measures of non-randomness that can be called 
"average-bounded deficiency" d^^'^'^ (the first one, related to the tests called "inte- 
gral tests" in [19]) and "probability bound deficiency" 6P'^°^ (the second one). It 
is easy to see that they define the same set of nonrandom sequences (=sequences 
that have infinite deficiency). Moreover, the finite values of these two functions 
are also rather close to each other: 

Proposition 2.16. 

A''''^\co) < dP"^a;) < d^^'='^(a;) + 21ogd^^'^''(a;). 
Proof. Any average-bounded test is also a probability-bounded test, therefore 
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For the other direction, let be a probability-bounded test (in the logarithmic 
scale). Let us show that d — 2\ogd is an average-bounded test. Indeed, the 
probability of the event "J((x>) is between i— 1 and /" does not exceed l/2'^\ 
the integral of 2'^^^'°^'^ over this set is bounded by 2^'+^2'^^^°8' — 2/f- and 
therefore the integral over the entire space converges. 

It remains to note that the inequality a < b + 2\ogb follows from b > a — 
21oga. Indeed, we have b ^ a/2 (for large enough a), hence loga ^ \ogb+ 1, 

andthen a < b + 2\oga < b + 2\ogb. □ 

In the general case the question of the connection between boundedness in 
average and boundedness in probability is addressed in the paper [24]. It is 
shown there (and this is not difficult) that if m : [l,oo] — )► [0,oo] is a monotonic 
continuous function with u{t) / dt ^ 1, then u{t{cL>)) is an average-bounded 
test for every probability-bounded test t, and that this condition cannot be im- 
proved. (Our estimate is obtained by choosing u{t) = t/log^t.) 

Remark 2.17. This statement resembles the relation between prefix and plain de- 
scription complexity. However, now the difference is bounded by the logarithm 
of the deficiency (that is bounded independently of length for the sequences that 
are close to random), not of the complexity (as usual), which would be normally 
growing with the length. j 

Question 1. It would be interesting to understand whether the two tests differ 
only by a shift of scale or in some more substantial way. For the confirmation of 
such a more substantial difference could serve two families of sequences oji and 
co'ifor which 

for i — oo, while 

The authors do not know whether such a family exists. 

2.4 A formula for average-bounded deficiency 

Let us recall some concepts connected with the prefix description complexity. 
For reference, consult for example [19, 26]. 
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Definition 2.18. A set of strings is called prefix-free if no element of it is a 
prefix of another element. A computable partial function T : {0, 1}* — )> {0, 1}* 
is called a self-delimiting interpreter if its domain of definition is a prefix-free 
set. We define the complexity Kpj{x) of a string x with respect to T as the 
length of a shortest string p with T{p) = x. It is known that there is an optimal 
(self-deliminiting) interpreter: that is a (self-delimiting) interpreter U with the 
property that for every self-delimiting interpreter T there is a constant c such 
that for every string x we have Kpi,{x) ^ Kpj{x) + c. We fix an optimal self- 
delimiting interpreter U and denote Kp{x) — Kpu{x). 

We also denote m(x) = 2~^p^^\ and call it sometimes discrete a priori prob- 
ability. J 

The "a priori" name comes from some interpretations of a property that 
distinguishes the function m(x) among certain "weight distributions" called 
semimeasures. 

Definition 2.19. A function / : {0, 1}* — )■ [0,°°) is called a discrete semimeasure 



Lower semicomputable semimeasures arise as the output distribution of a 
randomized algorithm using a source of random numbers, and outputting some 
word (provided the algorithm halts; with some probability, it may not halt). 

It is easy to check that m(x) is a lower semicomputable discrete semimeas- 
ure. 

Recall the following fact. 

Proposition 2.20 (Coding Theorem). Among lower semicomputable discrete 
semimeasures, the function m{x) is maximal within a multiplicative constant: 
that is for every lower semicomputable discrete semimeasure f{x) there is a 
constant c with c-m{x) ^ f{x) for all x. 

The universal average-bounded randomness test tpl (the largest lower semi- 
computable function with bounded expectation) can be expressed in terms of a 
priori probability (and therefore prefix complexity): 

Proposition 2.21. Let P be a computable measure and let tp be the universal 
average-bounded randomness test with respect to P. Then 



J 



m(jc) 
P{xj- 
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(IfP{x) = 0, then the ratio m{x)/P{x) is considered to be infinite.) 

Proof. A lower semicomputable function on sequences is a limit of an increasing 
sequence of basic functions. 

Withouth loss of generality we may assume that each increase is made on 
some cylinder xQ.. In other terms, we increase the "weight" w{x) of x and let 
our basic function on w be the sum of the weights of all prefixes of co. The 
weights increase gradually: at any moment, only finitely many weights differ 
from zero. In terms of weights, the average-boundedness condition translates 
into 



so after multiplying the weights by P{x), this condition corresponds exactly to 
the semimeasure requirement. Let us note that due to the computability of P, the 
lower semicomputability is conserved in both directions (multiplying or dividing 
by P{x)). More formally, the function 



is a lower semicomputable average-bounded test: its integral is exactly £^^111(^1;). 
On the other hand, every lower semicomputable test can be presented in terms of 
an increase of weights, and the limits of these weights, multiplied by P{x), form 
a lower semicomputable semimeasure. (Note that the latter transformation is 
not unique: we can redistribute the weights among a string and its continuations 
without altering the sum over the infinite sequences.) □ 

Note that we used that both P (in the second part of the proof) and 1 /P (in 
the first part) are lower semicomputable. 

In Proposition 2.21, we can replace the sum with a least upper bound. This 
way, the following theorem connects three quantities, tp, the supremum and the 
sum, all of which are equal within a multiplicative constant. 

Theorem 2.22. We have tp{a)) = sup^^^^^^ = LjCw or in logarithmic 
notation 



'£Pix)w{x) ^ 1, 



X 



I 



m{x) 

Pixj 



dp{co) = sup ( — logP(.x:) 



Kp{x)). 



(3) 
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Proof. The supremum is now smaller, so only the second part of the proof of 
Proposition 2.21 should be reconsidered. 

The lower semicomputable function [d/'(a>)] can be obtained as the supre- 
mum of a sequence of integer-valued basic functions of the form kig^^ {co), where 
gx{oS) = lxfi(<^) = 1 if x C tt» and otherwise. We can also require that if / ^ j, 
Xi C Xj then ki ^ kf. indeed, suppose ki = kj. If / < j then we can delete the jth 
element, and if i > j, then we can replace 2^'^^, with the sequence of all functions 
2^'^^ where z has the same length as xj but differs from it. We have 

2tp{co) ^ 2r''H^)l = sup2^'^.,.(a;) = sup 2^' ^ 2'^ £ 2^' = 2-i£2%(a;). 

The last inequality holds since according to our assumption, all the values ki 
belonging to prefixes Xi of the same sequence co are different, and the sum of 
different powers of 2 is at most twice larger than its largest element. Integrating 
by P, we obtain 4 ^ Y^i2^'P{xi), hence 2^'P{xi) < m{xi) by the maximality of 
m{x), so 2^'- < ^ffr- We found 



, , * mixi) m(x) 
tp{a)) < sup — — ^ sup — -. 



□ 



Here is a reformulation: 

dp{oj) = sup{-\ogP{to{l:n))-Kp{aj{l:n))). 

n 

This reformulation can be generalized: 

Theorem 2.23. Letn\ <n2< - ■■ be an arbitrary computable sequence of natural 
numbers. Then 

dpH ^ sup {-\ogP{co{\ : nk))-Kp{io{\ : n^))). 
k 

The constant in the = depends on the sequence n^. 

Proof. Every step of the proof of Theorem 2.22 generalizes to this case straight- 
forwardly. □ 

This theorem has interesting implications of the case when instead of a se- 
quence CO we consider an infinite two-dimensional array of bits. Then for the 
randomness deficiency, it is sufficient to compare complexity and probability of 
squares starting at the origin. 
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Historical digression 

The above formula for randomness deficiency is a quantitative refinement of the 
following criterion. 

Theorem 2.24 (Criterion of randomness in terms of prefix complexity). A se- 
quence CO is random with respect to a computable measure P if and only if the 
difference — \ogP{x) —Kp{x) is bounded above for its prefixes. 

(Indeed, the last theorem says that the maximum value of this difference 
over all prefixes is exactly the average-bounded randomness deficiency.) This 
characterization of randomness was announced first, without proof, in [4], with 
the proof attributed to Schnorr. The first proof, for the case of a computable 
measure, appeared in [9]. 

The historically first clean characterizations of randomness in terms of com- 
plexity, by Levin and Schnorr independently in [16] and [23] have a similar form, 
but use complexity and a priori probability coming from a different kind of inter- 
preter called "monotonic". (In the cited work, Schnorr uses a slightly different 
form of complexity, but later, he also adopted the version introduced by Levin.) 

Definition 2.25 (Monotonic complexity). Let us call to strings compatible if one 
is the prefix of the other. An enumerable subset A C {0, 1}* x {0, 1}* is called 
a monotonic interpreter if for every p,p' ,q,q' , if {p,q) G A and {p' ,cf) G A and 
p is compatible with p' then q is compatible with q' . For an arbitrary finite or 
infinite p e {0, 1}* U Q, we define 

A{p) = sup{x: 3p' □ p {p',x) eA}. 

The monotonicity property implies that this limit, also in {0, 1}* Uf2, is well 
defined. 

We define the (monotonic) complexity KmA{x) of a string x with respect to 
A as the length of a shortest string p with A{p) □ x. It is known that there is 
an optimal monotonic interpreter, where optimality has the same sense as above, 
for prefix complexity. We fix an optimal monotonic interpreter V and denote 

Km{x) = Kmy{x). j 

Remark 2.26 (Oracle computation). A monotonic interpreter is a slightly gener- 
alized version of what can be accomplished by a Turing machine with a one-way 
read-only input tape containing the finite or infinite string p. The machine also 
has a working tape and a one-way output tape. In the process of work, on this 
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tape appears a finite or infinite sequence T{p). The work may stop, if the ma- 
chine halts or passes beyond the limit of the input word; it may continue forever 
otherwise. It is easy to check that the map p T (p) is a monotonic interpreter 
(though not all monotonic interpreters correspond to such machines, resulting in 
a somewhat narrower class of mappings). 

These machines can be viewed as the definition of what we will later call 
oracle computation: namely, a computation that uses p as an oracle. 

In our applications, such a machine would have the form T{p,oj) where the 
machine works on both infinite strings p and o) as input, but considers p the 
oracle and co the string it is testing for randomness. 

The class of mappings is narrower indeed. Let S be an undecidable recur- 
sively enumerable set of integers. Set r(0"l) = for all n G 5 , and r(0"10) = 
for all n. Now after reading 0"1, the machine T has to decide whether to output 
a before reading the next bit, which is deciding the undecidable set S . It is 
unknown to us whether this class of mappings yields also a different monotonic 
complexity. j 

A monotonic interpreter will also give rise to something like a distribution 
over the set of finite and infinite strings. 

Definition 2.27. Let us feed a monotonic interpreter A a sequence of indepen- 
dent random bits and consider the output distribution on the finite and infinite 
sequences. Denote Ma{x) the probability that the output sequence begins with 
X. Denote iSVfv/(x) = -logMv(;c). 

Recall that A denotes the empty string. A function yu : {0, 1}* — )■ [0,1] is 
called a continous semimeasure over the Cantor space Q. if //(A) ^ 1 and n{x) ^ 
yu(jcO)+//(jcl) forall;cG {0,1}*. j 

It is easy to check that My{x) is a lower semicomputable continuous semi- 
measure. The proposition below is similar in form to the Coding Theorem (Pro- 
position 2.20) above, only weaker, since it does not connect to the complexity 
Km{x) defined in terms of shortest programs. (It cannot, as shown in [10].) 

Proposition 2.28. (see [30]) 

(a) Every lower semicomputable continuous semimeasure is the output distri- 
bution of some monotonic interpreter. 

(b) Among lower semicomputable continuous semimeasures, there is one that is 
maximal within a multiplicative constant. 
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Definition 2.29 (Continuous a priori probability). Let us fix a maximal lower 
semicomputable continuous semimeasure and denote it M{x). We call M{x) 
sometimes the continuous a priori probability, or apriori probability on a tree. 

J 

Now, the characterization by Levin (and a similar one by Schnorr) is the 
following. Its proof, technically not difficult, can be found in [7, 19, 26]. 

Proposition 2.30. Let P be a computable measure over Q.. Then the following 
properties of an infinite sequence <x> are equivalent. 



(i) 


(jj is random with respect to P. 




(ii) 


limsup^c^-logi'(x) 


1 —Km{x) 


< oo. 


(iii) 


liminf,:c^-log/'(x) 


— Km{x) 


< oo. 


(iv) 


limsup^^^-logi'(jc) 


1 -KM{x 


) < oo. 


(V) 


liminf;,c^-logi'(A:) 


-KM{x) 


< oo. 



Theorem 2.24 proved above adds to this a next equivalent characterization, 
namely that — \ogP{x) — Kp{x) is bounded above. It is different in nature from 
the one in Proposition 2.30: indeed, the expressions —logP{x) — Km{x) and 
— logP{x) — KM{x) are always bounded from below by a constant depending 
only on the measure P (and not on x or oS), while — \ogP{x) — Kp{x) is not. 

Moreover, in the latter we cannot replace limsup with liminf, as the follow- 
ing example shows. Note that we can add to every word x some bits to achieve 
Kp{y) ^ \y \ (where \y \ is the length of word 3;). Indeed, if this was not so, then for 
the continutations of the word we would have ni(3^) ^ 2^l-^'l , and the sum Y,y 
would be infinite. Let us build a sequence, adding alternatingly long stretches 
of zeros to make the complexity substantially less than the length, then bits that 
again bring the complexity up to the length (as shown, this is always possible). 
Such a sequence will not be random with respect to the uniform measure (since 
the lim sup of the difference is infinite), but has infinitely many prefixes for which 
the complexity is not less than the length, making the liminf finite. 

The following statement is interesting since no direct proof of it is known: 
the proof goes through Theorem 2.23, and noting that since the permutation of 
terms of the sequence does not change the coin-tossing distribution, it does not 
change the notion of randomness. More general theorems of this type, under the 
name of randomness conservation, can be found in [17, 18, 11]. 



18 



Corollary 2.31. Consider the uniform distribution (coin-tossing) P over binary 
sequences. The maximal difference between \x\ and Kp{x) for prefixes x of a 
random sequence is invariant (up to a constant) under any computable permu- 
tation of the sequence terms. (The constant depends on the permutation, but not 
on the sequence.) 

Here is another corollary, a reformulation of Proposition 2.21: 

Corollary 2.32 (Miller- Yu "ample excess" lemma). A sequence co is random 
with respect to a computable measure P if and only if 

J- 2-\ogP{x)-Kp(x) 

This corollary also implies the fact mentioned above already: 

Corollary 2.33. Every finite sequence x has an extension y with Kp{y) >\y\. 

Proof. Take oj random, then xco is random, and therefore by the Miller- Yu 
lemma xo) has arbitrarily long prefixes whose complexity is larger than the 
length. □ 



2.5 Game interpretation 

The formula for the average-bounded deficiency can be interpreted in terms of 
the following game. Alice and Bob make their moves having no information 
about the opponent's move. Alice chooses an infinite binary sequence oj. Bob 
chooses a finite string x. If x turns out to be a prefix of oj, then Alice pays 
Bob 2" where n is the length of x. (This version of the game corresponds to the 
uniform Bernoulli measure, in the general case Alice pays \IP{x).) Recall the 
game-theoretic notions of pure strategy, as a deterministic choice by a player, 
and mixed strategy, as a probability distribution over deterministic choices. 

Bob has a trivial strategy (choosing the empty string) that guarantees him 1 
whatever Alice does. Also Alice has a mixed strategy (the uniform distribution, 
or, in general case, P) that guarantees her the average loss 1 whatever Bob does. 
Bob can devise a strategy that will benefit him in case (for whatever reason) 
Alice brings a nonrandom sequence. 

A randomized algorithm that has no input and produces a string (or nothing) 
can be considered a mixed strategy for Bob (if the algorithm does not produce 
anything. Bob gets no money). For any such algorithm D the expected payment 
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(if Alice produces to according to distribution P) does not exceed 1. Therefore, 
the set of sequences to where the expected payment (averaged over Bob's random 
bits) is infinite, is a null set. Observe the following: 

(i) For every probabilistic strategy of Bob, his expected gain (as a function of 
Alice's sequence) is an average-bounded test. (From here already follows 
that this expected value will be finite, if Alice's sequence is random in the 
sense of Martin-Lof.) 

(ii) If m{x) is the probability of x as Bob's move with algorithm Z), his expected 
gain against oj is equal to 

Y.m{x)IP{x). 

(iii) Therefore if we take the algorithm outputting the discrete apriori probabil- 
ity in(x), then Bob's expected gain will be a universal test (by the proved 
formula for the universal test). 

Using the apriori probability as a mixed strategy enables Bob to punish Alice 
with an infinite penalty for any non-randomness in her sequence. 

One can consider more general strategies for Bob: he can give for a pure 
strategy, not only a string jc, but some basic function / on Q with non- 
negative values. Then his gain for the sequence oj brought by Alice is set to 
/(a») / / f[(jS) dP. (The denominator makes the expected return equal to 1 .) To 
the move x corresponds the basic function that assigns 2l^l to extensions of x and 
zero elsewhere. This extension does not change anything, since this move is a 
mixed strategy and we allow Bob to mix his strategies anyway. (After producing 
/, Bob can make one more randomized step and choose some of the intervals on 
which / is constant, with an appropriate probability.) In this way we get another 
formula for the universal test: 

^ ^ in(/)/(a;) 

where the sum is taken over all basic functions /. This formula might be useful in 
more general situations (not Cantor space) where we do not work with intervals 
and consider some class of basic functions instead. 

On concluding this part let us point to a similar game-theoretical interpreta- 
tion of probability theory developed in the book [25] of Shafer and Vovk. There, 
the randomness of an object is not its property but, roughly speaking, a kind of 
guarantee with which it is being sold. 
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3 From tests to complexities 

Fonnula (3) expresses the randomness deficiency (tlie logaritlim of the universal 
test) of an infinite sequence in terms of complexities of its finite prefixes. A 
natural question arises: can we go in the other direction? Is it possible to express 
the complexity of a finite string x, or some kind of "randomness deficiency" of 
X, in terms of the deficiencies of x's infinite extensions? Proposition 2.6 and the 
discussion following it already brought us from infinite sequences to finite ones. 
This can also be done for the universal test: 

Definition 3.1. Fix some computable measure P, and let t be any (average- 
bounded) test for P. For any finite string x let t{x) be the minimal deficiency 
of all infinite extensions of x: 

t{x) = inf t{a)) . 



By Proposition 2.7, Hs a lower semicomputable function defined on finite 
strings, and the function t can be reconstructed back from t; so if tp is our fixed 
universal test then tp can be considered as a version of randomness deficiency 
for finite strings. 

The intuitive meaning is clear: a finite sequence z looks non-random if all 
infinite sequences that have prefix z look non-random. 

Question 2. Kolmogorov [14] had a somewhat similar suggestion: for a given 
sequence z we may consider the minimal deficiency ( with respect to the uniform 
distribution, defined as a difference between length and complexity) of all its 
finite extensions. Are there any formal connections? 

Let us spell out what we found, in more general terms. 

Definition 3.2 (Extended test for a computable measure). A lower semicom- 
putable, monotonic (with respect to the prefix relation) function T : {0, 1}* — )■ 
[0, oo] is called an extended test for computable measure P if for all A'^ the average 
over words of length N is bounded by 1 : 



£ P{x)T{x)^\. 
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Monotonicity guarantees that the sum over words of a given length can be 
replaced by the sum over an arbitrary finite (or even infinite) prefix-free set S : 

Y,P{x)Tix)^L (4) 

(Indeed, extend the words of S to some common greater length.) 

Proposition 3.3. Every extended test generates (in the sense of Definition 2.5) 
some averge-bounded test on the infinite strings. Conversely, every average- 
bounded test on the infinite sequences is generated by some extended test. 

Proof. The first part follows immediately from the definition (and the theorem 
of monotone convergence under the integral sign). In the opposite direction, we 
can set for example T{x) = t{x), or refer to Proposition 2.4 if we do not want to 
rely on compactness. □ 

The existence of a universal extended test is proved by the usual methods: 

Proposition 3.4. Among the extended tests T{x)for a computable measure P{x) 
there is a maximal one, up to a multiplicative constant. 

Definition 3.5. Let us fix some dominating extended test and call it the universal 
extended test. j 

Proposition 3.6. The universal extended test coincides with tp{x) to within a 
bounded factor 

Proof. Since t/> is an extended test, it is not greater than the universal test (to 
within a bounded factor). On the other hand, the universal extended test gen- 
erates a test on the infinite sequences, it just remains to compare it with the 
maximal one. □ 

If our space is not compact (say, it is the set of infinite sequences of integers), 
then tp{x) is not defined, but there is still a universal extended test, which we will 
denote hyip{x). 

Warning: not all extended tests generating tp(a;) are maximal. (For example, 
one can make the test equal to zero on all short words, transferring its values to 
its extensions.) 

The advantage of the function tp{x) is that it is defined on finite strings, the 
condition (4) (for finite sets S ) imposed on it is also more elementary than the 
integral condition, but clearly implies that it generates a test. 
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The method just shown is not the only way to move to tests on prefixes from 
tests on infinite sequences: 

Definition 3.7. Assume that the computable measure P is positive on all in- 
tervals: P{x) > for all X. Let ip{x) be the conditional expected value of 
ip{co) if a random variable a; G has distribution P and the condition h co^ x. 
In other terms: let ip{x) be the average of tp on the interval xQ, that is let 
ip{x) = U{x)/P{x) where 



U{x) = [ tp{oj)dP{oj). 

JxQ. 



The function U is a lower semicomputable semimeasure. (It is even a mea- 
sure, but the measure is not guaranteed to be computable and the measure of 
the entire space is not necessarily 1 . In other words, we get a measure on Q. 
that has density tp with respect to P.) This implies that the function ip{x) is a 
martingale, according to the following definition. 

Definition 3.8. A function g : {0, 1}* — )■ M is called a martingale with respect to 
the probability measure P if 

P{x)g{x) = P{xO)g{xO) +P{xl)g{xl). 

It is a supermartingale if at least the inequality ^ holds here. j 

Note that, as a martingale, the function ip{x) is not monotonically increasing 
with respect to the prefix relation. 

Theorem 3.9. 

mix) * , , » ^ , , » Mix) 

^<t.W<t.W<7^. (5) 

where m is the a priori probability on strings as isolated objects ( whose loga- 
rithm is minus prefix complexity) and M is the a continuous priori probability as 
introduced in Definition 2.29. 

Proof. In fact, the first inequality can be made stronger: we can replace 
m{x)/P{x) by Y^f^xm{t)/P{t). Indeed, this sum is a part of the expression for 
ip{a)) for every oj that starts with x. 

The second inequality uses Proposition 3.6 and relates the minimal and av- 
erage values of a random variable. The third inequality just compares the lower 
semicomputable semimeasure U (x) and the maximal semimeasure M{x). □ 
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Note that while ip{x) is a martingale, is a supermartingale: it is actu- 
ally maximal within multiplicative constant, among the lower semicomputable 
supermartingales for P. 

Remarks 3.10. 1. We may insert 

< max — < > — < (6) 

between the first and the second terms of (5). 

2. Using the logarithmic scale, we get 

~\ogP{x) - Kp{x) < logtp(jc) < logt/>(;c) < -logP(;c) -KM{x). 

3. The Measure U depends on P (recall that f/ is a maximal measure that has 
density with respect to P), so for different P's, for example with different sup- 
ports, like the Bernoulli measures with different parameters, we get different 
measures. But this dependence is bounded by the inequality above: it shows 
that the possible variations do not exceed the difference between Kp{x) and 
KM{x). 

4. The rightmost inequality cannot be replaced by an equality. For example, 
let P be the uniform (coin-tossing) measure. Then the value of U {x) tends 
to when x is an increasing prefix of a computable sequence (we integrate 
over decreasing intervals whose intersection is a singleton that has zero uni- 
form measure). On the other hand, the value M{x) is bounded by a positive 
constant for all these x. 

5. We used compactness (the finiteness of the alphabet {0,1}) in proving Pro- 
position 2.7. But we could have used Proposition 2.6 and the discussion fol- 
lowing it for a starting point, obtaining analogous results for the Baire space 
of infinite sequences of natural numbers. 

J 

All quantities listed in Theorem 3.9 can be used to characterize randomness: 
a sequence o) is random if the values of the quantity in question are bounded 
for its prefixes. Indeed, the Levin-Schnorr theorem guarantees that for a random 
sequence the right-hand side is bounded, and for a non-random one the left-hand 
side is unbounded. The monotonicity of the second term guarantees that all 
expressions except the first one tend to infinity. As we already mentioned above, 
one cannot say this about the first quantity. 
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Question 3. Some quantities used in the theorem (tp{x) and two added ones 
in (6)j are monotonia (with respect to the prefix partial order of x)by definition. 
We have seen that ip{x), as a martingale, is not monotonia. What can be said 

about ^^^^r\ ? 

All these quantities are "almost monotonic" since they do not differ much 
from the monotonic ones. 

4 Bernoulli sequences 

One can try to define randomness not only with respect to some fixed measure 
but also with respect to some family of measures. Intuitively a sequence is ran- 
dom if we can believe that it is obtained by a random process that respects one of 
these measures. As we show later, this definition can be given for any effectively 
compact class of measures. But to make it more intuitive, we start with a specific 
example: Bernoulli measures. 

4.1 Tests for Bernoulli sequences 

The Bernoulli measure Bp arises from independent tossing of a non-symmetric 
coin, where the probability of success p is some real number in [0, 1] (the same 
for all trials). Note that we do not require p to be computable. 

Definition 4.1 (Average-bounded Bernoulli test). A lower semicomputable 
function t on infinite binary sequences is a Bernoulli test if its integral with 
respect to any Bp does not exceed 1 . j 

Proposition 4.2 (Universal Bernoulli test). There exists a universal ( maximal up 
to a constant factor) Bernoulli test. 

Proof. A lower semicomputable function is the monotonic limit of basic func- 
tions. If the integral of a given basic function with respect to every Bp is less or 
equal than 1 for all p, this fact can be established effectively (indeed, the integral 
is a polynomial in p with rational coefficients). This allows us to eliminate all 
functions unfit to be tests, and to list all Bernoulli tests. Adding these up with 
appropriate coefficients, we obtain a universal one. □ 
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Definition 4.3. We fix a universal Bernoulli test and denote it t.^(a>). Its loga- 
rithm will be called Bernoulli deficiency dj^{oj). A sequence is called a Bernoulli 
sequence if its Bernoulli deficiency is finite. j 

Again, we may modify the definition to within an additive constant, to make 
it nonnegative and integer. 

The informal motivation is the following: (x» is a Bernoulli sequence if the 
claim that it is obtained by independent coin tossing (coin symmetry is not re- 
quired) looks plausible. And this statement is not plausible if one can formulate 
some property that is true for (o but defines an "effectively Bernoulli null set" 
(we did not formally introduce this notion, but could, analogously to effective 
null sets). 

Analogously to the case of computable measures, we can extend the class 
test to finite sequences: 

Definition 4.4 (Extended Bernoulli test). A lower semicomputable monotonic 
function T : {0, 1}* — > [0,oo] is called an extended Bernoulli tests if for all natural 
numbers and for all p G [0, 1] the inequality 'T,x:\x\=N^p{^)T{^) ^ 1 holds, j 

As for computable measures, there is a connection between tests for finite 
and tests for infinite sequences: 

Proposition 4.5. Every extended Bernoulli test generates a Bernoulli test over 
Q.. On the other hand, every Bernoulli test over Q. is generated by some extended 
Bernoulli test. 

There is a dominating universal extended Bernoulli test: it generats a uni- 
versal Bernoulli test on Q.. As earlier, we wil use the same notation t^ for the 
maximal tests on the finite and on the infinite sequences. Of course, it generates 
a universal Bernoulli test. 

4.2 Other characterizations of the Bernoulli property 

Just as for the randomness with respect to computable measures, several equiv- 
alent definitions exist. One may consider probability-bounded tests (the prob- 
ability of the event t{(jS) > N on any of the measures Bp must be not greater 
than 1 /N). One may call a test, following Martin-Lof 's definition for the com- 
putable measures, any computable sequence of effectively open sets Ui with 
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Bp{Ui) ^ 2~' for all / and all p e [0, 1]. All these variant definitions are equiv- 
alent (and this is proved just as for randomness with respect to a computable 
measures). 

Notation 4.6. Let M{n,k) denote the set of binary strings of length n with k ones 
(and n — k zeroes). j 

Martin-Lof defined a Bernoulli test as a family of sets of words Ui^ 
U^D each of these sets is hereditary upward, that is for every word contains 
all of its extensions. The following restriction is made on these sets: consider 
arbitrary integer and k from to n; it is required that for all / the share of 
words in M{n,k) belonging to Ui is not greater than 2~'. 

For convenience of comparison let us replace the sets Ui with an integer- 
valued lower semicomputable function d for which Ui — {x : d{i) ^ i}. The 
hereditary property of the sets Ui implies the monotonicity of this function d 
with respect to the prefix relation. Besides this, it is required that the event d ^ / 
within each set M{n,k) is not greater than 2^'. Clearly, these requirements cor- 
respond to probability-bounded extended tests (in the logarithmic scale), only in 
place of the class Bp on words of length n another set of measures is considered, 
those concentrated on words of a given length with a given number of ones. The 
measures in the class Bp take equal values on words of equal lengths with equal 
number of ones, and are therefore representable by a mixture of uniform mea- 
sures on M{n,k) with some coefficients. Replacing Bp with these measures, the 
condition becomes stronger. 

Let us show that nonetheless, the set of Bernoulli sequences does not change 
from such a replacement; moreover, the universal test (as a function on infinite 
sequences) does not change (as usual, to within a bounded factor). We will show 
this for the average-bounded variant of tests (changing Martin-Lof s definition 
accordingly); this does not change the class of Bernoulli sequences. The reason- 
ing is analogous for the probability-bounded tests. 

Definition 4.7. A combinatorial Bernoulli test is a function / : {0, 1}* — )■ [0,°°] 
with the following constraints: 

(a) It is lower semicomputable. 

(b) It is monotonic with respect to the prefix relation. 
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(c) For all integer n,k with ^ k ^ n the average of the function / on the set 
M{n,k) remains below 1: 

\M{n,k)\-' £ /W^l. (7) 

xen{n,k) 



The last condition says that not only is the average of f{x) bounded by 1 over 
the set {0, 1}", as in extended tests for the unbiased coin-tossing measure, but its 
average is bounded by 1 separately in each set M{n,k) whose union is {0, 1}". 

Having such a test for words of bounded length, it can be continued by mono- 
tonicity: 

Proposition 4.8. If a combinatorial Bernoulli test f{x) is given on strings x of 
length less than n, then extending it to longer strings using monotonicity we get 
a function that is still a combinatorial Bernoulli test. 

Proof We extend / to words of length n, setting /(jcO) = f{xl) = f{x) for 
words X of length n — \. The set M{n,k) consists of two parts: words ending on 
zero and words ending on one. The first ones are in a one-to-one correspondence 
with M{n—l,k), the second ones with B (n — 1 , — 1 ) . The function conserves the 
values in this correspondence, therefore the average in both parts is not greater 
than 1. Hence, the average over the whole ]B(«,fc) is not greater than 1. □ 

The following is obtained by standard methods: 

Proposition 4.9 (Universal combinatorial Bernoulli test). Among combinatorial 
Bernoulli tests, there is one that is maximal to within a bounded factor. 

Definition 4.10. Let us fix a universal combinatorial Bernoulli test b(x) and 
extend it to infinite sequences oj by 

h{(jS) = supb(x). 

We will call the function obtained this way a universal combinatorial test on Q. 
and will denote it also by b. j 

(By monotonicity, the least upper bound in this definition can be replaced 
with a limit.) Let us show that the this test coincides (to within a bounded factor) 
with the Bernoulli tests introduced earlier in Definition 4.3. 
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Theorem 4.11. h{io) = t^{co). 

Proof. We have already seen that h{x) is an extended Bernoulli test (from the 
bounds on the average on each part M{n,k) follows the bound on the expected 
value by the measure Bp, since this measure is constant on each part). Conse- 
quently h((o) < t^(oj). 

The converse is not true: an extended Bernoulli test may not be a combina- 
torial test. But it is possible to construct a combinatorial test that takes the same 
values (to within a bounded factor) on the infinite sequences, and only this is 
asserted in the theorem. 

Here is the idea. Consider an extended Bernoulli test t on words of length 
n and transfer it to words of much greater length (applying the old test to its 
beginnings of length n). We obtain a certain function t'. We have to show that t' 
is close to some combinatorial test (that is only exceeds it by a constant factor). 
For this, must be averaged over the set B(A^,^) for an arbitrary K between 
and A'^. In other words, we must average t by the probability distribution on 
the «-bit prefixes of sequences of length A'^ containing K ones. With N ^ n this 
distribution will be close to the Bernoulli one with distribution p = K/N. 

In terms of elementary probability theory, we have an urn with balls, K of 
which is black, and take out from it n balls. We must compare the probability 
distribution with the Bernoulli one that would have been obtained at sampling 
with replacement. Let us show that 

for N = the distribution without replacement does not exceed the 
one with replacement more than 0{\) times. 

(The inequality does not hold in the other direction: for if = 1 without replace- 
ment we cannot obtain a word with two ones, and with replacement we can. But 
we only need the inequality in the given direction.) 

Indeed, in sampling without replacement the probability that a ball of a given 
color will be drawn is equal to the quotient 

the number of remaining balls of this color 
the number of all remaining balls 

The number of balls of this color is not more than in the case with replacement, 
on the other hand the denominator is at least N — n. Therefore the probability of 
any combination during sampling with replacement is at most the probability of 
the same combination with replacement, multiplied by N/ {N — n) to the power 
n. For N = n^ the multiplier (1 0(1 /«))" = 0(1) is obtained. 
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This way, taking the extended Bernoulli test t and then defining t' {x) on a 
word X of length as ? on the prefix of x of length [v^J , the obtained func- 
tion / will be a combinatorial test to within a bounded factor. (Note that its 
monotonicity follows from that of t.) □ 

4.3 Criterion for Bernoulli sequences 

It is natural to compare the notion of Bernoulli sequence (those sequences for 
which the Bernoulli test is finite) with the notion of a sequence random with 
respect to the measure Bp. But Martin-Lof definition of randomness assumes 
that the measure is computable. Therefore it cannot be applied directly to Bp if 
p is non-computable. But this definition can be relativized, and if (the binary 
expansion of) p is given as an oracle (see Remark 2.26), then the measure Bp 
becomes computable and randomness is well defined. The following theorem 
supports an intuitive idea of Bernoulli sequence as a sequence that is random 
with respect to some Bernoulli measure: 

Theorem 4.12. A sequence a> is a Bernoulli sequence if and only if it is random 
with respect to some measure Bp, with oracle p G [0, 1]. 

By "with oracle /?", we understand the possiblity to obtain from each i the /th 
bit in the binary expansion of the real number p (which is essentially unique, ex- 
cept in those cases when p is binary-rational, and in these cases both expansions 
are computable, and the oracle is trivial). 

Before proving the theorem (even in a stronger quantitative form), we in- 
troduce a new notion, of a test depending explicitly on the parameter p of 
the Bernoulli measure Bp, which later will be extended to arbitrary (not just 
Bernoulli) measures. The required result will be obtained as the combination of 
the following claims: 

(a) Among the "uniform" randomness tests, there exists a maximal test t(a>,p). 

(b) The function oj ^ infpt(a»,p) coincides (as usual, to within a bounded fac- 
tor) with the universal Bernoulli test. 

(c) For a fixed p, the function (jj^i{oj, p) coincides (to the same precision) with 
the maximal randomness test for the (/^-computable) measure Bp, relativized 
to p. 

These three assertions imply Theorem 4.12 easily: sequence oj is Bernoulli, if the 
Bernoulli test is finite; the latter is equal to the greatest lower bound of t(a;,p). 
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hence its finiteness means t{tL),p) < 0° for some p, which is equivalent to the 
relativized randomness with respect to the measure Bp. 

We need some technical preparation. The randomness tests (as functions 
of two variables) will also be lower semicomputable, but the definition of this 
concept needs to be extended, since an additional real parameter is involved. (In 
what follows we will also consider a more general situation, in which the second 
argument is a measure.) 

Definition 4.13. In the space Q. x [0, 1], let us call basic rectangles all sets of the 
form xQ. x (m, v), where u <v are rational numbers. (A technical point: we allow 
M, V to be outside [0, 1], but in this case the rectangle we mean is xQ. x ([0, 1] n 

M).) 

A function / : £2 x [0, 1] — )■ [—00,00] is called lower semicomputable if there 
is an algorithm that, given a rational r on its input, enumerates a sequence of 
basic rectangles whose union is the set of all pairs {co,p) with f{tD,p) > r. 

The notion of upper semicomputability is defined analogously, and is equiv- 
alent to the lower semicomputablity of (— /). 

A function with finite real values is called computable if it is both upper and 
lower semicomputable. j 

This definition, as earlier, requires that the preimage of (— oo,r) be an ef- 
fective open set uniformly in r, only now we consider effectively open sets in 
n X [0, 1] , defined in a natural way. 

Since the intersection of effective open sets is effective open, the following — 
more intuitive — formulation is obtained for computability: 

Proposition 4.14. A real function / : H x [0, 1] — )• R is computable if and only if 
for every rational interval {u,v) its preimage is the union of a sequence of basic 
rectangles that are ejfectively enumerated, uniformly in u and v. 

The intuitive meaning of this characterization will become clearer after ob- 
serving that to "give approximations to a with any given precision" is equivalent 

to "enumerate all intervals containing a". Therefore for a computable function 
/ we can find approximations to f{oj,p), if we are given appropriate approxima- 
tions to oj and p. 

We can reformulate the definition of (non-negative) lower semicomputable 
function, introducing the notion of basic functions. It is important for us that the 
basic functions are continuous, therefore the dependence on the real argument 
will be piecewise linear, without jumps. 
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Definition 4.15 (Basic functions, Bernoulli case). We define an enumerated list 
of basic functions S' = {e\,e2,...} over the set Q. x [0, 1] as follows. For x e 
{0, 1}*, positive integer k and rational numbers m,v with m + < v — 2^^ define 
the function gx,u,v,k{oj,p) as follows. If ^ a», then it is 0. Otherwise, its value 
does not depend on o) and depends piecewise linearly on p: it is if /> ^ (m,v) 
and 1 if M + 2"^ ^ /? ^ V - 2"^, and varies linearly in between. Now £" is the 
smallest set of functions containing all gx,u,v,k, and closed under maxima, minima 
and rational linear combination. j 

Now lower semicomputable functions admit the following equivalent char- 
acterization: 

Proposition 4.16. A function / : t2 x [0, 1] — )■ [0,°°] is lower semicomputable if 
and only if it is the pointwise limit of an increasing computable sequence of basic 
functions. (It follows that basic functions are computable.) 

Proof. This would be completely clear if for basic functions we also allowed 
the indicator functions of basic rectangles and the maxima of such functions. 
But we want the basic functions to be continuous (this will be important in what 
follows). One must note therefore that for oo the function gx,u,v,k converges 
to the indicator function of a rectangle. □ 

The continuity of the basic functions guarantees the following important 
property: 

Proposition 4.17. Let f : Q. x [0,1] be a basic function. The integral 

J f{a),p) Bp{dco) is a computable function of the parameter p, uniformly in the 
code of the basic function f. 

(Computability is understood in the above described sense; we remark that 
every computable function is continuous. An analogous statement holds for an 
arbitrary computable function /, not only for basic functions, but we do not need 
this.) 

The following fact, proved in [13], will be used in the present paper a number 
of times, also in generalizations, but with essentially the same proof. 

Proposition 4.18 (Trimming). Let (f : Q.x [0, 1] — )■ [0,°°] be a lower semicom- 
putable function. There is a lower semicomputable function (p'{o),p) not exceed- 
ing (p{co,p) with the property that for all p: 

(a) Jip'{co,p)Bp{dco)^2; 
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(b) If J (p{co,p)Bp{dco) ^ 1 then (p\co,p) = (p{co, p) for all co. 

Proof. By Proposition 4.16, we can represent (p{a),p) as a sum of a series of 
basic functions (p{oJ,p) = Y.„hn{a),p). The integral J'^i<^„hi{a>,p)Bp{da>) is 
computable by Proposition 4.17, as a function of p (uniformly in n), therefore 
the set 5„ of all p where this integral is less than 2 is effectively open, uniformly 
in n. 

Define now h'^{a),p) as hn{a),p) for all p E Sn, and otherwise. The func- 
tion h'^(io,p) is lower semicomputable, and the integral jY^i^f^h\{a),p)Bp{dco) 
will be less than 2 for all p. Defining ip' = Y^n^'n we obtain a lower semicom- 
putable function, and the theorem on the integral of monotonic limits gives that 
/ (p'{a),p)Bp{da)) is less than 2 for all p. 

It remains to note that if for some p the integral / (p{a),p)Bp{dto) does not 
exceed 1, then this p enters all sets S n, and the change from hn to h'^ as well as 
the change from (p to (f' does not change it. □ 

Now we are ready to introduce tests depending explicitly on p: 

Definition 4.19. A uniform test for Bernoulli measures is a function t of two 
arguments o) E Q. and p G [0,1]; informally, t(a),p) measures the amount of 
nonrandomness ("regularity") in the sequence to with respect to distribution Bp. 
We require the following: 

(a) t{co,p) is lower semicomputable jointly as a function of the pair {co,p). 

(b) For every p G [0,1] the expected value of t{a),p) (that is / t{oj,p)Bp{doj)) 
does not exceed 1 . 

J 

It remains to prove the three assertions promised earlier: 

Lemma 4.20. There exists a universal uniform test t{a),p), that is a test that 
multiplicatively dominates all uniform tests for Bernoulli measures. 

Lemma 4.21. For the universal uniform test t of lemma 4.20, the function 
t'(aj) = infpt(a»,jc») coincides (to within a bounded factor in both directions) 
with the universal Bernoulli test of Definition 4.3. 

This lemma implies that a* is a Bernoulli sequence iff t'{a)) is finite, that is 
t{(i>,p) is finite for some p E [0, 1]. 
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Lemma 4.22. For a fixed p the function ip{co) = t{a>,p) coincides (to within a 
bounded factor) with the universal randomness test with respect to Bp relativized 
with oracle p. 

Proof of Lemma 4.20. Generate all lower semicomputable functions; using Pro- 
position 4.18, they can be then trimmed to guarantee that all expectations do not 
exceed, say, 2, and all uniform tests should get through unchanged. Sum up all 
the trimmed functions with coefficients whose sum is less than 1/2. □ 

Proof of Lemma 4.2L Let us show that t'{co) is a universal Bernoulli test. The 
integral of this function with respect to Bp does not exceed 1 since this function 
does not exceed t{a),p) for that p. The statement that this function is lower 
semicomputable (as a function of a») is analogous to Proposition 2.7, and the 
proof is also analogous, relying on compactness. Both are special cases of the 
general theorem given in Proposition 7.20. 

Therefore the function infpt(a),p) is a Bernoulli test. The universality (max- 
imality) follows obviously, since any Bernoulli test can be considered a uniform 
Bernoulli test of two variables that does not depend on variable p. □ 

Proof of Lemma 4.22. Consider first the case when p is a computable real num- 
ber. Then the function t^: a» t-)- t{a),p) (where t is a uniform randomness test 
for Bernoulli measures) is lower semicomputable (we can enumerate all intervals 
that contain p and combine then with an algorithm for t; in this way we represent 
tp as the least upper bound of the computable sequence of basic functions). 

A similar argument works for an arbitary p and shows that tp is lower semi- 
computable with a p-oracle. Thus, tp does not exceed the universal relativized 
test with respect to Bp. 

The reverse implication is a bit more difficult. Assume that ns a lower semi- 
computable (with oracle p) randomness test with respect to Bp. We need to find 
a uniform Bernoulli test t' that majorizes it (for a given p). This t' must be lower 
semicomputable, now (a subtle but important point) using p as an argument of 
the function not as an oracle. In other words, one has to extend a function 
defined initially only for a single p, to all values of p, while also guaranteeing 
the bound on the integral. 

As a warmup consider the case of computable p. Then no oracle is needed, 
and t is lower semicomputable. Adding dummy variable p we get a lower semi- 
computable function of two arguments. But this function may not be a uniform 
test since its expectation with respect to Bq may be arbitrary if q ^ p. However, 
Proposition 4.18 helps transform it into a t' (which will now really depend on 
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q) with / t'{a),q)Bq{da)) ^ 2 for all q and t'{-,p) = t{-,p). Dividing f' into half 
provides a uniform test. 

Now consider the case of noncomputable p. In this case p is irrational, so 
the bits of its binary expansion can be obtained from any sequence of decreasing 
rational intervals that converge to p. Therefore an oracle machine that enumer- 
ates approximations for t from below (having p as an oracle) can be transformed 
into a machine that enumerates from below some function t{co,q), that coincides 
with t{(jL)) if q = p. The function t may not be a uniform Bernoulli test (its ex- 
pectations for q ^ p can be arbitrary); but it again can be trimmed with the help 
of Proposition 4. 1 8. □ 

5 Arbitrary measures over binary sequences 

In this section, we generalize the theory to arbitrary measures, not only Bernoulli 
ones, but still stay in the space Q. of binary sequences. 

Notation 5.1. The set of all probability measures over the space Q. is denoted by 
^{Q.). (Recall that the measure of the whole space Q. is equal to 1.) j 

5.1 Uniform randomness tests 

Definition 5.2 (Uniform tests). A uniform test is a lower semicomputable func- 
tion t{a),P) of two arguments {co is a sequence, P is a measure on Q.) with 



However, we have to define carefully the notion of a lower semicomputabil- 
ity in this case. The set ^{Q.) of all measures is a closed subset of the infinite 
(countable) product 



(the measure is defined by the values P{x) for all strings x; these values should 
satisfy the equations (2), so we get a closed subset). 

Let us introduce basic open sets and computability notions for the set Q. x 




for every measure P. 



J 



E=[0,l]x[0,l]x[0,l]x 



(8) 
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Definition 5.3. An (open) interval (basic open set) in the space of measures is 
given by a finite set of conditions of type u < P{y) < v where y is some binary 
string and u,v are some rational numbers; the basic open set consists of the 
measures P that satisfy these conditions. A basic open set in x ^(Q) has 
the form xQ. x /3, (product of intervals in and ^(^2)) where /3 is a basic open 
set of measures. Now lower and upper semicomputability and computability are 
defined in terms of these basic open sets just as they were defined for Q x [0, 1] 
in Definition 4.13. j 

Li much of what follows, we will exploit the fact that, due to the finiteness 
of the alphabet {0, 1}, the space Q. of infinite binary sequences is compact, and 
also the set of measures ^(Q) is compact. Recall that a set C is compact if 
every cover of C by open sets contains a finite subcover. We need, however, an 
effective version of compactness: 

Definition 5.4 (Effective compactness). A compact subset C of ^{Q) is called 
effectively compact if the set 

{ 5 : 5 is a finite set of basic open sets and \^ E D C} 

Ees 

is enumerable. j 

The set ^{Q.) itself is, as it is easy to see, compact and effectively compact. 
It is compact, as said above, as a closed set in the product of compact spaces, and 
the effectivity follows from the fact that we can check whether some given basic 
sets cover the whole space (we are dealing with linear equations and inequalities 
in a finite number of variables, where everything is algorithmically decidable). 
From here, it also follows: 

Proposition 5.5. Every effectively closed subset of ^ (D.) is effectively compact. 

Proof. Let an effectively closed subset C of ^{Q.). be the complement of the 
union of a list B\,B2,... of basic open sets. Then a finite set S of basic open sets 
covers C if and only if together with a finite set of the 5,-, it covers the whole 
space. And this property is decidable. □ 

Effective compactness implies effective closedness. This follows from the 
following two properties of our space and our basic open sets: 
(a) For every closed set F and every point x outside F there are two disjoint 

open sets containing F and x. 
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(b) For every pair of basic open sets, it is uniformly decidable whether they are 
disjoint. 

Let F be an effectively compact set. We call a basic open set B manifestly disjoint 
of F, if there is a finite set of basic open sets S disjoint of B covering F . Due 
to the effective compactness of F and property (b), the set of all basic open sets 
manifestly disjoint of F is enumerable. Property (a) implies that it covers the 
complement of F. 

Li view of later generalization to cases where the space itself may not be 
compact, we will refer to some effectively closed sets of ^(Q) as effectively 
compact. 

Now we introduce a dense set of computable functions called basic functions 
on the set Q. x ^{Q), similarly to Definition 4.15. Their specific form is not too 
important. 

Definition 5.6 (Basic functions for binary sequences and arbitrary measures). 
The set of basic functions over the set Q. x ^{Q) is defined analogously to 
Definition 4.15, starting from the functions 

gx,y,u,v,k :nx^{a)^ [0, 1] 

with x,y G {0, 1}* defined as follows. If x^co, then gx,y,u,v,k{^^P) = 0- Other- 
wise, its value does not depend on co and depends piecewise linearly on P{y) in 
a way that it is if P{y) ^ (m, v) and 1 if m + 2"^ ^ /'(y) ^ v - 2"^. _j 

The analogue of Proposition 4.16 holds again: a lower semicomputable func- 
tion is the monotonic limit of a computable sequence of basic functions (which 
themselves are computable). 

The analogue of Proposition 4.17 holds also: the integral / f{(x),P)P{da)) of 
a basic function is computable as a function of the measure P, uniformly in the 
number of the basic function. 

Finally, the analogue of Proposition 4.18 holds again: 

Theorem 5.7 (Trimming). Let (p{a),P) be a lower semicomputable function. 
Then there exists a lower semicomputable function (p'{co,P) such that for all 
P: 

(a) Sip'{aj,P)P{daj)^2, 

(b) if J (p{aj,P)P{dco) ^ 1 then (p\oj,P) = t{oj,P) for all to. 
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The proof is completely analogous to the proof we gave for Proposition 4. 1 8. 
This allows the construction of a universal test as a function of a sequence 
and an arbitrary measure over Q.: 

Theorem 5.8. There exists a maximal (maximal to within a bounded factor) 
uniform randomness test. 

Proof. We use the same approach as before: we trim a lower semicomputable 
function in such a way that it becomes a test (or almost a test) and remains 
untouched if it were a test in the first place. □ 

Definition 5.9. Let us fix a universal uniform randomness test i{(x>,P). 

We call a sequence a» uniformly random with respect to a (not necessarily 
computable) measure P if t(a»,/') <°°. j 

Let us show that for computable measures, the new definition coincides with 
the old one. 

Proposition 5.10. Let P be a computable measure, let ip{oo) be a universal 
(average-bounded) randomness test for P as, and i{Oi),P) the universal uniform 
test defined above. Then there are constants c\,C2 > such that citp((y) ^ 

i{iO,P) ^ C2tp{0J>). 

The constants c\,C2 here depend on the choice of measure P and of the choice 
of the test ip for this measure (this choice was done in an arbitrary way for each 
computable measure). 

This proposition shows, that in the case of the computable measures, uniform 
randomness coincides with randomness in the sense of Martin-Lof . 

Proof. Let us show i{oj,P) ^ C2ip{co) first. The function co ^ t{a),P) is lower 
semicomputable since we can effectively enumerate all intervals in the space of 
measures that contain P; therefore it is dominated by tp{a)). 

To prove t{oj,P) ^ ciip{a)), consider the lower semicomputable function 

t{co, Q)=tp{co). 

The function (to, Q) H- t{a)) is not guaranteed to be a uniform randomness test, 
since its integral can be greater than I if Q ^ P. However, it can be trimmed 
without changing it at P, and then it still remains (almost) a test. □ 

We are also interested in tests defined just for one, not necessarily com- 
putable, measure P: 
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Definition 5.11. We will call a function / : ^2 [0,°°] lower semicomputable 
relatively to measure P if it is obtained from a lower semicomputable function 
on the set Q x ^(Q) after fixing the second argument at P. 

For a measure P E ^{Q.), a P-test of randomness is a function / : Q — [0,°°] 
lower semicomputable from P with the property / /(a*) dP ^ I. j 

It seems as if a P-test may capture some nonrandomnesses that uniform tests 
cannot — however, this is not so, since trimming (see Theorem 5.7) generalizes: 

Theorem 5.12. Let Pq be some measure along with some Po-test tp^^ [cS). There is 
a uniform test t'{-,-) with tp^^{co) ^ 2/ (oJjPq). On the other hand, the restriction 
of any uniform test to the measure P is a P-test. 

The notion of extended text can be generalized to uniform tests: 

Definition 5.13 (Extended uniform test). A lower semicomputable function 
T : {0,1}* X ^(Q.) — )■ [0,1] monotonic with respect to the prefix relation is 
called an extended uniform test if for all n and all distributions P we have 

L,:|,l=„r(x,/')p(x)^i. 

As earlier, due to monotonicity, we could sum not only over words of a given 
length, but over an arbitrary prefix-free set. 

The following follows from the analogue of Proposition 4.16 (representing 
a nonnegative lower semicomputable function as a sum of nonnegative basic 
functions): 

Proposition 5.14. Every uniform test t{co,P) can be generated by an extended 
uniform test in the sense oft{co,P) = sup^f^^T{x,P). Conversely, every extended 
uniform test T generates a uniform test t. 

Among the uniform extended tests, it is also possible to select a maximal 
one (using an analogous trimming method and summing the results). We fix an 
extended uniform test and denote it t{x,P) (where xE {0,1}*, and Pis a measure 
over Q.). It generates a maximal uniform test t{a), P) (to within a bounded factor). 

Remark 5.15. Much of the theory worked out at the beginning of this paper 
for 0-1 sequences holds also for sequences whose elements are arbitrary natural 
numbers. The extended tests of Definition 5.13 generalize, and the existence of 
a uniform universal extended test is proven in the same way. But it becomes im- 
portant to define extended tests directly, and not via tests for infinite sequences, 
since compactness may not hold. j 
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Proposition 5.10 allows us to generalize a result about Bernoulli measures: 

Theorem 5.16. Let Pbe a measure computable with some oracle A. Assume also 
that A can be effectively reconstructed as the values of the measure are provided 
with more and more precision. Then a sequence o) is uniformly random with 
respect to P if and only if it is random with respect to P with oracle A. 

(Since the oracle A makes P computable, the notion of Martin-L6f random- 
ness is well defined.) 

Proof. Assume that i{cii, P) =oo for the universal uniform test t. Note that t(-, P) 
is an A-lower semicomputable function and is a P-test, so co is nonrandom with 
respect to P with oracle A. 

On the other hand, let t{a),A) be some A-lower semicomputable P-test with 
t{a),A) = oo. That A can be reconstructed from P means that there is a com- 
putable mapping / from measures to binary sequences (oracles) defined at least 
over P, with A = f{P)- But then {oj,P) i— )► t{cL>,f{P)) is a P-test. The uniformiza- 
tion theorem 5.12 converts it into a uniform test that is infinite on {co,P). □ 

Let us note that not all measures P satisfy the condition of the theorem (it 
means that the mass problem of "show approximations to the values of P" is 
equivalent to the decision problem of some set; on the degrees of such mass 
problems, see [22]). Later, in Theorem 5.36, we show a characterization of 
uniform randomness for arbitrary measures (in terms of Martin-Lof randomness 
with oracle). 

Another application of the trimming technique: let us show that the notion of 
uniform randomness test is indeed a generalization of the notion of an uniform 
Bernoulli test we introduced earlier in Definition 4.1. 

Theorem 5.17. Let t{a),P) be the universal uniform test and let t{a>,p) be the 
universal uniform Bernouli test defined in Lemma 4.20. Then t{aj,Bp) = t{a),p). 

(Here Bp is the Bernoulli measure with parameter p.) 

Proof. For the inequality < note that the function {co,p) i— )■ t{a>, Bp) is an uniform 
Bernoulli test, since the mapping p Bp is computable mapping (in a natural 
sense). 

For the other direction, there exists a computable function on measures that 
maps Bp to p (just take the probability of the one-bit string). Combining this 
function with t{a),p), we get a lower semicomputable function f{a>,P) on gen- 
eral measures P with f{oj,Bp) = t(a»,p). The function f{io,p) is not a uniform 
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test yet, but again the trimming technique given by Theorem 4.18 yields the 
desired result. □ 



5.2 Apriori probability with an oracle, and uniform tests 

For a computable measure, we had an expression for the universal test via apriori 
probability in Proposition 2.21. An analogous expression exists also for the 
universal uniform test: 

Theorem 5.18. 

m{x I P) 



t{co,P) = £ 



Fix) 



To be honest, we still owe the reader the definition of the concept of apriori 
probability with respect to a measure, that is the quantity m{x \ P). We do this 
right away, before returning to the proof. 

Definition 5.19. A nonnegative function t{x,P) whose arguments are the binary 
word X and the measure P will be called a uniform lower semicomputable se- 
mimeasure, if it is lower semicomputable and Y^xK^^P) ^ 1 for measures P 
over Q.. j 

Proposition 5.20. Among the uniform lower semicomputable semimeasures, 
there is a largest one to within a multiplicative constant. 

This is proved by the same method as the existence of a universal test (and 
even simpler, since the constraints on the values of the test do not depend on the 
measure). 

Definition 5.21. We will fix one such largest semimeasure, and call it the apriori 
probability with respect to P. We will denote it by m{x \ P). j 

(The vertical bar in place of a comma emphasizes the similarity to the con- 
ditional apriori probability normally considered.) 

Proof of Proposition 5.18. We need to check two things. First we need to con- 
vince ourselves that the right-hand side of the formula defines a uniform test. 
Every member of the sum can be considered to be a function of two arguments, 
equal to outside the cone of extensions of x, and equal to m{x \ P) /P{x) inside 
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the cone. For every x, the functions m(x | P) and l/P{x) are lower semicom- 
putable (uniformly in x), and the sum gives a lower semicomputable function. 
The integral of this function by any measure P is equal to the sum of the integrals 
of the members, that is Y.x^{x \ P), and therefore does not exceed 1. 

There is a special case, when P{x) — for some x. In this case the corre- 
sponding member of the sum becomes infinite for any a> extending x. But since 
the measure of this cone is zero, the integral by this measure is by definition zero, 
and therefore the additive term, if is not equal to m(x | P), is simply smaller. This 
way, the right-hand side of the formula is a uniform test, and therefore does not 
exceed the universal uniform test: we proved the inequality >. 

The second part of the proof is not so simple: observing the increase of the 
values of the uniform test, we must distribute this increase among the different 
members of the sum of the right-hand side, while preserving lower semicom- 
putability. The difficulty is that if, say, the lower semicomputable function was 
1 on some effectively open set A, and outside it was zero, and then this set was 
changed to a larger set B, then the difference (the characteristic function of 5\A) 
will not in general be lower semicomputable since in the set of measures (as also 
on a segment) the difference of two intervals will not be an open The. 

This problem is solved by moving to continuous functions. Let us be given 
an arbitrary uniform test t{oj,P). Since it is lower semicomputable, it can be 
represented as the limit of a nondecreasing sequence of basic functions, or — 
passing to differences — in the form of a sum of a series of nonnegative basic 
functions: t{a),P) = 

Being basic, the function ti of (o depends only on a finite prefix of the se- 
quence a»; denote the length of this prefix by n,-. For every word x of length rii 
we get some lower semicomputable function ti^x{P), where ti{co,P) = ti^x{P) if 
CO begins by x. Now define mi{x,P) — h^xiP) ■ P{x), if x has length n, (for the 
other lengths, zero). The function is lower semicomputable (as the product 
of two lower semicomputable functions) uniformly in /, and therefore the sirai 
m{x,P) = Y,i'^i{x,P) will be lower semicomputable. 

Let us show that m is a semimeasure, that is Y,x'^{^-> P) for P- Indeed, 
in Ljm, (jc,P) the nonzero terms correspond to words of length n,-, and this sum 
is equal to Lx^i>(^) ■ Pi^), that is exactly the integral / ti{oj,P) P{doj), and the 
sum of these integrals does not exceed 1 by our condition. 

Moreover, if for all prefixes x of the sequence oj the measure P{x) is not 
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equal to zero, then 



E 



mi{x,P) ^ ti,,.{P) ■ Pjxj) 
P{x) P{Xi) 



U{io,P) 



(here Xi is the prefix of length n,- of a>), hence after summing over / 



I 



m{x,P) 



t{co,P), 



and it just remains to apply the maximality of the apriori probability to obtain 
the <-inequality for the case that all prefixes of to have nonzero P-measure. On 
the other hand, if one of these has zero P-measure, then the right-hand side is 



Question 4. For the universal randomness test with respect to a computable 
measure, in this formula one could replace the sum with a maximum. Is this 
possible for uniform tests? (The reasoning applied there encounters difficulties 
in the uniform case.) Can one define apriori probabilithy on the tree in a rea- 
sonable way, and prove a uniform variant of the Levin-Schnorr theorem? 

5.3 Effectively compact classes of measures 

We have considered Bernoulli tests, that is lower semicomputable functions t{a)) 
that are tests with respect to all Bernoulli measures. In this definition, in place 
of Bernoulli measures, an arbitrary effectively compact class can be taken: 

Definition 5.22. Let ^ be an effectively compact class of measures over We 
say that lower semicomputable function ? on t2 is a 'ia-test if / t{co) dP ^ I for 
every P E^. j 

Theorem 5.23. Let ^ be an effectively compact class of measures. 
(a) There exists a universal "^-test t^(-). 



Proof. Both of these statements are proved analogously to Lemmas 4.20 



infinite, and so here the inequality is also satisfied. 



□ 



(b) i^{oj)=mip^c^i{io,P). 



and 4.21. 



□ 



Remark 5.24. Since ^ is compact and the function i{(D,P) is lower semicom- 
putable, the inf-operation can be replaced by the min-operation. j 
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Question 5. Can we give criteria for randomness with respect to natural closed 
classes of measures (for example in terms of complexity)? How can we de- 
scribe Bernoulli sequences in terms of complexities of their initial segments ? It 
is known that the main term of the randomness deficiency is 



The lecture notes [7] contains a characterization Bernoulli sequences, but it is 
rather messy. 

What about Markov measures? Shift-invariant measures? 

5.4 Sparse sequences 

There are several situations closely related to some intuitive understanding of 
randomness, but not fitting directly into the framework of the question of a ran- 
domness of a given outcome to a given model (measure P). Our example is 
here a natural notion of sparsity, introduced in [3], but another example, online 
tests, will be considered in Section 9. 

It is natural to call "p-sparse" a sequence co, when its I's come from some 
jp-random sequence cu', but we allow some of its O's to also come from the I's 
of oj' . For example, the I's of co' may be a sequence of miracles, and oj is the 
sequence of those miracles that have been reported. The tacit hypothesis is, of 
course, that all reported miracles actually happened. 

Definition 5.25 (Sparse sequences). Let us introduce a coordinate-wise order 
between infinite binary sequences (or binary sequences of the same length): we 
say 0) ^co' ii this is true coordinate- wise, that is (x){i) ^ (jo'{i) for all /: in other 
words, oj' is obtained from oj replacing some O's with Is. 

Let Bp be a Bernoulli measure with some computable p. We say that a binary 
sequence oj is p-sparse lico^co' for some 5p-random sequence oj' . (In terms of 
sets, j)-sparse sets are subsets of /^-random sets). j 

We will show that in the definition of sparsity, the existential quantifier can 
be eliminated, giving a criterion in terms of monotonic tests. 

Definition 5.26. A real function f on Q. will be called monotonic if o)' ^ o) 
implies f{oJ) ^ f{o^)- 

A monotonic lower semicomputable function ? : Q — t- [0,oo] is a p-sparsity 
test if / t{oj) dBp ^ 1 . A p-sparsity test is universal if it multiplicatively domi- 
nates all other sparsity tests for p. j 



log 
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The monotonicity of tests guarantees, informally speaking, that only the 
presence of some Is is counted as regularity, not their absence. (Note that earlier 
we spoke of an entirely different kind of monotonicity, while defining extended 
tests: there we compared the values of a function on a finite word and its exten- 
sion.) 

Proposition 5.27. Consider the universal test t(a;,/'). The expression 

rp{oj) = mmt{oj', Bp) 

defines a universal p-sparsity test. 

Proof. Each p-sparsity test is by definition a test with respect to the measure Bp. 
Using its monotonicity and comparing it with the universal test we obtain that 
no sparsity test exceeds (to within a bounded factor). 

Li the other direction it must be shown that the minimum in the expression 
for rp is achieved, and that this function is a p-sparsity test. The lower semi- 
computability is proved usin that the property co^ to' gives an effectively closed 
set of the effectively compact space Q.x Q.. The monotonicity and the integral 
inequality follow immediately from the definition. □ 

From this follows the following characterization in terms of tests: 

Theorem 5.28. A sequence to is p-sparse (is obtained from a p-random by re- 
placing some Is with zeros) if and only if the universal sparsity test rp{co) is 
finite. 

Sparsity is equivalent to randomness with respect to a certain class of mea- 
sures. To define this class, we introduce the notion of coupling of measures. 

Definition 5.29. For measures P, Q we say P ^ Q, or that P can be coupled 
below Q if there exists a probability distribution R on pairs of sequences <x>') 
such that 

(a) The first projection (marginal distribution) is P and the second one is Q. 

(b) Measure R is entirely concentrated on pairs (a),a;') with co ^oj' (the proba- 
bility of this event by the measure i? is 1 . 

The following characterization of coupling is well known: it has many 
proofs, but all seem to go back to [28] (Theorem 11, p. 436). A proof can 
be found in [3]. 
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Proposition 5.30. The property P < Q is equivalent to the following: for all 
monotonic basic functions f the following inequality holds: 



In this characterization, we could have said "all monotonic integrable func- 
tions" as well. 

Definition 5.31. Let S^p be the set of measures that can be coupled below Bp. j 

Proposition 5.32. The set ^p of measures is effectively closed {and thus effec- 
tively compact). 

Proof. For each function / in Proposition 5.30, the condition defines an effec- 
tively closed set, and their intersection will also be effectively closed. □ 

Theorem 5.33. The universal p-test rp{co) is a universal class test for class S^p. 

Thus, a sequence is jo-sparse if and only if it is random with respect to some 
measure that can be coupled below Bp. 

The following lemma will be key to the proof. 

Lemma 5.34 (Monotonization). Let t : Q. be a basic function with 

J t{a))dQ ^ 1 for all Q G S^p. Define the monotonic function t{a)) = 
max^i<^ijjt{a)') (the maximum is achieved since t{co) depends only on finitely 
many positions ofco). Then J t{a)) dBp ^ 1. 

Proof. Let function t depend only on the first n coordinates. For each x E {0,1 
fix y ^ for which t{x') reaches the maximum (among all such x'). Besides the 
distribution Bp consider a distribution Q in which the Bernoulli measure of x is 
tranferred to x' (the measures of several x may be transferred to the same x' and 
then be added). We described the behavior of Q on the first n bits; the following 
bits are chosen independently, and the probability of 1 in each position is equal 
to p. Note also that for the expected values of the functions t and t only the first 
n bits count. 

By the construction, Q ^ Bp (essentially, we described a measure on pairs), 
therefore / t{a>) dQ ^ 1. But this integral is equal to / f(a») dBp. □ 




Let us return to the theorem. 
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Proof of Theorem 5.33. Every j^-sparsity test ns a class test for 5^p. Indeed, its 
integral by a measure in the class S^p does not exceed its integral by the measure 
Bp, by the monotonicity of the test and the possibility of coupling. 

On the other hand, let us show that for every test t for the class S^p, there 
is a a p-sparsity test that is not smaller. Indeed, the test t is the limit of an 
increasing sequence tn of basic functions. Applying to them the monotonization 
lemma 5.34, we obtain a sequence of basic functions f„ that are everywhere 
greater or equal to and have integrals bounded by 1 with respect to the measure 
Bp. Their limit is the needed />-sparsity test. □ 

5.5 Different kinds of randomness 

There are several ways to define randomness with respect to an arbitrary (not 
necessarily computable) measure. We have already defined uniform random- 
ness. Here are some other ways. 

Oracles We can use the Martin-Lof definition (or its average-bounded version) 
with oracles. We would call a sequence o) random with respect to P, if there ex- 
ists an oracle A that makes P computable such that o) is ML-random with respect 
to P with oracle A. (We say "there exists an oracle that makes P computable" but 
not "for all oracles that make P computable": indeed, some powerful oracle can 
always make co computable and therefore non-random, unless o) is an atom of 
P.) As Adam Day and Joseph Miller have shown [6], this definition turns out to 
be equivalent to uniform randomness. The proof of this equivalence needs some 
preparation. 

First let us look into why is it not possible to take for oracle the measure 
itself (as was done for the Bernoulli measures, where for oracle we chose a 
binary expansion of the number p). Well, the choice of such a representation is 
not unique (0.01 1 1 1 ■ ■ ■ = 0. 10000 . . . ). When all we have is a single number p 
then this is not important, as the non-uniqueness arises only for rational p, and 
in this case both representations are computable. But for measures this is not so: 
a measure is represented by a countable number of reals (say, the probabilities 
of individual words, or the conditional probabilities), and the arbitrariness in the 
choice of representation is not reduced to a finite number of variants. 

Definition 5.35. Fix some representation of measures by infinite binary se- 
quences, that is a computable (and therefore continuous) mapping n ^ Rj^ of 
Q. onto the space of measures. For example, we may split the binary sequence 



47 



n into countably many parts and use these parts as binary representations of the 
probability that the sequence continues with 1 after a certain prefix. 

Define the notion of an r-test (representation-test, test of randomness relative 
to a given representation of the measure) as a lower semicomputable function 
t{(jj,n) with / t{a),n)Rn{doj) ^ 1 for all n. j 

This notion of r-test depends on the representation method chosen; there are 
no intuitive reasons to choose one specific representation and declare it to be 
"natural", but any representation is good for the argument below and we assume 
some representation fixed. The following statements can be proven just as simi- 
lar statements before: 

(a) Every lower semicomputable function t{(x),n) can be trimmed to make it not 
greater than twice an r-test (not changing it for those n where it already was 
a r-test). 

(b) There exists an universal (maximal to within a bounded factor) r-test t(a>,;r). 
For a fixed n, the function t(-,:7r) is universal among the 7r-computable 

average-bounded tests with respect to the measure R„. Indeed, it is such a test; 
on the other hand, any such test can be lower semicomputed by the oracle ma- 
chine. This machine is applicable to any oracle (though may not give a test), 
giving a lower semicomputable function t\(x),n) that is equal to the starting test 
for the given n. It remains to apply property (a). 

As a consequence of this simple reasoning we obtain that the quantity i{a),n) 
is finite if and only if the sequence oj is random relative to the oracle n, with 
respect to measure R,^. 

Theorem 5.36 (Day-Miller). A sequence a> is uniformly random with respect to 
measure P if and only if there is an oracle computing P that makes oj random 
(in the original Martin-Lof sense). More precisely, 

t{aj,P) = inf t{a),7T). (9) 

R„—P 

Proof. Let us prove the equality shown in the theorem. Note that if ns a uniform 
test, then t{to,R„) as a function of co and n is an r-test, and is therefore dominated 
by the universal r-test. 

The other direction is somewhat more difficult. We have to show that the 
function on the right-hand side is lower semicomputable as a function of the 
sequence oj and the measure P. (The integral condition is obtained easily after- 
wards, as the measure P has at least one representation n.) This can be proved 
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using the effective compactness of the set of those pairs {P,7t) with P = R„. In 
the general form (for constructive metric spaces) this statement forms the content 
of Lemma 7.21. 

It remains to explain the connection between the given equality and random- 
ness relative to an oracle. If t{co, P) is finite, then by the proved equality a n exists 
with R„ = P and finite i{a),n). As we have seen, this in turn means that co is ran- 
dom with respect to the measure P, with an oracle n that makes P computable. 
Conversely, if i{co,P) is infinite, and some oracle A makes P computable, then 
the function i{-,P) becomes A-lower semicomputable, and its integral by mea- 
sure P does not exceed 1, hence the sequence io will not be random relative to 
oracle A and with respect to measure P. □ 

Blind (oracle-free) tests We can define the notion of an effectively null set as 
before, even if the measure is not computable. The maximal effectively null set 
may not exist. For example, if measure P may be concentrated on some non- 
computable sequence n, then all intervals not containing n will be effective null 
sets, and their union (the complement of the singleton {n}) will not be, otherwise 
n would be computable. 

However, we still can define random sequence as a sequence that does not 
belong to any effectively null set. Kjos-Hanssen suggested the name "Hippo- 
cratic randomness" for this definition (referring to a certain legend about the 
doctor Hippocrates), but we prefer the more neutral name "blind randomness". 

Definition 5.37 (Blind tests). A lower semicomputable function t{a)) with inte- 
gral bounded by 1 will be called a blind, or oracle-free, test for measure P. A 
sequence oj is blindly random iff t{co) < oo for all blind tests. j 

As seen, there may not exist a maximal blind test. 

This oracle-free notion of randomness can be characterized in the terms in- 
troduced earlier: 

Theorem 5.38. Sequence o) is blindly random with respect to measure P if and 
only if CO is random with respect to any effectively compact class of measures 
that contains P. 

Proof. Assume first that co is not random with respect to some effectively com- 
pact class of measures that contains P. Then the universal test with respect to 
this class is a blind test that shows that to is not blindly random with respect to 
P. 
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Now assume that there exists some blind test t for measure P with t{cL)) = oo. 
Then just consider the class ^ of measures Q with / t{co)dQ ^ 1. This class is 
effectively closed, (and thus effectively compact). Indeed, t be the supremum of 
the computable sequence of basic functions r„. The class of measures Q with 
/ tn{(o)dQ > 1 is effectively open, uniformly in n, and ^ is the complement of 
the union of these sets. □ 

It is easy to see from the definition (or from the last theorem) that uniform 
randomness implies bUnd randomness (either directly or using the last theorem). 
The reverse statement is not true: 

Theorem 5.39. There exists a sequence o) and measure P such that co is blindly 
random with respect to P but not uniformly random. 

Proof. Indeed, oblivous randomness does not change if we change the mea- 
sure slightly (up to 0(1) -factor). On the other hand, the changed measure 
may have much more oracle power that makes a sequence non-random. For 
example, we may start with uniform Bernoulli random measure B\/2 (coin 
tosses with probabilities 1/2,1/2,1/2,... and fix some random sequence oj = 
a»(l)6t;(2) .... Then consider a (slightly) different measure B' with probabili- 
ties l/2 + a>{l)si,l/2 + a){2)£2, . . . where si,S2,... are so small and converge 
to zero so fast that they do not change the measure more than by 0(l)-f actor 
while being all positive. Then B' encodes oj, which makes it easy to construct a 
uniform test t with t{a>,B') = oo. □ 

However, there are some special cases (including Bernoulli measures) where 
uniform and blind randomness are equivalent. In order to formulate the sufficient 
conditions for such a coincidence, let us start with some definitions. 

Definition 5.40 (Effective orthogonality). For a probability measure P, let 

Randoms (P) denote the set of sequences uniformly random with respect to 
P. A class of measures is called effectively orthogonal if Randoms(/') fl 
Randoms(2) = for any two different measures in it. j 

Theorem 5.41. Let ^ be an effectively compact, effectively orthogonal class of 
measures. Then for every measure P in the uniform randomness with respect 
to P is equivalent to blind randomness with respect to P. 

The statement looks strange: we claim something about randomness with 
respect to measure P, but the condition of the claim is that P can be included 
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into a class of measures with some properties. (It would be natural to have a 
more direct requirement for P instead.) The theorem implies that the measures 
of Theorem 5.39 do not belong to any such class. 

Proof. We have noted already that in one direction the statement is obviously 
true. Let us prove the converse. Assume that sequence oj is blindly random with 
respect to measure P. By Theorem 5.38, it is random with respect to the class 
'lo. So, oj is uniformly random with respect to some measure P' from the class 
It remains to show P = P' . 

Imagine that this is not the case. Then we can construct an effectively com- 
pact class of measures ^' that contains P but not P' . Indeed, since P and P' are 
different, they assign different measures to some finite string, and this fact can 
be used, in form of a closed condition separating P from P' , to construct ^' . 
Consider now the effectively compact class fl^'. It contains P, and therefore 
<x> will be random with respect to this class. Hence the class contains some mea- 
sure P" with respect to which a» is uniformly random. But P' 7^ P" (one measure 
is in ^' , the other one is not), so we get a contradiction with the assumption with 
the effective orthogonality of the class . □ 

Remark 5.42. The proved theorem is applicable in particular to the class of 
Bernoulli measures. It is tempting to think that there is a simpler proof, at least 
for this case: if oj is random with respect to p we can compute p from o) as 
the limit of relative frequency, and no additional oracle is needed. This is not 
so: though p is determined by a», it does not even depend continuously on oj. 
Indeed, no initial segment of the sequence guarantees that its limiting frequency 
is in some given interval. However, we can apply an analogous reasoning to 
those sequences oj with the randomness deficiency bounded by some constant. 
(See [12] which introduces the notion of layerwise computability .) In particular, 
it can be shown that if co is random with respect to the measure Bp then p is 
computable with oracle oj. j 

6 Neutral measure 

The following theorem, first published in [17] and then again in [1 1], points to a 
curious property of uniform randomness which distinguishes it from randomness 
using an oracle. 

Definition 6.1. A measure is called neutral if every sequence is uniformly ran- 
dom with respect to it. j 
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Theorem 6.2. There exists a neutral measure; moreover, there is a measure N 
with t{a),N) ^ 1 for all sequences co. 

Note that a neutral measure cannot be computable. Indeed, for a computable 
measure there exists a computable sequence that is not an atom (adding bits 
sequentially, we choose the next bit in such a way that its conditional probability 
is at most 2/3). Such a sequence cannot be random with respect to A^. For the 
same reason a neutral measure cannot be equivalent to an oracle (for a neutral 
measure A'^ one cannot find an oracle A that make it computable and at the same 
time can be uniformly reconstructed from every approximation of A^). Indeed, in 
this case uniform randomness (as we have shown) is equivalent to randomness 
with respect to with oracle A, and the same argument works. 

A neutral measure cannot be lower or upper semicomputable either, but this 
statement does not seem interesting, since here a semicomputable measure over 
Q. is also computable. Some more meaningful (and less trivial) versions of this 
fact are proved in [1 1]. 

Proof. Consider the universal test t{a),P). We claim that there exists a measure 
A^ with t{cL>,N) ^ 1 for every co. In other terms, for every to we have a condition 
on A^ saying that t{to,N) ^ 1 and we need to prove that these conditions (there 
is continuum of them) have non-empty intersection. Each of these condition is 
a closed set in a compact space (recall that t is lower semicontinuous), so it is 
enough to show that finite intersections are non-empty. 

Solet coi, . . . ,0Jkhe k sequences. We want to prove that there exists a measure 
A'^ such that t{tOi,N) ^ 1 for every i. This measure will be a convex combina- 
tion of measures concentrated on coi,..., cok- So we need to prove that k closed 
subsets of a ^-vertex simplex (corresponding to k inequalities) have a common 
point. It is a direct consequence of the following classical topology result for- 
mulated in Lemma 6.3 below (which is used in the standard proof of Brouwer's 
fixpoint theorem). 

To show that the lemma gives us what we want, consider any point of some 
face. For example, let X be a measure that is a mixture of, say, toi, C05 and 
CO-]. We need to show that X belongs to Ai U A5 UA7: in our terms, that one of 
the numbers t{a)i,X), t{co5,X) and t{coj,X) does not exceed 1. It is easy since 
we know / t{(jo,X) dX{oo) ^ 1 (by the definition of the test), and this integral is 
a convex combination of the above three numbers with some coefficients (the 
weights of 0)1, C05 and coj in X. □ 
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Lemma 6.3. Let a simplex with vertices \,...,n be covered by closed sets 
Ai,...,Ayt in such a way that vertex i belongs to A,- (for every i), edge i-j is 
covered by Ai U A j, and so on (formally, face (/i , . . . , is) of the simplex is a subset 
ofAi^ U . . . UA,^; in particular, the union Ai U ■ ■ ■ UA^t is the entire simplex). Then 
the intersection Ai fl ■ ■ ■ fl Ayt not empty. 

For completeness, let us reproduce the standard proof of this lemma. 

Proof. Consider a disjoint division T of the simplex into smaller n-dimensional 
simplices (in such a way that every vertex in the division is a vertex of every 
simplex containing it). Let S be the set of vertices of T . A Sperner-labeling is 
a covering of S by sets Ai,...,Ayt such that the points of S belonging to each 
lower-dimensional simplex formed by some vertices i\ < i2 < ■ ■ ■ < ir ^ k are 
covered by A/^ U • ■ ■ U A,-,.. (A point gets label i if it belongs to A/.) Spemer's 
famous combinatorial lemma (see for example the Wikipedia) implies that in 
any Sperner labeling, there is a simplex whose vertices are labeled with all k 
colors. 

To apply the Spemer's lemma, note that our closed sets A,- satisfy the rules 
of Sperner coloring. Sperner's lemma guarantees the existence of a simplex that 
has all possible labels on its vertices. In this way we can get arbitrarily small 
simplices with this property; compactness then shows that all A,- have a common 
point. □ 



7 Randomness in a metric space 

Most of the theory presented above for infinite binary sequences generalizes to 
infinite sequences of natural numbers. Much of it generalizes even further, to an 
arbitrary metric space. In what follows below we not only generalize; some of 
the results are new also for the binary sequence case. 

7.1 Constructive metric spaces 

We rely on the definition of a constructive metric space, and the space of mea- 
sures on it, as defined in [11] and [13] (the lecture notes [7] are also recom- 
mended). 

Definition 7.1. A constructive metric space is a tuple X = {X,d,D,a) where 
{X,d) is a complete separable metric space, with a countable dense subset D 
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and an enumeration a of D. It is assumed that the real function d{a{v),a{w)) 
is computable. Open balls with center in D and rational radius are called ideal 
balls, or basic open sets, or basic balls. The (countable) set of basic balls will 
also be called the canonical basis in the topology of the metric space. 

An infinite sequence s\,S2,-- - with 5, G Z) is called a strong Cauchy sequence 
if for all m< n we have d{sm,Sn) ^ l^'". Since the space is complete, such a 
sequence always has a (unique) limit, which we will say is represented by the 
sequence. j 

We will generally use the notational convention of this definition: if there 
is a constructive metric space with an underlying set X then the we will use X 
(boldface) to denote the whole structure {X,d,D,a). But frequently, we just use 
X when the structure is automatically understood. 

Examples 7.2. 1. A set X = {^'i, 52, ... } can be turned into a constructive dis- 
crete metric space by making the distance between any two different points 
equal to 1. The set D consists of all points a{i) = Si. 

2. The set N = N U {°°} can be turned into a constructive metric space by mak- 
ing the distance between any two different points with the distance function 
d{x,y) = 1^ — where of course, ^ = 0. The set D consists of all points of 
N. This metric space is called the one-point compactification, in a topological 
sense, of the discrete metric space N of Example 1. 

3. The real line M with the distance d{x,y) = \x — y\ is a constructive metric 
space, and so is IR+ = [0,°°). We can add the element 00 to get IR+ = [0,°°]. 
This is not a metric space now, but is still equipped with a natural constructive 
topology (see Remark 7.4 below). It could be equipped with a new metric in 
a way that would not change this constructive topology. 

4. If X, Y are constructive metric spaces, then we can define a constructive met- 
ric space Z = X X Y with one of its natural metrics, for example the sum of 
distances in both coordinates. In case when X = Y = M, this is called the Li 
metric. Let Dz be the product = Dx x Dy. 

5. Let X be a finite or countable (enumerated) alphabet, with a fixed numbering, 
and let X^ be the set of infinite sequences x = {x{l),x{2),...) with distance 
function d^{x,y) = 2~"' where n is the first i with x{i) 7^ y{i). This space 
generalizes the binary Cantor space of Definition 2.1, to the case mentioned 
in Remark 5.15. The balls in it are cylinder sets: for a given finite sequence 
z, we take all continuations of z- 

J 
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Remark 7.3. Each point jc of a constructive metric space X can be viewed as 
an "approximation mass problem": the set of total functions that for any given 
rational e > produce a e- approximation to by a point of the canonical dense 
set D. This is a mass problem in the sense of [21]. One can also note that this 
mass problem is Medvedev equivalent to the enumeration problem: enumerate 
all basic balls that contain x. j 

Remark 7.4. A constructive metric space is special case of a more general con- 
cept, which is often useful: a constructive topological space. 

A constructive topological space X = {X, r, v) is a topological space over a 
set X with a basis r effectively enumerated (not necessarily without repetitions) 
as alistT= {v(l),v(2),...}. 

For every nonempty subset Z of the space X, we can equip Z with a con- 
structive topology: we intersect all basic sets with Z, without changing their 
numbering. On the other hand, not every subset of a constructive metric space 
naturally has the structure of a constructive metric space (the everywhere dense 
set D is not inherited). 

But instead of introducing constructive topological spaces formally, we pre- 
fer not to burden the present paper with more abstractions, and will speak about 
some concepts like effective open sets and continuous functions, as defined on 
an arbitrary subset Z of the constructive metric space X. _i 

Definition 7.5. An open subset of a constructive metric space is lower semicom- 
putable open (or r.e. open, or c.e. open), or effectively open if it is the union of an 
enumerable set of elements of the canonical basis. It is upper semicomputable 
closed, or effectively closed if its complement is effectively open. Given any set 
A C Z, a set f/ is effectively open on A if there is an effective open set V such 

that [/riA = yriA. j 

Note that in the last definition, U is not necessarily part of A, but only its 
intersection with A matters. 

Computable functions can be defined in terms of effectively open sets. 

Definition 7.6 (Computable function). Let X, Y be constructive metric spaces 
and / : X — 7- F a function. Then / is continuous if for each element U of the 
canonical basis of Y the set f^^{U) is an open set. It is computable if f^^{U) 
is also an effectively open set, uniformly in U. A partial function f : X ^ Y 
defined at least on a set A is computable if for each element U of the canonical 
basis of Y the set f^^{U) is effectively open on A, uniformly in U. 
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An element x E X is, called computable if the function / : {0} — )■ X with 
/(O) — xh computable. 

When f{x) is defined only in a single point xq then we say that the element 
jQ = f{xo) is XQ-computable. When f : X)<Z ^ Y, defined on X x [zq], is 
computable, then we say that the function g:X^Y defined by g{x) = f{y,zo) 
is ZQ-computable , or computable /rom zq- j 

There are several alternative characterizations of a computable element. 

Proposition 7.7. The following statements are equivalent for an element x of a 
constructive metric space X = {X,d,D,a). 

(i) X is computable. 

(ii) the set of basic balls containing x is enumerable. 

(iii) There is a computable sequence z\,Z2,... of elements ofD with d{x,Zn) ^ 
2-«. 

The following proposition connects computability with a more intuitive con- 
cept based on representation by strong Cauchy sequences. 

Proposition 7.8. Let X, Y be constructive metric spaces and f : X ^ Y a func- 
tion. Then f is computable if and only if there is a computable transformation 
that turns each strong Cauchy sequence si,S2,-- - with si G Dx converging to a 
point X EX into a strong Cauchy sequence fi,?2, • • • with ti G Dy converging to 

If f is a partial function with domain Z then f is computable if and only if 
there is a computable transformation that turns each strong Cauchy sequence 
si,S2,--- with Si G converging to some point x eZ into a strong Cauchy 
sequence ti,t2,--- with ti G Dy converging to f{x). 

We omit the — not difficult — proof of this statement. 

Remark 7.9. Though XQ-computability means computability from a strong 
Cauchy sequence Si,S2,... converging to xq, it should not be considered the 
same as computability using a machine that treats this sequence as an "oracle". 
In case of XQ-computability, the resulting output must be independent of the 
strong Cauchy sequence si,S2,... representing xq. j 

The following definition of lower semicomputability is also a straightforward 
generalization of the special case in Definition 2.2. 
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Figure 1 : A hat function 

Definition 7.10 (Lower semicomputability). Let X = {X,d,D,a) be a construc- 
tive metric space. A function f [—00,00] is lower semicontinuous if the sets 
{x : f{x) > r} are open, for every rational number r (from here it follows that 
they are open for all r, not only rational). 

It is lower semicomputable if these sets are effectively open, uniformly in the 
rational number r. It is upper semicomputable if — / is lower semicomputable. 

A partial function / : X — )■ 7 defined at least on a set A is lower semicom- 
putable on A if the sets { x : f{x) > r } are effectively open in A, uniformly for 
every rational number r. j 

It is easy to check that a real function over a constructive metric space is 
computable if and only if it is lower and upper semicomputable. As before, one 
can define semicomputability equivalently with the help of basic functions. 

Let us introduce an everywhere dense set of simple functions. 

Definition 7.11 (Hat functions, basic functions). We define an enumerated list of 
basic functions S" = {ei , 62, • • • } in the constructive metric space X = (X, d, D, a) 
as follows. For each point u E D and positive rational numbers r,s let us define 
the hat function gu,r,s'- its value in point x is determined by the distance of x to 
u and is equal to 1, if this distance is at most r, equal to zero, if the distance is 
not less than r + e, and varies linearly as the distance runs through the segment 
[r, r + e] : see Figure 1 . Let <f be the smallest set of functions containing all hat 
functions that is closed under min,max and rational linear combinations. j 
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Proposition 7.12. A function / : X — )■ [0,°°] defined on a constructive metric 
space is lower semicomputable if and only if it is the limit of a computable in- 
creasing sequence of basic functions. 

Note that the above characterization holds also for lower semicontinous func- 
tions, if we just omit the requirement that the sequence gn be computable. 

Definition 7.13. We can introduce the notion of lower semicomputability /rom 
Zq, or ZQ-lower semicomputability, similarly to the zo-computability of Defi- 
nition 7.6, as lower semicomputability of a function defined on the set X x 

Sometimes two metrics on a space are equivalent from the point of view of 
computability questions. Let us formalize this notion. 

Definition 7.14 (Uniform continuity, equivalence). Let X,Y be two metric 
spaces, and / : X — )■ 7 a function. We say that / is uniformly continuous if 
for each e > there is a 5 > such that dx{x,y) ^ 6 implies dY{f{x),f{y)) ^ s. 

If X, Y are constructive metric spaces and function / is computable, we will 
call it effectively uniformly continuous if 6 can be computed from e effectively. 

Two metrics d\,d2 over the same space are (effectively) equivalent if the 
identity map is (effectively) continuous in both directions. j 

For example, the Euclidean metric and the L\ metric introduced in Exam- 
ple 7.2.4 are equivalent in the space M^. 

Effective compactness was introduced in Definition 5.4: this generalizes im- 
mediately to arbitrary metric spaces. A weaker notion, local compactness, also 
has an effective version. 

Definition 7.15 (Effective compactness and local compactness). A compact sub- 
set C of a constructive metric space X = {X,d,D,a) is called effectively compact 
if the set 

{ 5 : 5 is a finite set of basic open sets and [J E ^ C} 

EeS 

is enumerable. 

A subset C of a metric space is called locally compact if it is covered by the 
union of a set of balls B such that 5 fl C is compact. Here B is the closure of 
B. It is effectively locally compact if it is covered by the union of an enumerated 
sequence of basic balls B^ such that Bj^DC is effectively compact, uniformly in 
k. J 
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Examples 7.16. 1. The countable discrete space of Example 7.2.1 is effectively 
compact if it is finite, and effectively locally compact otherwise. 

2. The segment [0, 1] is effectively compact. The line M is effectively locally 
compact. 

3. If the alphabet X is finite then the space of infinite sequences is effectively 
compact. Otherwise it is not even locally compact. 

4. Let a G [0, 1] be a lower semicomputable real number that is not computable. 
(It is known that there are such numbers, for example Y^^^'^1^'^p^^\) The 
lower semicomputability of a allows to enumerate the rationals less than a 
and allows for the segment [0, a] to inherit the constructive metric (and topol- 
ogy) from the real line. This space is compact, but not effectively so. 

J 

The following is a useful characerization of effective compactness. 

Proposition 7.17. (a) A compact subset C of a constructive metric space X = 
{X,d,D,a) is ejfectively compact if and only if from each (rational) s one 
can compute a finite set ofs-balls covering C. 

(b) For an effectively compact subset Cofa constructive metric space, in every 
enumerable set of basic open sets covering C one can effectively find a finite 
covering. 

Proof. Assume that for all e we can show a finite covering 5^ of the set C by 
balls of radius s. Along with such a covering, we can enumerate all coverings 
with guaranteedly large balls (this means that for all balls B{x,s) from the cov- 
ering S e there is a ball B{y, cr) from the new covering with cr > e + d{x,y)). The 
compactness of C guarantees that while S s runs through all e-coverings of C, this 
way all coverings of C will be enumerated. (Indeed, if there is some covering S' 
not falling into the enumeration, then for all s there is a ball of the covering S ^ 
not guaranteedly contained in any ball of 5'. Applying compactness and taking a 
limit point of the centers of these non-contained balls, we obtain contradiction.) 
The remaining statements are proved quite easily. □ 

The following statement generalizes Proposition 5.5, with the same proof. 

Proposition 7.18. Every effectively closed subset E of an effectively compact set 
C is also effectively compact. 
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As earlier, the converse also holds: every effectively compact subset of a 
constructive metric space is effectively closed. Indeed, we can consider all pos- 
sible coverings of this set by basic balls, and also outside balls that manifestly 
(by the relation of the distances of their centerse and their radiuses) are disjoint 
from the balls of the covering. The union of all these outside balls provide the 
complement of our effectively compact set. 

It is known that a continuous function maps compact sets into compact ones. 
This statement also has a constructive counterpart, also provable by a standard 
argument: 

Proposition 7.19. Let C be an effectively compact subset of a constructive metric 
space X, and f a computable function from X into another constructive metric 
space Y. Then f{C) is effectively compact. 

The statement that a lower semicontinuous function on a compact set reaches 
its minimum has also a computable analog (we provide a parametrized variant): 

Proposition 7.20 (Parametrized minimum). Let Y,Z be constructive metric 
spaces, let f : Y x Z ^ [0,°°] be a lower semicomputable function, and C an 
effectively closed subset ofYxZ. If it is also effectively compact, then the func- 
tion 

8iy)^ inf /(>;,z) 
z:{y,z)€C 

is lower semicomputable from below (and the inf can be replaced with min due 
to compactness). 

Instead of effective compactness ofC, it is sufficient to require that its projec- 
tion Cy = {y :^z{y,z) C} is effectively closed and covered by an enumerated 
sequence of basic balls such that B^x ZnC is effectively compact, uniformly 
in k. 

The weaker condition formulated at the end holds for example if Y is effec- 
tively locally compact and Z is effectively compact. 

Proof. For start, we reproduce the classical proof of lower semicontinuity. One 
needs to check that the set {y : r < g{y)} is open for all r. This set can be 
represented in the form of a union, noting that the condition r<g{y) is equivalent 
to the condition 



{3r'>r)Vz[{y,z)eC^f{y,z)>r'], 
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and it is sufficient to check the openness of the set 

U = {y:\/z[{y,z)eC^f{y,z)>r']}. 

Now, U = (y\Cy) UUfe(5ytn t/). since 7 \Cy is assumed to be open, it is suffi- 
cient to show that each BkDU is open. Let Fk = B^x Z, then by the assumptions, 
F^nC is compact. The condition f{y,z) > r' by the assumption defines a certain 
open set V of pairs, hence Fy^ fl C \ V is closed, and as a subset of a compact set, 
compact. It follows that its projection {y E Bk:^z{y,z) G Fyt H C \ V }, as a con- 
tinuous image of a compact set, is also compact, and so closed. Its complement 
in Bk, which is B^ H U, is then open. 

Now this argument must be translated to an effective language. First of all 
note that it is sufficient to consider rational r and r' . Then the set V is effectively 
open, the set F^t fl C \ V is effectively closed, and as a subset of an effectively 
compact set, also effectively compact. Its projection, as a computable image of 
an effectively compact set, is also effectively compact, and as such, effectively 
closed. The complement of the projection is then effectively open. □ 

The following lemma is an application: 

Lemma 7.21. Let X,Z,Z' be metric spaces, where X is locally compact and Z is 
compact. Let f: Z Z' be continuous and surjective, and t: X x Z — )■ [0,°°] a 
lower semicontinuous function. Then the function tf: X x Z' — )■ [0,°°] defined by 
the formula 

tf{x,z) = inf t{x,z) 

z:f{z)=z! 

is lower semicontinuous. 

IfX,Z,Z' are constructive metric spaces, X is effectively locally compact, Z 
is effectively compact and f is computable, further t is lower semicomputable, 
then tf is lower semicomputable. 

Proof. We will prove just the effective version. We will apply Proposi- 
tion 7.20 with 7 = X X Z', and C = X X { (/(z),z) : z G Z}. Then tf{x,z!) = 
inf(^j^^^/^^^i^(jt{x,z). The set Y is effectively locally compact, as the product of an 
effectively locally compact set and an effectively compact set. The projection of 
the set C onto Y is the whole set Y, and hence it is closed. Hence the proposition 
is applicable, according to the remark following it. □ 
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7.2 Measures over a constructive metric space 

On a metric space, the Borel sets are the smallest cr-algebra containing the open 
sets. We can define measures on Borel sets. These measures have the following 
regularity property: 

Proposition 7.22 (Regularity). Let P be a measure over a complete separable 
metric space. Then every measureable set A can be approximated by large open 
sets: P{A) = infGDA^(G), where G is open. 

It is possible to introduce a metric over measures: 

Definition 7.23 (Prokhorov distance). For a set A and point x let us define the 
distance of x from A as d{x,A) — in£y(^Ad{x,y). The e-neighborhood of a set A 
is defined as = { jc : d{x,A) < s}. 

The Prokhorov distance p{P, Q) of two measures is the greatest lower bound 
of all those s for which, for all Borel sets A we have P{A) ^ 2(A^) + s and 
Q{A)^P{A'')+£. J 

It is known that p{P, Q) is indeed a metric, and it turns the set of probability 
measures over metric space X into a metric space. There is a number of other 
metrics for measures that are equivalent, in the sense of Definition 7.14. 

Definition 7.24 (Space of measures). For a constructive metric space, X, let M = 
^(X) define the metric space of the set of probability measures over X, with 
the metric p{P,Q). The dense set Dm is the set of those probability measures 
that are concentrated on finitely many points of Dx and assign rational values to 
them. Let qtm be a natural enumeration of Dm, this turns M into a constructive 
metric space, too. 

A probability measure is called computable when it is a computable element 
of the space M. j 

Computability of measures is a particularly simple property for the Cantor 
space of binary sequences in Definition 2.8 (which is easily shown to be equiv- 
alent to the definition given here); it is just as simple for the Baire space of 
sequences over a countable alphabet. 

The analogue of Proposition 4.17 holds again: the integral / f{cL>,P)P{dco) 
of a basic function is computable as a function of the measure P, uniformly in 
the code of the basic function. Here is a closely related result: 
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Proposition 7.25. If f is a bounded, effectively uniformly continuous function 
then its integral by the measure P is an effectively uniformly continuous function 



Proof. It can be assumed without loss of generality that / is nonnegative (add a 
constant). Let measures P and P' be close. Then P'{A) ^ P{A.e) + s, where 
denotes the e-neighborhood of A. Then 



where /e(x) is the least upper bound of / on the ^-neighborhood of x. (The 
integral of a nonnegative function g is defined by the measures of the sets Gt = 
{x : g{x) ^ t}; by Fubini's theorem on the change of the order of integration, 
this measure must be integrated by ? as a function of t. Now, if f{x) ^ t then 
fsix) ^ t in the e-neighborhood of point x.) It remains to apply the effective 
uniform continuity of / to find out the precision by which the measure must be 
given in order to obtain a given precision in the integral. □ 

On the other hand, the measure of P{B) of a basic ball B is not necessarily 
computable, only lower semicomputable. It is shown in [13] that this property 
also characterizes the computability of measures: P is computable if and only if 
P{B) is lower semicomputable, uniformly in the basic ball B. 

It is known that if a complete separable metric space is compact then so is the 
set of measures with the described metric. The following constructive version is 
proved by standard means: 

Proposition 7.26. If a constructive metric space X is effectively compact then 
its space of probability measures ^(X) is also effectively compact. 

For the binary Cantor space, this was proved in Proposition 5.5. There, the 
topology of the space of measures was simply derived from the topology of the 
space [0, 1] X [0, 1] X ■ ■ ■ . It can be seen that the Prokhorov metric leads to the 
same topology. 

Example 7.27. Another interesting simple metric space is the infinite discrete 
space, say on the set of natural numbers N. This is not a compact space, and the 
set of measures, namely the set of all functions P{x) ^ with Y.x^nPi^) = 1, is 
not compact either. 

On the other hand, the set of semimeasures (see Definition 2.19) is compact. 
Indeed, recall that the space [0, 1] x [0, 1] x • • ■ , of functions P : N — > [0, 1] is com- 
pact. Hence also for each n the subset F„ of this set of consisting of functions P 



ofP. 
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obeying the restriction P(0) + P(1) H \-P{n) ^ 1 is compact, as the product of 

a compact finite-dimensional set {{P{0),P{l),...,P{n)) E [0,1]" : P(0) H h 

P{n) ^ 1 } and the compact infinite product set { {P{n + l),P{n + 1), . . .) : ^ 
P{x) ^ 1 for x > n }. The intersection of all sets F„ is then also compact, and is 
equal to the set of semimeasures. 

Equivalently, we can consider the one-point compactification N of N given 
in Example 7.2.2. Measures P on this space can be identified with semimeasures 
over N: we simply set P{°°) = 1 —Y.n<ooP{n). _i 

7.3 Randomness in a metric space 

In the Cantor space Q. of infinite binary sequences we defined 

• randomness with respect to computable measures (in the sense of Martin-Lof); 
see Definition 2.9; 

• uniform randomness with respect to arbitrary measures (when the test is a 
function of the sequence and the measure). Definition 5.2; 

• Randomness with respect to an effectively compact class of measures. Defini- 
tion 5.22; 

• Blind (oracle-free) randomness in Definition 5.37; 

All these notions carry over with minor changes to an arbitrary constructive met- 
ric space. In the present section we discuss these generalizations and their prop- 
erties, and then consider in more detail randomness with respect to an orthogonal 
class of measures. 

For computable measures, a test is defined as a lower semicomputable func- 
tion on a constructive metric space, whose integral is bounded by 1. Among such 
tests, there is a maximal one to within a multiplicative constant. As earlier, this 
is proved with the help of trimming: we list all lower semicomputable functions, 
forcing them into tests or almost tests, and then add them up with coefficients 
from a converging series. 

This is done as before, by considering lower semicomputable functions as 
monotonic limits of basic ones. It is used that the integral of a basic function by 
a measure is computable as a function of the measure: see Propositions 7.25 and 
the discussion preceding it. 

The uniform tests introduced in Definition 5.2 generalize immediately to the 
case of constructive metric spaces. Such a test is a lower semicomputable func- 
tion of two arguments t(x,P), where x is a point of our metric space, and P is 
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a measure over this space. The integral condition has the same form as earlier: 
Jt{x,P)P{dx) ^ 1. 

As earlier, there exists a universal test, and this can be proved by the tech- 
nique of trimming: 

Theorem 7.28 (Trimming in metric spaces). Let u{x,P) be a lower semicom- 
putable function whose first argument is a point of a constructive metric space, 
and the second one is measure over this space. Then there exists a uni- 
form tests t{x,P) satisfying u{x,Q) ^ 2t{x,Q) for all Q such that the function 
uq: x^ u{x, Q) is a test by the measure Q, that is J u{x, Q) Q{dx) ^ 1. 

The proof repeats the reasoning of the proof of Theorem 5.7, while us- 
ing the fact that for a basic function b{x,P) on the product space the integral 
J b{x,P) P{dx) is a computable (continuous) function of P (which is proved 
analogously to our above argument on the computability of the integral). 

We will denote the universal uniform test again by t{x,P). Strictly speaking, 
it depends also on the constructive metric space on which it is defined, but in 
general it is evident, which space is being considered, therefore it is not shown 
in the notation. 

Definition 5.11 and Proposition 5.12 extend without difficulty. 

Definition 7.29 (Tests for arbitrary measures). Let X = {X,d,D,a) be a con- 
structive metric space. For a measure P E ^(X), a P-test of randomness 
is a function f : X ^ [0,°°] lower semicomputable from P with the property 
Jf{x)dP^l. 

It seems as if a P-test may capture some nonrandomnesses that uniform tests 
cannot — however, this is not so, since trimming (see Theorem 5.7) generalizes: 

Theorem 7.30 (Uniformization). Let P be some measure over a constructive 
metric space X, along with some P-test tp{x). There is a uniform test t\-, ■) with 
tp{x) ^ 2t'{x,P). 

Theorem 5.36 generalizes to the case of constructive metric spaces. Let us 
mention one of the facts that generalize to uniform tests. 

Proposition 7.31 (Kurtz tests, uniformly). Let S be an effectively open subset 
of the space X x ^{X). If the set S p = {x : {x,P) E S }, has P -measure I for 
some measure P, then the set S (P) contains all uniformly P-random points. 
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Proof. The indicator function I5 {x,P) of the set 5, that is equal to unity on S 
and to zero outside, is lower semicomputable. According to Proposition 7.12, it 
can be written as the limit of a computable increasing sequence of basic functions 

^ gn{x,P) ^ 1. The sequence G„ :Pi—^J gn{x,P) dP is an increasing sequence 
of functions computable uniformly in n. The motonone convergence theorem 
implies Gn{P) 1 for all P . Let us define for each measure P the numbers 
nxiP) as the minimal values of n for which Gn{P) > 1—2^. These numbers are 
upper semicomputable as functions of P (in a natural sense; for measures P with 
P{S p) < 1, some of these nk{P) are infinite). Correspondingly, the functions 

1 — g„^(p-)(jc,i'), as functions of x and P (define such a function to be zero for 
infinite nk{P), independently of x) are lower semicomputable, uniformly in k. 
Then t{x,P) = Ea:>o(1 ~ 8nk{p)i^^P)) ^ uniform test, since at a given P, if its 
kth addend is zero if nk{P) is infinite, and is not greater than 2^^ for finite nk{P) . 

The conditions of the theorem talk about a measures P with P{S p) = I. Then 
all numbers nk{P) are finite. Consider an x outside S p: then = by 

definition. Therefore all addends of the test sum are equal to unity, thus x is is not 
P-random point. Consequently, S p includes all uniformly P-random points. □ 

7.4 Apriori probability, with an oracle 

In Section 5.2 we defined apriori probability with a condition whose role was 
played by a measure over the Cantor space Q.. Now, having introduced the notion 
of a constructive metric space, we can note that this definition extends naturally 
to an arbitrary such space X: we consider nonnegative lower semicomputable 
functions m : N x X — t- [0,°°] for which £/m(z,x) ^ 1, for all x E X. 

Among such functions, there is a maximal one to within a multiplicative 
constant. This is proved by the method of trimming: the lower semicomputable 
function m{i,x) can be obtained as a sum of a series of basic functions each of 
which differs form zero only for one z; these basic functions must be multiplied 
by correcting coefficients that depend on the sum over all i. (In each stage, this 
sum has only finitely many members.) 

We will call the maximal function of this kind apriori probability with con- 
dition X, and denote it m(z | x). We consider the first argument a natural number, 
but this is not essential: it is possible to consider words (or any other discrete 
constructive objects). As a special case we obtain the definition of apriori prob- 
ability conditioned on a measure (Section 5.2), and also the standard notions of 
apriori probability with an oracle (which corresponds to X = the Cantor space 
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of infinite sequences), and the conditional apriori probability (corresponding to 
X = N). 

In analogy with Martin-Lof's theorem, the apriori probability with a condi- 
tion is expressible, in an arbitrary effectively compact constructive metric space 
X by apriori probability with an oracle. 

Proposition 7.32. Let F : Q. ^ X be a computable map whose image is the whole 
space X. Then 

m(/ 1 x) = min m(/ 1 n). 

n:F{n)=x 

Proof. We reason as in the proof of Theorem 5.36. The function {i,n) i-> m(/ 1 
F{n)) is lower semicomputable on N x ^2, hence the <-inequality. 

In order to obtain the reverse inequality, we use Lemma 7.21 and note that the 
function on the right-hand side is correctly defined (the minimum is achieved) 
and is lower semicomputable. □ 

Note that m(z | n), the apriori probability with an oracle on the right-hand 
side of Proposition 7.32, is expressible by prefix complexity with an oracle. For 
the case of prefix complexity with condition in metric spaces it is not clear, how 
to define prefix complexity with such a condition (one can speak of functions 
whose graph is enumerable with respect to x, but it is not clear how to build a uni- 
versal one). But one can define formally Kp{i \ x) as maX;r:F(;r)=x^P(' I ^i^d 
then Kp{i \ x) = — logm(/ 1 x), but it is questionable whether this can be consid- 
ered a satisfactory definition of prefix complexity (say, the usual arguments using 
the self-delimiting property of programs are not applicable at such a definition). 
It is more honest to simply speak of the logarithm of apriori probability. Many 

results still stay true: for example the formula Kp{i,j \ x) < Kp{i \ x) +Kp{j \ x) 
can be proved, without introducing self-delimiting programs, just reasoning 
about probabilities. 

Remark 7.33. Analogously, it is possible to supply points in constructive metric 
spaces as conditions in some of our other definitions. For example, we can 
consider uniform tests over the Cantor space Q. of infinite binary sequences, 
with condition in an arbitrary constructive metric space X: these will be lower 
semicomputable functions t{oj,P,x) with / t{a>,P,x)P{dco) ^ 1 for all P,x. It is 
also possible to fix a computable measure P, say the uniform one, and define 
tests with respect to this measure with conditions in X. j 
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8 Classes of orthogonal measures 

The definition of a class test for an effectively compact class of measures, as 
well as Theorem 5.23 about the expression of a class test, generalizes, with the 
same proof. 

The set of Bernoulli measures has an important property shared by many 
classes considered in practice: namely that a random sequence determines the 
measure to which it belongs. A consequence of this was spelled out in Theo- 
rem 5.41. This section explores the topic in a more general setting. 

There are some examples naturally generalizing the Bernoulli case: finite 
or infinite ergodic Markov chains, and ergodic stationary processes. Below, we 
will dwell a little more on the latter, since it brings up a rich complex of new 
questions. 

We will consider orthogonal classes in the general setting of metric spaces: 
from now on, our measureable space is the one obtained from a constructive 
metric space X = (X,d,D,a). The following classical concept is analogous to 
effective orthogonality, introduced in Definition 5.40. 

Definition 8.1 (Orthogonal measures). Let P, Q be two measures over a mea- 
sureable space {X,£/), that is a space X with a cr- algebra £/ of measureable 
sets on it. We say that they are orthogonal if the space can be partitioned into 
measureable sets U, V with the property P{V) = Q{U) = 0. 

Let ^ he a class of measures. We say that ^ is orthogonal if there is a 
measureable function cp : X with the property P{(p^^{P)) = 1. j 

Note that the space ^{X), as a metric space, also allows the definition of 
Borel sets, and it is in this sense that we can talk about / being measureable. 

Examples 8.2. 1. In an orthogonal class, any two (different) measures P and 
Q are orthogonal. Indeed, the sets {P} and {Q} are Borel (since closed), 
hence their preimages are measureable (and obviously disjoint). The converse 
statement is false: A class ^ of mutually orthogonal probability measures 
is not necessarily orthogonal, even if the class is effectively compact. For 
example, let A be the uniform distribution over the interval [0, 1], and let for 
each X E [0, 1] the probability measure 6x be concentrated on x. Then the class 
{A} U {6x '■ X E [0, 1] } is effectively compact, and its elements are mutually 
orthogonal. But the whole class is not orthogonal: the orthogonality condition 
requires (f){x) — 6^, but then (f>^^{A) will be empty. 
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2. Let P, Q be two probability measures. Of course, if Randoms (P) and 
Randoms(2) are disjoint, then P and Q are orthogonal. The converse is not 
always true: for example it fails if A,6x are as above, where x is random with 
respect to A. 

J 

The following definition introduces the important example of stationary er- 
godic processes. 

Definition 8.3. The Cantor space Q of infinite binary sequences is equipped 
with an operation T : oj{1)oj{2)(o{3) . . . i-> oj{2)oj{3)oj{4) . . . called the shift. A 
probability distribution P over Q. is stationary if for every Borel subset A of H 
we have P{A) = P{T~^{A)). It is easy to see that this property is equivalent to 
requiring 

P{x) = P{Ox) + P{lx) 

for every binary string x. 

A Borel set A C H is called invariant with respect to the shift operation if 
r(A) C A. For example the set of all sequences in which the relative frequency 
converges to 1/2 is an invariant set. A stationary distribution is called ergodic if 
every invariant Borel set has measure or 1. j 

Here is a new example of a stationary process (all Bernoulli measures and 
stationary Markov chains are also examples). 

Example 8.4. Let Z] ,Z2, ... be a sequence of independent, identically distributed 
random variables taking values 0, 1 with probabilities 0.9 an 0.1 respectively. Let 
Xq,X\,X2, ... be defined as follows: Xq takes values 0, 1,2 with equal probabil- 
ities, and independently of all Z;, further Z„ = Zq + Y4=\ n^od 3. Finally, let 
F„ = if X„ = and 1 otherwise. The process Yq,Yi,... is clearly stationary, and 
can also be proved to be ergodic. As a function of the Markov chain Xq,X\,. . . , 
it is also called a hidden Markov chain. j 

The following theorem is a consequence of Birkhoff's pointwise ergodic the- 
orem. For each binary string x let 

gxico) = Ixaiio) 

be the indicator function of the set xQ.: it is 1 if and only if x is a prefix of a>. 
Proposition 8.5. Let P be a stationary process over the Cantor space Q.. 
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(a) With probability 1, the average 

A,,nH = -{g,{w)+g,{Tco) + --- + g,{T''~^co)) (10) 
n 

converges. 

(b) If the process is ergodic then the sequence converges to P{x). 

(For non-ergodic processes, the limit may depend on a>.) Birkhoff's theo- 
rem is more general, talking about more general spaces and measure-preserving 
transformations T, arbitrary integrable functions in place of g^, and convergence 
to the expected value in the ergodic case. But the proposition captures its essence 
(and can also be used in the derivation of the more general versions). 

Part (b) of Proposition 8.5 implies that the class ^ of ergodic measures is an 
orthogonal class. Indeed, let us call a sequence to "stable" if for all strings x, the 
averages Ax,;i(a;) of (10) converge. It is easy to see that in this case, the numbers 
P{x) determine some probability measure Qco- Now, let (p : Q. ^ he a function 
that assigns to each stable sequence oj the measure Qcj provided 2^ is ergodic. 
If the sequence is not stable or Q^j is not ergodic, then let (p{a)) be some arbitrary 
fixed ergodic measure. It can be shown that ^ is a measureable function: here, 
we use the fact that the set of stable sequences is a Borel set. By part (b) of 
Proposition 8.5, the relation P{(p^^{P)) = 1 holds for all ergodic measures. 

Note that the class of all ergodic measures is not closed, but we did not rely 
on the closedness of this class in the definition. 

Example 8.2.2 shows that two measures can be orthogonal and still have 
common random sequences. But, for computable measures, as we will show 
right away, this is not possible. 

We called a class of measures P effectively orthogonal in Definition 5.40, if 
all sets of random sequences Randoms(P) for measures P in the class are disjoint 
from each other. 

Theorem 8.6. Two computable probability measures on a constructive metric 
space are orthogonal if and only they are effectively orthogonal. 

Speaking of the effective orthogonality of two measures, we mean that they 
have no common (uniform) random sequences. In the effective case, pairwise 
orthogonality within the class and the orthogonality of the whole class are equiv- 
alent by definition. 
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Proof. We only need to prove one direction. Assume that P, Q are orthogonal, 
that is there is a measureable set A with P{A) = 1, Q{A) = 0. By Proposi- 
tion 7.22, these measures are regular, so there is a sequence G„ 3 A of open sets 
with Q{Gn) < 2^". Then for every n there is also a finite union //„ of basic balls 
with P{H„) > 1 — 2^" and Q{Hn) < 2^"; moreover, there is a computable se- 
quence Hn with this property. Let Um = \J„^„Hn. By Proposition 7.31, flm 
contains all random points of P. On this other hand, the sets U,n form a Martin- 
Lof test for measure Q, so the intersection contains no random points of Q. □ 

We have shown above that ergodic measures form an orthogonal class. Care- 
ful analysis shows that this is also true effectively. 

Theorem 8.7. The set of ergodic measures over the Cantor set Q. forms an ef- 
fectively orthogonal class. 

Proof. The paper [29] (more precisely, an analysis of it that will create uniform 
tests) shows that 

(a) Sequences uniformly random with respect to some stationary measure are 
stable (in the sense that the above indicated limit of averages exists for them). 

(b) Uniformly random sequences with respect to an ergodic measure are "typi- 
cal" in the sense that these averages converge to P{x) . 

To show (a), the paper introduces the function 



for rationals < a < fi, which is the maximum number of times that Ax,n{oj) 
crosses from below a to above /3. This function is lower semicomputable, uni- 
formly in the rationals a,/3. Then it shows 



that is that (1 + ){p — a)o-{co,a,/3) is an average -bounded test, implying that 
for Martin-Lof-random sequences, the average Ax,ni(^) crosses from below a to 
above /3 only a finite number of times. Now one can combine all these tests, for 
all strings x and all rational < a < /3, into a single test. This test is uniform in 
P: we did not rely on the computability of P. 

To express (b), in view of part (a), it is sufficient, for each x, to prove 



o-{a),a,j3) 




liminfA;c^„(a;) ^ P{x) ^ limsupA;t:^„(a)) 



(11) 



n 
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for random oj. Take for example the statement for the lim inf. It is sufficient to 
show for each k,m that inf,j^„,Ax,n(a») ^ P{x) + 2^^ for a random u). The set 

S ^,k,m = {{io,P) -.^n^ mA^^iioj) < P{x) ^2-^} 

is effectively open, and the Birkhoff theorem implies P{S x,k,m{P)) = 1 for for 
all ergodic measures P, for the set S x,k,m{P) = {x: {x,P) G S x,k,m}- Proposi- 
tion 7.31 implies that then for each P, the set S ^^k^miP) contains all P-random 
points. 

Another approach is a proof that just shows (b) for computable ergodic mea- 
sures (in a relativizable way), without an explicit test, as done in [2]. Then a 
reference to Theorem 5.16 allows us to conclude the same about uniformly ran- 
dom sequences. □ 

It is convenient to treat orthogonality of a class in terms of separator func- 
tions. For this, note that by a measureable real function we mean a Borel- 
measureable real function, that is a function with the property that the inverse 
images of Borel sets are Borel sets. 

Definition 8.8 (Separator function). Let ^ be a class of measures over the metric 
space X. A measureable function s :Xx ^{X) — )• [0,°°], is called a separator 
function for the class ^ if for all measures P we have / s{x,P)dP ^ 1, further 
for P,Qe^, P ^ Q implies that only one of the values s{x,P), s{x, Q) is finite. 

In case we have a constructive metric space X, a separator function s{x,P) is 
called a separator test if it is lower semicomputable in (x, P) . j 

We could have required the integral to be bounded only for measures on the 
class, since trimming allows the extension of the boundedness property to all 
measures, just as in the remark after Definition 7.29. 

The following observation connects orthogonality with separator functions 
and also shows that in case of effective orthogonality, each measure can be ef- 
fectively reconstructed from any of its random elements. 

Theorem 8.9. Let ^ be a class of measures. 

(a) If class ^ is Borel and orthogonal then there is a separator function for it. 

(b) Class ^ is effectively orthogonal if and only if there is a separator test for 
it. 



The converse of part (a) might not hold: this needs further investigation. 
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Proof. Let us prove (a). If ip{x) is a measureable function assigning measure 
P to each element x G X as required in the definition of orthogonality, then 
by a general theorem of topological measure theory (see [15]), its graph is mea- 
sureable. This allows the following definition: for P ^ ^ set s{x,P) = 1, further 
for P G ^, set s{x,P) = 1 if ip{x) = P, and s{x,P) = °° otherwise. 

Let us prove now (b). If ^ is effectively orthogonal then the uniform 
test t{x,P) is a separator test for the class ^. Suppose now that there is a 
separator test s for the class ^, and let P,Q E^, P ^ Q, x E Randoms(i'). 
Since 5 is a randomness test, s{x,P) < oo, which implies s{x,Q) = °°, hence 
;c ^ Randoms (2). □ 

The following result is less expected: it shows that if the class of measures 
is effectively compact then the existence of a lower semicontinuous separator 
function implies the existence of a lower semicomputable one (that is a separator 
test). 

Theorem 8.10. If for an effectively compact class of measures there is a lower 
semicontinuous separator function s{x,P), then this class is effectively orthogo- 
nal. 

Proof. Let ^ be an effectively compact class of measures on a constructive met- 
ric space. We need to show that under the conditions of the theorem, for any two 
distinct measures P\,P2 in ^, the sets of random sequences are disjoint: 

Randoms (Pi) n Randoms (Pa) = 0. 

Take two disjoint closed basic balls B\ and B2 in the constructive metric space 
M of measures, containing the measures Pi,P2- The classes = fl 5,, / = 1 , 2 
of measures are disjoint effectively compact classes of measures, containing Pi 
and P2. Consider the functions 

ti(x) = inf s(x,P). 

For all X at least one of the values ti{x), t2{x) is infinite. By (a version of) 
Proposition 7.20, the functions ti{x) are lower semicontinuous, and hence 
and '^2-tests respectively. 

Now we follow some of the reasoning of the proof of Proposition 7.31. For 
integer ^ > 1, consider the open set 5/t = {x : ti{x) > 2^}. Since ti is a li- 
test, then P{S k) < for all P E^\. On the other hand, since for all x one of 
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the two values ti{x), t2{x) is infinite, P{S k) = 1 for all P E The indicator 
function ls^(-^) of the setSk is lower semicontinuous, therefore it can be written 
as the limit of an increasing sequence (now not necessarily computable!) of 
basic functions gk^ni^)- We conclude as in the proof of Proposition 7.31, that 
for each P there is an n = nk{P) with / gk,n{x) dP>l- 2"^ for all P G ^2- The 
effective compactness of ^ implies then that there is an n independent of P with 
the same property. In summary, for each ^ > a basic function is found with 



Such a basic function can be found effectively from k, by complete enumera- 
tion. Now we can construct a lower semicomputble function 



It is a test for the class ^i, while t2{x) = Y,k{^ — htix)) is a test for all P e^2 
for the same reasons. These tests must be finite for elements random for Pi and 



The meaning of separator tests introduced above introduced notion of can be 
clarified as follows. Due to effective orthogonality of the universal uniform 
test t{a),P) allows to separate the sequences into random ones according to dif- 
ferent measures of the class looking at a sequence to, random with respect to 
some measure of this class (=random with respect to the class), we are looking 
for a P G for which t{u),P) is finite. This measure is unique in the class ^ (by 
the definition of effective orthogonality). 

This separation property, however, can be satisfied also by a non-universal 
test, and we called such tests separator tests. The non-universal test is less de- 
manding about the idea of randomness, giving it, so to say, a "first approxima- 
tion": it might accept a sequence as random that will be rejected by a more 
serious test. (The converse is impossible, since the universal test is maximal.) 
What matters is only that this preliminary crude triage separates the measures 
of the class that is that no sequence should appear "random" even "in first 
approximation", with respect to two measures at the same time. 

For brevity, just for the purposes of the present paper, we will call "typical- 
ity" this "randomness in first approximation": 




t[ix)=Y,h{x). 



P2, and this cannot happen simultaneously for both tests. 



□ 
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Definition 8.11. Given a separator test s{x,P) we call an element x typical for 
P (with respect to the test s) if s{x,P) < 0°. _i 

A typical element determines uniquely the measure P for which it is typical. 

For an example, consider the class of ^ of Bernoulli measures. For a test 
in "first approximation", we may recall von Mises, who called the first property 
of a random sequence ("KoUektiv" in his words) the stability of its relative fre- 
quencies. The stability of relative frequencies (strong law of large numbers in 
today's terminology) means 5„(a)) /n — )► p. Here S n{oj) is the number of ones in 
the initial segment of length n of the sequence co, and p is the parameter of the 
Bernoulli measure Bp. 

There are several requirements close to this in this spirit: 

(1) Sn{co) /n^ p with a certain convergence speed. 

(2) S„{co)/n p. 

(3) For the case when ^ is the class of all ergodic stationary measures over 
the Cantor space Q., convert the proof of Theorem 8.7 into a test, implying 
Ax,n{oj) P{x) for all X. 

Among these requirements, the one that seems most natural to a mathematician, 
namely (2), is not expressible in a semicomputable way. Requirement (1) has 
many possible formulations, depending on the convergence speed: we will show 
an example below. 

Requirement (3) is significantly more complicated to understand, but is still 
much simpler than a universal test. It does not imply a computable convergence 
speed directly; indeed, as Vyugin showed in [29], a computable convergence 
speed does not exist for the case of computable non-ergodic measures. But later 
works, starting with [1], have shown that the the convergence for ergodic mea- 
sures has a speed computable from P. 

Here is an example of a test expressing requirement (1). (For simplicity, 
we obtain the convergence of relative frequencies not on all segments, only on 
lengths that are powers of two. With more care, one could obtain similar bounds 
on all initial segments.) By Chebyshev's inequality 

Bp{{xe {0, ir : I E-^OO -np\ > An'l^{p{\ - p))"^]) ^ X-\ 

i 

Since p{l— p) ^ 1/4, this implies 

Bp{{xe {0, 1 }" : I £x(/) -np> }) < A'^. 
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Setting A = n and ignoring the factor 1 /2 gives 

Bp{{ X G {0, 1}" : I - np\ > n^-^ }) < n-^-^. 

i 

Setting n = 2^: 

5p({;cG{0,l}2': |£;c(/)-2V|>2"-^^})<2-0-2fc. (12) 
i 

Now, for a sequence ti; in B^, and for G [0, 1] let 

g{co,Bp) = sup{^ : I -2VI > 2°-^'}. 

i=l 

Then 




= c < 00. 



Dividing by c, we obtain a test. This is a separator test, since g{co,Bp) < 00 
implies that 2^^S2k{cL)) converges to p, and this cannot happen for two different 
P- 

Theorem 5.41 generalizes, with essentially the same proof (using basic balls 
instead of initial sequences): it says that in an effectively compact, effectively or- 
thogonal class of measures, blind randomness is the same as uniform Martin-Lof 
randomness. This raises the question whether every ergodic measure belongs to 
some effectively compact class. The answer is negative: 

Theorem 8.12. Consider stationary measures over Q. (with the shift transforma- 
tion ). Among these, there are some ergodic measures that do not belong to any 
effectively compact class of ergodic measures. 

Before proving the theorem, let us prove some preparatory statements. 

Proposition 8.13. Both the ergodic measures and the nonergodic measures are 
dense in the set of stationary measures ^( Q.) over Q. 

Proof. First we will show how to approximate an arbitrary stationary measure 
P by ergodic measures. Without loss of generality assume that all probabilities 
P{x) for finite strings x are positive. (If not, then we can mix in a little of the 
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uniform measure.) For a fixed n, consider the values P{x) on strings x of length 
at most n. There is a process that reproduces these probabilities and that is 
isomorphic to an ergodic Markov process on {0, 1}"^^ In this process, for an 
arbitrary x E {0,1}"^^, b,b' E {0,1} the transition probability from bx to xb' 
is P{bxb')/P{bx). Since both transition probabilities are positive, this Markov 
process is ergodic. 

Now we show how to approximate an arbitrary ergodic measure by noner- 
godic measures. Let P be ergodic. Let us fix some n > and e > 0. By the 
pointwise ergodic theorem, there is a sequence in which the limiting frequen- 
cies of all words converge to the measure (almost all sequences — with respect 
to this measure — are such). Taking a long piece of this sequence and repeating 
it leads to a periodic sequence in which the frequencies of words of length not 
exceeding n differ from the measure P by at most s (for any given n and s > 0). 
(The repetition forms new words on the boundaries, but at a large length, this 
effect is negligible.) Consider now the measure concentrated on the shifts of this 
sequence, assigning the same weight to each of them (their number is equal to 
the minimum period). This measure is not ergodic, but is close to P. □ 

Proposition 8.14. The set of ergodic measures is a Gs set in the metric space of 
all stationary measures over Q. 

Proof. We can restrict attention to the (closed) set of stationary measures. Let P 
be a stationary probability measure over ^2. Consider the function Ax,n over ^2, 
defining Ax,n(a;) to be equal to the average number of occurrences of the word 
X in the n first possible positions of oj. By the ergodic theorem, the sequence 
of functions A;t:,i5^x,2. • • • converges in the Li sense. Moreover, the stationary 
measure P is ergodic if and only if the limit of this convergence is the constant 
function with value P{x). 

Since the limit exists for all stationary measures, it is sufficient to check that 
the constant P{x) is a limit point. For each x,N and each rational s the set S x,n,b 
of those P for which there is an n ^ with 



is open, and set of ergodic stationary measures is the intersection of these sets 



Proof of Theorem 8.12. The union of all effectively compact classes of ergodic 
measures is Fa-. Suppose that it is equal to the set of all ergodic measures. 




for all x,N,s. 



□ 
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Then the set of nonergodic measures is a Gs set which is also dense by Proposi- 
tion 8.13. 

As shown in Propositions 8.13 and 8.14, the set of ergodic measures is a 
dense Gg set. But by the Baire category theorem, two dense Gs sets cannot have 
an empty intersection. This contradiction proves the theorem. □ 

The following question still remains open: 

Question 6. Is there an ergodic measure over for which uniform and blind 
randomness are different? 

Returning to arbitrary effectively compact, effectively orthogonal classes, we 
can connect the universal tests with class tests of Theorem 5.23 and separator 
tests. 

Theorem 8.15. Let ^ be an effectively compact, effectively orthogonal class of 
measures, let i{x,P) be the universal uniform test and let t<^(^) be a universal 
class test for . Assume that s{x,P) is a separator test for ^. Then we have the 
representation 

i{x,P) = max{ic^{x), s{x,P)) 

for allPe'^,xe X. 

Proof. Let is note first that (x) and s{x, P) do not exceed the universal uniform 
test t{x,P). Indeed s{x,P) is a uniform test by definition. Also by definition, the 
universal class test t'^{x) is a uniform test. 

On the other hand, let us show that if t<^(x) and s{x,P) are finite, then t{x,P) 
does not exceed the greater one of them (to within a multiplicative constant). The 
finiteness of the first test guarantees that mmQ^'^t{x, Q) is finite: this minimum 
is equal to t'^{x) to within a constant factor. If this minimum was achieved 
on some measure Q ^ P, then both values s{x,Q) and s{x,P) would be finite, 
contradicting to the definition of a separator. (Note that we proved a statement 
slightly stronger than promised: in place of "greater of the two", one can write 
"the first of the two, if the second one is finite".) □ 

The above theorem separates the randomness test into two parts (points at 
two possible causes of non-randomness). First, we must convince ourselves that 
X is random with respect to the class ^. For example in the case of a measure 
Bp, in the class ^ of Bernoulli measures, we must first be convinced that t^(a;) 
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is finite. This encompasses all the irregularity criteria. If the independence of 
the sequence is taken for granted, we may assume that the class test is satisfied. 

After this, we know that our sequence is Bernoulli, and some kind of simple 
test of the type of the law of large numbers is sufficient to find out, by just 
which Bernoulli measure is it random: Bp or some other one. This second part, 
typicality testing, is analogous to parameter testing in statistics. 

Separation is the only requirement of the separator test: its numerical value 
is irrelevant. For example in the Bernoulli test case, no matter how crude the 
convergence criterion expressed by the separator test s{x,P), the maximum is 
always (essentially) the same universal test. 

9 Are uniform tests too strong? 
9.1 Monotonicity and/or quasi-convexity 

Uniform tests may seem too strong, in case P is a non-computable measure. 
In particular, randomness with respect to computable measures (in the sense of 
Martin-Lof or in the uniform sense, they are the same for computable measures) 
has certain intuitively desireable properties that uniform randomness lacks. One 
of these is monotonicity: roughly, if Q is greater than P then if x is random with 
respect to P, it should also be random with respect to Q. 

Proposition 9.1. For computable measures P,Q, for all rational A > Q, if 
XP{A) ^ Q{A)forallA, then 

m{A)-Ai{x,Q)<i{x,P). (13) 

Here in(/l) is the discrete apriori probability of the rational A. To make the 
constant in < independent of P, Q, one needs also to multiply the left-hand side 
by^m{P,Q). 

Proof We have 1 ^ / t{x, Q)dQ^ J At{x, Q) dP, hence At{x, Q) is a P-test. Us- 
ing the trimming method of Theorem 7.28 in finding universal tests, one can 
show that the sum 



£ m{A)-At{x,Q) 

A:Ajt{x,Q)dP<2 
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is a P-test, and hence < t{x, P) . Therefore this is true of each member of the sum, 
which is just what the theorem claims. It is easy to see that the multiplicative 
constants depend here on P, Q only via inserting a factor m{P, Q) . □ 

The intuitive motivation for monotonicity is this: if there are two devices 
with internal randomness generators, outputting numbers with distributions P 
and Q, and if AP ^ Q, then it can be imagined that the second device simulates 
the first one with probability A, and does its own thing otherwise. Then every 
outcome intuitively plausible as the outcome of the first device, must also be 
deemed a plausible outcome of the second one, since this could have simulated 
the first one by chance. (The numerical value of the randomness deficiency may 
be, of course, somewhat larger, since we must believe in addition that the A- 
probability event occurred.) 

Uniform randomness violates, alas, this property: if measure Q is larger, 
but computationally more complex, then the randomness tests with respect to Q 
can exploit this additional information, to make nonrandom some outcomes that 
were random with respect to P (see the proof of Theorem 5.39). This is just the 
reason of the difference between uniform and blind (oracle-free) randomness, 
for which the analogous monotonicity property is obviously satisfied. 

Another situation for which we have some intuition on randomness is the 
mixture (convex combination) of measures. Imagine two devices with output 
measures P and Q, and an outer box which triggers one of them with some prob- 
abilities A, I — A. As a whole, we obtain a system whose outcome is distributed 
by the measure AP+{l — A)Q. About which outcomes can we assert that are ob- 
tained randomly as a result of this experiment? Clearly both the outcomes ran- 
dom with respect to P and those random with respect to Q must be accepted (with 
the understanding that if the coefficient is small then some additional, but finite 
suspicion is added). And there should not be any other outcomes. A quantitative 
elaboration of this result (which in one direction follows from monotonicity) is 
given below. 

Proposition 9.2. Let P and Q be two computable measures. 

(a) For a rational Q < A<\, 

m{A) ■i{x,AP + {l-A)Q)< max(t(jc, P) ,i{x,Q)). 

(b) For arbitrary Q < A<\, 



i{x,AP + {\-A)Q)> min(t(;c, P) ,i{x,Q)). 
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The constants in < depend on the length of the shortest programs defining P and 
Q ( their complexities), but not on A (or other aspects ofP, Q). 

Statement (a) could be called the quasi-convexity of randomness tests (to 
within a multiplicative constant). For a test with an exact quasi-convexity prop- 
erty (without any multiplicative constants) there is a lower semicomputable se- 
mimeasure that is neutral (after extending tests to semimeasures see [17, 9]). 

Statement (b) implies that no other random outcomes exist for the mixture of 
P and Q. This could be called the quasi-concavity of randomness tests (to within 
a multiplicative constant). 

Proof. Part (a) follows from Proposition 9.1. Indeed, if /I ^ 1/2 then Proposi- 
tion 9.1 implies m.{X) ■i{x,AP {I - X)Q) < i{x,P) (absorbing 1/2 into the <). 
If /I < 1 /2 then it implies m{l - A) ■i{x,AP + {I - A)Q) < i{x, Q) similarly, and 
we just recall m(/l) = m( 1 — /I) . 

Part (b) follows from the fact that the right-hand side is a test with respect to 
an arbitrary mixture of the measures P and Q, and trimming can convert it into 
uniform test. □ 

It is easy to see that all these statements exploit the computability of the mea- 
sures and the mixing coefficients in an essential way. The corresponding coun- 
terexamples are easy to build once it is recognized that the mixture of measures 
can be stronger from an oracle-computational point of view than any of them, as 
well as in the other way. For example, let us divide the segment [0, 1] into two 
halves and consider the measures P and Q that are uniformly distributed over 
these halves. Their mixture with coefficients A and I — A will make the number 
A obviously non-random (since it can be computed from this measure), though 
with respect to one of the measures in can very well be random. Taking instead 
of P and Q their mixtures, say, with coefficients 1/3 and 2/3 and then reversed, 
one can make A random with respect to both measures. 

In this example the mixture contains more information than each of the orig- 
inal measures. It can also be the other way: bend the interval [0, 1] with the 
uniform measure into a circle, and cut it into two half-circles by the points p and 
1/2. Then the uniform measures on these half-circles make p computable 
with respect to them and thus non-random, while the average of these measures 
is the uniform measure on the circle, with respect to which p can very well be 
random. 

Let us note that for blind (oracle-free) randomness, we can guarantee without 
any restrictions that the set of points random with respect to the mixture of P and 
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Q is the union of points random with respect to P and Q. (In one direction this 
follows from monotonicity, which we already mentioned. In the other one: if an 
outcome is not random with respect to P and not random with respect to Q, then 
there are two tests proving this, and their minimum will a lower semicomputable 
test proving its non-randomness with respect to the mixture.) 

These are strong motives to modify the concept of randomness test in order to 
reproduce these properties, while conserving other desireable properties (say the 
existence of a universal test and with it the notion of a deficiency of randomness). 
Some such modifications can be seen in [17, 9, 18]. 

9.2 Locality 

Imagine that some sequence co is uniformly random with respect to measure P 
and starts with 0. Change the values of the measure on sequences that start with 
1 . It is not guaranteed that oj remains uniformly random since now the measure 
may become stronger as an oracle (allowing to compute more). But this looks 
strange since the changes in measure are in the part of the universe that does not 
touch OJ. 

For blind (oracle-free) randomness, specifically this example is impossible 
(one can force the test to zero on sequences beginning with unity), but in princi- 
ple the concept of test depends not only on the measure along the sequence (not 
only on the probabilities of occurrences of nulls and ones after its start). 

For randomness with respect to computable measures, the situation is again 
better. 

Proposition 9.3 (Prequentiality). Let P, Q be two computable measures on the 
space Q of binary sequences, coinciding on all initial segments of some sequence 
CO. Then this sequence is simultaneously random or non-random with respect to 
P and Q. 

Proof. This follows immediately from the randomness criterion in terms of the 
complexity of the inital segments (Levin-Schnorr Theorem) in any of its variants 
(Theorem 2.24, Proposition 2.30, Corollary 2.32). □ 

On the other hand, it is easy to modify one of the counterexamples in 9.1 to 
violate prequentiality as well. 

In case of an arbitrary constructive metric space an analogous statement 
holds, though with a stronger requirement: we assume that two computable mea- 
sures are equal on all sets contained in some neighborhood of the outcome oj. (In 
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this case it is possible to multiply the test by a basic function without changing 
it in o), and making it zero outside the neighborhood of coincidence). 

Here is yet another way to obtain a clearly prequential definition of random- 
ness, in which the randomness deficiency is a function of the sequence itself 
and the measures of its initial segments. For a given sequence to and a given 
sequence {q{i)} of real numbers with 1 = ^(0) ^ q{l) ^ q{2) ^ ■ ■ ■ ^ 0, let 

i'{oj,q) = 'mft{a>,P), 

where the minimum is taken over all measures P with P{cl){1 '■ n)) = q{n). The 
corresponding sets are effectively compact, so that this minimum will be a lower 
semicomputable function of cj and the sequence q. If for the sequence oj and the 
measures q{i) of its initial segments, the value \!{(x),q) is finite, then the sequence 
CO can be called prequentially random. 

In other words, sequence oj is prequentially random with respect to measure 
P if there is a (in general different) measure Q with respect to which o) is random 
and which coincides with P on all initial segments of oj. 

The requirement of prequentiality has been invoked in connection with a the- 
ory that extends probability theory and statistics to models of forecasting: see for 
example [5] and [27]. An example situation is the following. Let (x){n) = 1 mean 
that there is rain on day n and otherwise. Suppose that a forecasting office 
makes daily forecasts p{l),p{2),. . . of the probability of rain. It is not necessar- 
ily proposing a coherent probability model of global weather (a global probabil- 
ity distribution). It just provides forecasts for the conditional probabilities along 
the path corresponding to the weather that actually takes place. 

Is it possible to estimate the quality of the forecast? It seems that in some 
situations, yes: if say, all forecasts are close to zero (say, less than 10%), and 
the majority of days (say more than 90%) is rainy. (It is said that the forecast 
is poorly calibrated.) Naturally, there are other possible inconsistencies, not 
related to the frequencies: the general question is whether the given sequence 
can be accepted as randomly obtained with the predicted probabilities. (Such a 
question arises also in the situation of estimating the quality of a random num- 
ber generator each of whose output values is claimed to occur with whatever 
distribution the customer requires at that time of the process, for that particular 
bit.) 

An additional circumstance to consider at the estimation of the quality of 
forecasts is that the forecaster can use a variety of information accessible to her 
at the moment of prediction (say, the evening of the preceding day), and not only 



83 



the members of the sequence co. The presence of such information must also be 
taken into account at the estimation of the quality of the forecast. 

The paper [27] proposes several different approaches to this question, which 
turn out to be equivalent. One involves a generalization of the notion of mar- 
tingale (see Definition 3.8). It would be interesting to establish a connection 
with uniform randomness tests in the spirit of the above defined prequential de- 
ficiency. (Admittedly, in place of probabilities of initial segments, one must deal 
here with conditional probabilities, which is not quite the same, if these are not 
separated from zero.) 



10 Questions for future discussion 

We have already noted some questions that (in our view) would be interesting to 
study. In this section we collected a few more such questions. 

1. Consider the following method for generating a sequence u) using an 
arbitrary distribution P on f2 in which the probabilities of all words are posi- 
tive. Take a random sequence p of independent reals p(l),p(2), . . . uniformly 
distributed over [0, 1]. At stage n, after outputting ^(1 : n — 1), set £,{n) = 1 if 

p[n)<Pm:n-\)\)IPm:n-\)). 

Considering this as a random process, the output distribution will be exactly 
P. What sequences can be obtained on the ouput, from a Martin-Lof-random 
sequence of real numbers on the input? (It can be verified that for computable 
measures P one gets exactly the sequences that are Martin-Lof-random with 
respect to P.) 

2. Recall the formula for the deficiency for computable measures: 

Both sides make sense for non-computable P, but this formula is no more 
true. Indeed, the right-hand side does not change significantly if a measure P 
is replaced by some other one that is close to P but is much more powerful as 
an oracle; and the left-hand side can become infinite while it was finite for P. 

Denote the righ-hand side by t\(jL>,P). Does it make sense to take the finite- 
ness of t\(x),P) as a definition of randomness by a non-computable measure? 
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It will be at least monotonic (an increase of the measure will only increase 
randomness). With respect to mixtures of measures, we can say that it is 
quasi-convex; moreover, it is proved in [8] that l/t'{a),P) is a concave func- 
tion of P. 

Another possibility is to define the randomness deficiency for an infinite se- 
quence o) as \ogsup^^^M{x)/P{x) (and consider the corresponding defini- 
tion of randomness). For computable measures we obtain a definition equiv- 
alent to Martin-Lof's standard one. Paper [11] shows that the uniform tests 
defined by this expression (whether to use m{x) or M{x)) do not obey ran- 
domness conservation, while the universal uniform test does. The work [8] 
shows that, on the other hand, an expression related to the right-hand side 
of (14), whith the summation running over all positive basic functions instead 
of only the functions Ix^ii^), obeys randomness conservation. 

3. Can we define a reasonable class of tests with the property in Proposition 9.1 
holding for all measures P (or some stronger version of it) so that there exists 
an universal class? For example, one may require 

P^c-Q^t{oj,P) ^t{aj,Q)/c 

(motivation: this is true for the right-hand side of formula (14). Could one 
also require the quasi-convexity, as in Proposition 9.2? Papers [17] and [9] 
provide some such examples, as well as [18]. 

How about the quasi-concavity of Proposition 9.2? A uniform test with this 
property seems less likely, since our counterexample seems more robust. 

4. Relativization in recursion theory means that we take some set A and artifi- 
cially declare it "decidable" by adding some oracle that tells us whether x eA 
for any given x. Almost all the theorems of classical recursion theory can be 
relativized. It is more delicate to declare some set E "enumerable". This 
means that we have some enumeration-oracle that enumerates the set E. The 
problem is, of course, that there are many enumerations. Still we can give 
the definition of an ^-enumerable set. Let be a set of pairs of the form 
{x,S) where x is an integer and 5 is a finite set of integers; assume W to be 
enumerable in the classical sense. Then consider the set S {E, W) of all x such 
that {x,S) E W for some S C E. The sets S (E, W) (for fixed E and all enu- 
merable W) are called enumerable with respect to the enumeration-oracle E. 
(The relation {x,S) EE means that we add x to the ^-enumeration as soon 
as we see all elements of S in E.) A standard (decision) oracle for a set A 
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can be considered a special case of an enumeration oracle (say, for the set 
{2n : neA}U{2n+l : n ^ A}. 

For some purposes, an enumeration oracle is as meaningful as a decision 
oracle: for example, we can speak about a lower semicomputable function 
with respect to enumeration oracle E, since it can be defined in terms of 
enumerable sets. But what can be proved for this kind of relativized notions? 

For example, is there (for an arbitrary E) a maximal lower E'-semicomputable 
semimeasure? Can one define prefix complexity with oracle E, and will it co- 
incide with the logarithm of the maximal semimeasure lower semicomputable 
relative to E (if the latter exists)? What if we assume, in addition, that E is the 
set of all basic balls in a constructive metric space, containing a given point? 
(For comparison: we could define an E-computable function as a function 
whose graph is E-enumerable. Then some familiar properties will hold; say, 
the composition of £'-computable functions is again £'-computable. On the 
other hand, we cannot guarantee that every non-empty E-enumerable set is 
the range of a total ^-computable function: for some E this is not so.) 

5. We may try do extend the definition of randomness in a different direction: 
to lower semicomputable semimeasures (that is output distributions of proba- 
bilistic machines that generate output sequence bit by bit). Levin's motivation 
for his definition was his goal to define the independence of the pair {x, rj) of 
infinite sequences as randomness with respect to the semimeasure M x M. 
Correspondingly, the the deficiency of randomness of the pair (^, ?]) with re- 
spect to M X M could be called the quantity of mutual information between 
the sequences ^ and 77. This is motivated by the fact that the algorithmic 
mutual information 

Kp{x) + Kp{y) - Kp{x,y) = -log(in(;c) x m{y)) - Kp{x,y) 

between finite objects x,y indeed looks like deficiency of randomness with 
respect to m x m. 

One possibility is to require that M{z)/Q{z) is bounded, where M is a priori 
probability on the tree and Q is the semimeasure in question. The other pos- 
sibility is to use random sequences for unbiased coin tossing and consider the 
output sequences in all these cases. It is not clear whether these two defini- 
tions coincide or if the second notion is well-defined (that is for two different 
machines with the same output distribution the image of the set of random 
sequences is the same). For computable measures it is indeed the case. 
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6. (Steven Simpson) Can we use uniform tests (modified in a proper way) 
for defining, say, 2-randomness? (Tlie standard definition uses non- 
semicontinuous tests, but maybe it can be reformulated.) 
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AjiropHTMHHeCKHe TeCTbl H CJiyHafiHOCTb OTHOCHTeJlbHO 

KjiaccoB Mep 

JI. BHeHBeHio: n. ranf K. Poxacf M. Xoiipynf A. UleHt^ 



AHHOTaii;Ha 

B 9T0H pafioTe npHBOflHTca neKOTopbie HOBbie peayjibTaTw 06 ajiropHTMHHecKoft cjiyiaHHO- 
CTH no OTHomeHHK) K KjiaccaM Mep, a TaKJKe noflpoGno HSjiararoTCH HSsecTHbie (ho ne ony6jiH- 
KOBaHHbie noflpoduo) pesyjibTaTbi 06 ajiropHTMH^ecKHx TecTax cjiynaHHOCTH. 

Mbi HaiHHaeM c nepe(J)opMyjiHpoBKH onpeflejienHH cjiyiaftHOCTH no MapTHH-Jle(J)y b Tep- 
Mnnax TecTOB cjiyiaiinocTn (4)ynKn;nH, nsMeparomnx CTenenb "necnyiaiinocTn" nocjieflOBaTejib- 
nocTen). npnBO/],nTCfl 4)opMyjia, BbipajKaioni,aH ananenne ynnBepcajibnoro Tccia b lepMnnax 
npe(J)HKCHOH cjioxcHOCTH. PaccMaTpHBaiOTCH TaiG«e BapnaHTbi onpeflejiennH fle<J)eKTa cjiynaH- 
HOCTH ^jia Konennbix cjiob, CBssannbie c ynnBepcajibnbiM tbctom. 

^ajiee paccMaTpHBaexcH (BBe^ennoe eme MapTnn-JlecJjOM) nonsTne 6epnyjijiHeB0H nocjie- 
;];OBaTe^[bnocTH {k'ak noc.neflOBaTe.nbnocTn, ne npoTnBope'iamen rnnoTese o tom, 'ito see ncnbi- 
Tanna nesabncHMbi n hmciot o/i,HnaKOByio BepoHTnocTb ycnexa). IIoKasano, vio onpe/i,ejienHe 
c noMombK) yHHBepcajibHoro TecTa SKBHBajienTHO nepBonaiajibHOMy onpe;;ejieHHio Mapran- 
Jlecjja n nxo noc^ie^OBaTejibnocTb HBjiaeTCH GepnyjijineBoii Tor^a n tojibko Tor^a, Kor^a ona 
CJIy'^aHna no MapTnn-JIe4)y OTnocnxejibno SepnyjijineBon Mcpbi Bp npn nsKOTopoM p (c opa- 
KyjiOM fljia p) . 

SaTBM 3T0T JKe BOnpOC (o CpaBHeHHH TeCTOB OTnOCHTejIbHO KJiaCCOB Mep H TCCTOB KaK <J)yHK- 

n,HH AByx apryMenTOB — nocjieflOBaTejibnocTn n Mepbi) npHMenaeTca k nponsBOJibnbiM 9(J)(J)eK- 
TnBno saMKnyxbiM KjiaccaM Mep b KanTopoBCKOM npocTpancTBe. HsyiaroTca CBOncTBa opToro- 
najibnbix KjiaccoB Mep n yKasbiBaiOTCfl npe/^nojioacennH, b KOTopbix /i,Ba nonaTHH cjiynannocTn 
(paBHOMepnaa n GeaopaKyjibHaa) coBna^aiOT. 

B saKjiionenne paccMaTpnBaiOTCH o6o6n],ennH nexoTopbix h3 yKasannbix pesyjibTaTOB na 
cjiynan nponsBOJibnbix MeTpnnecKnx npocxpancTB. 

1 BBe^CHHe 

3Ta paGoTa MOJKeT pacciviaTpHBaTbCfl KaK npoflOJiJKeHHe [11] (KOTopaa b cboio oiepeflb HBjiaeTCJi 
pasBHTHeM flaBHHx Hfleli JI. JleBHHa) h [13]. 
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Xopomo H3BecTH£>i pasjiH^nue BapHaiiTM oiipe/];ejieHH5i iioiijithh cjiyHaHHOit nocjieflOBaTejibHO- 
CTH Hyjieft H eflHHHu;, cooTBeTCTByioiuHe paBHOMepnoMy paciipeflejieHHio (GpocaHHio necTHofi mo- 
HeTbi). BojibniHHCTBo 9THX pesyjibTaTOB ecTecTBeHHo nepeHocHTCH na cjiynali npoHSBOJibHoro bh- 
HHCjiHMoro pacnpeflejieHHH BeposiTHocTelt na npocTpancTBe O 6ecK0HeHHbix nocjieflOBaTejibHocTeli 
Hyjieft H eflHHHu;. 

Hama ii;ejib — Hccjie^oBaTb bo3mojkhocth onpeflejieHHH cjiynaliHocTH b Gojiee o6iii;eH cvrryaJiavi, 
Kor/];a pacnpe;],ejieHHe na O He SBnaeTca BbmHCjiHMbiM (hjih Kor/ta paccMaxpHBaeTca cnyqaftHOCTb 
B flpyrHx npocTpaHCTBax, He tojibko b fl). JJnsi 3toh u;ejiH mm paccMaTpHBaeM TecT cjiynaHHocTH 
t{u!,P) KaK 4)yHKLi;Hio flByx nepeMeHHbix, nocjieflOBaTejibHocTH ui h Mepbi P. Bojibmne sHaHeHiui 
TaKoro TecTa, HHTyHTHBHO roBopH, cooTBeTCTByioT CHTyaii;HHM, Kor^a rnnoTesa o tom, hto nocjie- 
/lOBaTe.jibHOCTb uj HOjiyHHjiacb b peaynbTaTe cjiy^aiiHoro Bbi6opa ho Mepe P, HeHpaB/];oHO/];o6Ha. 

KpoMe Toro, cjie/;yH [16], mm Gy^eM paccMaipHBaTb TecTM OTHOCHTejibHO KjiaccoB Mep, o6jia- 
flaiomnx cBoltcTBOM THna KOMnaKTHocTH. TaKOH TecT, tc{u)), HSMepHCT, HacKOJibKo HenpaBflono- 
AoGhmm KaJKeTCH noHBueHHe Hocjie/ioBaTejibHOCTH u! b peayjibTaie cjiynaitHoro HpoH;ecca, pacnpe- 
flejieHHe BepoflTHocTeit KOToporo (naM HensBecTHoe) npHHa^jiejKHT Kjiaccy C. Mm noKajKCM, ^to 
fljiH Kjiacca GepHyjijiHCBbix Mep (nesaBHCHMbie HcnbiTaHHH c o^HHaKOBOH BepoHTHocTbio ycnexa) 
BosHHKaiomee iioHHTHe cjiynaHHocTH oTHocHTejibHo 3Toro Kjiacca coBna^aeT c BBefleHHbiM MapTHH- 
JTe4)OM B [20]. 

/],jiH KjiaccoB, Mepbi B KOTopbix noHapHo opToroHajibHbi (b neKOTopoM scjacJ^eKTHBHOM CMbicjie), 
MM nojiynaeM pasjiojKeHHe TecTa cjiynaliHocTH no flaHHoli Mepe na flBa: oflHH npoBepaeT cjiynali- 
HOCTb OTHOCHTejibHO Kjiacca Mep, a BTopoH HpoBepaeT (/locTaTO'^HO rpy6o) cooTBeTCTBHe nocnejio- 
BaTejibHocTH KOHKpeTHOH Mepe. fljia cjiynaa GepnyjijiHeBbix Mep b KaiecTBe BToporo TecTa mojkho 
B35iTb npocTo saKOH GojibniHx HHceji H npoBepaTb, ^to npe^ejibHaa nacTOTa ^elicTBHTejibHo paBHa 
fleKjiapHpyeMoit BepoHJ iiociii ycnexa. Aiia.iorii'iiioe pa36HeHHe bosmojkho h fljia flpyrvsx KjiaccoB, 
cooTBeTCTByioHi;Hx apro^HHecKHM cTai^Hoiiapiibiw iipoLi,eccaM. 

OnpeflejieHHe cjiyHaiiHocTH c noMou;bio paBHOMepnbix tbctob t{u!,P), Boo6m;e roBopa, He 06- 
jia^aeT neKOTopbiMH HHTyHTHBHo jKejiaTejibHMMH cBOHCTBaMH (cKajKeM, He MOHOTOHHo no P B 
ecTecTBCHHOM CMMCjie). Ho p,nii cjiynaa acjacjacKTHBHO opToronajibHbix KjiaccoB oho paBHOCHjibHO 
flpyroMy, "cjienoMy" onpeflejienHK) cjiyiaftnocTH, b KOTopoM paccMaTpHBaioTCfl jihuib tcctm, bm- 
HHCJienne KOTopbix ne ncnojibsyeT Mepy P k&k opaKyji. 

CTaTbH HaHHHaeTca c nepecjjopMyjmpoBKH onpe^^ejieHHS cjiy^iafiHOCTH no MapTHH-Jlecjjy (ot- 
HocHTejibHo BbiHHCjiHMMx Mcp) B TcpMHHax TecTOB. Sna^eHH}! TecTa MM paccMaTpHBaeM KaK KO- 
jiHHecTBennyio xapaKTepncTHKy "HecjiyHaitnocTH" nocjieflOBaTejibnocTH, n cHHTaeM cjiyHannbiMH 
nocjieflOBaTejibHOCTHMH Te, pflsi KOTopbix TecT Konenen. Mm paccMaTpnBaeM ^Ba Bn^a tbctob 
(orpann^enHbie b cpe^neM n orpanHHennbie no BepoHTHOCTn) n noKasMBaeM, hto ohh 6jih3kh flpyr 

K Apyiy- 

3aTeM MM npHBOflHM 4)opMyjiy, KOTopaa BbipajKaeT snaHenne (orpannHennoro b cpeflneM) Te- 
CTa "^lepes npecjDHKCHyio cjioxhoctb (h p^ayKe ppa BapnanTa TaKoil (jjopMyjibi — c MaKCHMyMOM h c 
cyMMoft). 3Ta 4)opMyjia aBjiHeTCJi KOJinnecTBennbiM yTo^nenneM KpHTepna cjiyiaftnocTH JleBHna 
- Illnoppa (b (|)opMe c npe(|)HKCHOH cjio^khoctbio, KaK b cTaTbe HeliTHHa [4]). ^ajiee mm o6cyjK- 
flaeM neKOTopbie BapnanTbi flBHJKenHa b o6paTHyio CTopony: KaK ot p^e^eKTa, cjiyHannocTH ^jih 
6ecKOHeHHbix nocjieflOBaTejibnocTeii nepeiiTH k /tecjseKTy cjiynaltHocTH Konennbix. 

/],ajiee mm onpe^ejiJieM noHHTne TecTa GepHy/ijineBOCTH (nacTHbin cjiynafi cjiynaiiHocTH otho- 
CHTejibHo Kjiacca Mep, b flannoM cjiynae — Kjiacca 6epHyjijiHeBbix Mep). Mm noKasMBaeM, hto 
MHOJKecTBO GepnyjijineBbix nocjie/ioBaTejibHOCTeH, ji^jiii KOTopbix stot tcct Konc^eH, coBna^aeT c 
oGT^eflnneHHeM no BceM p e [0, 1] MHoxecTB nocjieflOBaTejibnocTeft, cjiyiaflnbix b cMbicjie MapTnn- 
JIe4)a OTHOCHTejibHO GepnyjijiHeBoli MepM Bp, npn 9tom b onpeflejiennn cjiynanHocTH ^oGaBjiaeTCH 
opaKyji fljiH p. ^Jia 3Toro mm bbo^hm noHHTne paBHOMepnoro 6epHyjijiHeBa TecTa n ycTanaBjiHBaeM 
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KOJiHHecTBeHHfaiH BapHaHT yKasaHHoro pesyjibiaTa: fle(|)eKT 6epHyjijiHeB0CTH paneH tohhoh HHJKHeit 
rpaHH (no p) fle4)eKT0B cjiynaliHOCTH oTHOCHTejibHO Kaj«.flpvi h3 Mep Bp. 

Ilocjie 9Toro mm bboahm noHHTHe paBHOMepnoro TecTa (yjKe ne orpaHHHHBaHCb KOHKpeTHbiM 
KjiaccoM Mep) H cooTBeTCTByiomee eMy noHHTHe paBHOMepnoH cjiynaliHOCTH (KOTopoe pflu cjiynaa 
BbiiHCJiHMbix Mep coBna^aeT c onpeflejieHneM MapTHH-JlecJja) . 

BepnyjijiHeBbi Mepw o6jiaflaioT TaKHM cbohctbom: hmcji flocTyn k cjiyHaftHoli no oflnoft h3 sthx 
Mep nocjie;];oBaTejibHOCTH, mm MOJKeM BoccTanoBHTb ana-qenne p KaK npe^^eubnyio "^acTOTy e/innnu; 
(saKOH GojibuiHx HHceji). Mbi noKasbiBaeM, hto fljiJi nofloGnbix KjiaccoB Mep paajinnnbie onpe^ejie- 
HHH cjiynaHHocTH (paBHOMepnoe h "cjienoe", Kor^a tcct ne ncnojibsyeT Mepy) paBHocnjibHbi. 3to 
yTBepjKflenne o6o6n];aeTCH h na Mepbi b nponsBOJibnbix KoncTpyKTHBHbix MCTpHHecKHx npocTpan- 
CTBax. 

HaKoneii,, Bue/xeM neKOTopfaie nojieanbie o6o3HaHeHHH. 

Mbi 6yfleM nncaTb f{x) < g{x) pflsi nojiojKHTCJibHbix 4)yHKn;HH f vi g, ecjin yKasannoe nepa- 
BencTBO BbinonnaeTca c to'^hoctbio MyjibTHnjiHKaTHBHon KoncTanTbi, to ecTb f{x) ^ cg{x) fljia 
neKOToporo c h fljia Bcex x. 

Sanncb f{x) — g{x) osnanaeT f{x) < g{x) n g{x) < f{x). 

06o3HaHeHH5i f{x) < g{x) n f{x) = g{x) hmciot anajiornHnbiH cmhcji (nepaBencTBo c tohho- 

CTbK) p,0 a/mHTHBHOil KOHCTaHTbl). 

Hepes A mm oGosnanaeM nycToe cjiobo (cTpoKy nyjieBon fljinnbi) . ^jinna cjiOBa x oGosnanaeTca 
\x\. Sanncb x C.y hjih y □ x osnanaeT, hto cjiobo x HBjiJieTCH nanajioM (npe4)HKC0M) cjioBa y. 3jie- 
MBHTM 6ecKOHeHHolt nocjieflOBaTejibnocTH x (a TaKJKe 6yKBbi cjioBa a;) o6o3HaHaioTCH x{l), x{2), . . .; 
ee nanajio pjinsbi n oGosnanaeTca x{l : n). 

HacTo MM paccMaTpHBaeM 4)yHKn;HH co snaHenHJiM b MHOJKecTBe — [0, +00] (HeoTpHii,a- 
TCJibHbie <J)yHKn;HH, bosmojkho, 6ecK0HeHHbie b neKOTopMx TOHKax). MnojKecTBa naTypajibnbix h 
fleilcTBHTejibHMX ^Hceji o6o3Ha'^aioTCH N n Z; lepea B nnor/ia oGosnanaeTCH MHOJKecTBO {0, 1}. 

JIorapH4)Mbi, ecjiH ne yKasano nnoe, GepyTca no ocnoBannio 2. 

2 CjiynaHHOCTb nocjieflOBaTejiBHOCTeft 

OTHOCHTCJIbHO BblHHCJIHMblX MCp 

Mm nameM c onpeflejienna cjiyHannocTH GecKonembix flBoninbix nocjieflOBaTejibnocTen othoch- 

TejIbHO BblHHCJIHMblX MCp. 

2.1 XlepeHHCJiHMBie CHHsy (J>yHKi],HH Ha 

Onpe/];ejieHHe 2.1 (KanTopoBCKoe npocTpancTBo) . MnooKecmeo {0,1}^ 6ecK0HeHHUx deouuHux 
nocAedoeameAhHocmeu mu naaueaeu ^bohhrmm KanTopoBCKHM npocTpancTBOM u o6o3HaHaeM fl. 
JJam Kaotcdozo kohchhozo deouHHOzo cjioea x mu paccMampueaeM HHTepBaji xfl, cocmofimuu U3 ecex 
nocjiedoeame/ibHocmeu, HauuHaminuxcH na x. HnmepeaAu sieAHmmcH GasncnbiMn otkpmtmmh 
MHOJKecTBaMH cmaHdapmHou monoAozuu KanmopoecKozo npocmpaHcmea; otkpmtmmh neAnmmcH 
npouaeoAbHue o6veduHeHusi unmepeaAoe. 

noHflTHe OTKpbiToro MHOJKecTBa, KaK H flpyrne TonojiorniecKne nonaTHH, HMeex 34)4)eKTHBHbiH 
anajior. 

Onpe^ejieHHe 2.2. 34)4)eKTHBHo otkpmtmmh MHOCHcecmeaMU Haaueamm o6mduHeHUfi nepeuuc- 
AUMUX ceMeucme UHmepeoAoe. 34)<J)eKTHBHo saMKnyTbiMH Hoaueawmcfi donoAHenun a^^eKmueno 
oniKpumux MHOotcecme. 
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/faAee mookho onpedeAumb acJjcjjeKTHBHbie Gs Muootcecmea kuk CHemnue nepeceueHusi CiiUi 
nocAedoeameAbHocmu d^^eKmueno orriKpumux MHOotcecme Ua npu amoM mpe6yemcM, umo6u Ui 
6uA0 a^enmueHO oniKpumo paenoMepHO no i {ojieopumM noAyuaem na exod i u nepeuucjinem 
UHmepeoAU, o6pa3yK)Vj,ue Ui). 

BydeM Haauearrih (fiyHKVfUio t: — )• [0, oo] nepeiHCJiHMoft CHHsy, ecAU 
(a) dAn AK)6ozo pav,uoHaAbHoeo r MHOotcecmeo 17^ = {a; | r < orriKpumo, 
(6) u, 6oAee mozo, 11,- 3cf)cf)eKmueH0 oniKpumo paenoMepHO no r {cymecmeyem OAZopumM, ko- 
mopuii noAynaem r u nepeuucAHem unmepeaAU, odpaaywujfUe Ur) ■ 

YcjiOBHe (a) oaHanaeT. mto cjjyHKi^HH t nojiynenpepbiBHa CHHsy, TaK hto nepeHHCJiHMOCTb CHHsy 
jiBjiaeTca 34)4)eKTHBH3aLi;HeH noHSTHa nojiynenpepbiBHocTH. 

IloHflTHe nepeHHCJiHMOH cHHsy 4)yHKi];HH b flajiBHelimeM nrpaeT BajKHyio pojib. Ero mojkho 
onpe^ejiHTb paaiiHHHbiMH (sKBHBajieHTHbiMH) cnoco6aMH. Bot o^Ha h3 TaKHx nepe<J)opMyjiHpoBOK. 

Onpe/],ejieHHe 2.3. ^yHKVfUH c paVfUonaAbHUMU 3HaH€HUHMU, onpedeACHHOJi na ft, Hoaueaemcn 

6a3HCHOH, ecAU ee ananeHue na nocAedoeameAbHocmu u) onpedeAJiemcji kohchhum nanaAOM ui. 

EcAU 9mo HauaAO UMeem dAuny N, mo c^yHKUiUM Moofcem npuHUMamb do 2^ aHaueHuu, u ee 
MOOKHO aadamb ma6Auv,eu U3 2^ cmpoK, e Komopou dAsi Kaotcdozo eapuawma nanaAa {deouHHOzo 
cAoea Sauhu N) ynaaano pau^uoHaAbHoe anaueHue ^yHKi^uu. IIoamoMy 6a3UCHue ^yHKi^uu mookho 
cHumarrib KOHcmpyKmuenuMU oOmKmoMU. 

Cjieflyiomee npe^jiojKeHHe jierKo cjie^yeT hs onpe^ejieHHii: 

npe/i,jio}KeHHe 2.4. UepeHUCAUMue (f)yHKti,uu u moAbKO ohu neAnmrncn nomoHeHHbiMU npedeAQMU 
euHUCAUMUX eo3pacmamui,ux nocAedoeameAbHOcmeu 6a3UCHUx (jjyHK'u;uu. 

Pa3HOCTb AByx 6a3HCHbix (j3yHKi],HH TOZKe HBjiHeTCH 6a3HCiiOH cJiyiiKiiHeH, iiosTOMy BMecTO npe- 
flejiOB B03pacTaioiii,Hx 4)yHKLi,HH mo>kho roBopHTfa o cyMMax pa^OB, cocTaBjienHbix h3 HeoTpHU,a- 

TejIbHbDC 6a3HCHbIX 4)yHKIi;HH. 

Bot eme o^hh BapnaHT onpeflejieHHH nepeHHCJiHMbix cHH3y 4)yHKi];HH na O. 

OnpeflejieHHe 2.5 (HopoxcflaiomHe 4)yHKij;HH). BydeM zoeopumb, umo onpedeAennaH na deouu- 

nux CAoeax (fiyuK'nuR T co SHaneHURMU e [0, +oo] sieAJiemcsi nepeHHCjiHMoit CHH3y, ecAU MHOOKe- 
cmeo nap {x, r), zde x — deomnoe CAoeo, ar — pav,uoHaAbHoe hucao, Meubiuee T{x), nepeuucAUMO. 

JJa^ KaoKdou maKou ^yHKV,uu T onpedeAUM (fiyHKV,UK) t na decKoneuHux nocAedoeameAbuo- 
cmnx, noAOOKue 

t{ui) — sup T{x); 

xC.u 

6ydeM zoeopumb, umo ^yHKy,vji T nopojKflaeT ^yHKy,UK t. 

npe/],jio»ceHHe 2.6. Upu amoM nopooKdaromcM ece nepeuucAUMue cnuay (fiyHKVfUU naQ, u moAbKO 

OHU. 

MOJKHO HajIO>KHTb /tOIIOJIHHTejIbHbie Ol'paHHHeilHH Ha lIOpOJK/taiOmyiO 45yilKLI,HiO T, coxpaHHB 

B03M0JKH0CTb iiopo>K;;aTb jiio6yio nepeHHCJiHMyio CHH3y 4)yHKi;Hio iia 0. HaiipHMep, mojkho Tpe- 
6oBaTb, HTo6bi 4)yHKij,HH T 6bijia MOHOTOHHoii (sTo 3HaHHT, ^To T{x) ^ T{y) upu x C y). B caMOM 
flejie, OT J11060H 4)yHKLi;HH mojkho nepeliTH k mohotohhoh, nojiojKHB T'(x) — vi\ax.z]ZxT{z). Mojkho 
TaKJKe noTpe6oBaTb, htoGm cjayHKi^HH T npHHHMajia paLi;HOHajibHbie 3HaHeHHH h 6bijia 6bi bmhhc- 
jiHMOH (a He TOJibKo HepeHHCJiHMOH cHH3y). B caMOM flejie, HocKOJibKy B oHpeflejieHHH yiacTByeT 
supr(x) no BceM x, HBjiHiomHMcsi HaHajioM w, BMecTo yBejiHHeHHH T{x) fljia HeKOToporo x mojkho 
yBejiH'^HTb 3Ha'^eHHa 4)yHKu;HH T pjia Bcex ero iipo^ojiJKeHHH ^ocTaTOHHO 6ojibmoli fljiHHbi, h STa 
3aflepjKKa H03B0JiaeT cflejiaTb (j3yHKu;HKi T BbiHHCJiHMOH. 
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Cjie;;yioiii;ee HaGjiiofleHHe HciiojiijSyeT KOMiiaKTHOCTb KaHTopoBCKoro npocTpancTBa. Cpe^H Bcex 
4)yHKii,HH T, iiopojKflaKimHx flaHHyio 4)yHKij,Hio t, mojkho Bbi6paTb MaKCHMajiBHyio, hojioxchb 

T{x) = inf t{uj). 

ITpefljioxceHHe 2.7. OnpedeACHHan maKUM odpaaoM ^yHKV,vji T nepenucAUMa CHuay u nopootcda- 
em t. B ee onpedejienuu mookho aaMCHumb inf na min. 

JJoKoaamejibcmeo. OneBiiflHo, hto nopojKflaeMaa ^yuKUfisi ne npeBocxo^HT t. C flpyroft cto- 
poHbi. ecjiH t{uj) > r, TO b CHjiy nojiynenpepbiBHOCTH CHH3y 3to Bepno b HeKOTopoil OKpecTHOCTH 
u), H noTOMy T{x) ^ r fljia neKOToporo na^ajia x Q ui. TaKHM oGpasoM, iiopojKflaeMaa 4)yHKLi;iia 
coBnaflaeT c t. 

OcTaeTca y6e/];HTbca, "^to T nepc^HCjiHMa CHH3y. B caMOM ^ejie, r < infc^a.r t{uj) Tor/];a h 
TOJibKo Torfla, Korfla cymecTByeT r' > r, fljia KOToporo r' < t{oj) fijm Bcex a; □ x. HocjieflHee 
ycjioBHe MOJKeT 6biTb nepe4)opMyjiHpoBaHo TaK: oTKpbiToe MHOJKecTBo Tex nocjie^oBaTejibHocTeli 
a;, pflR KOTopbDc t(ijS) > r', noKpbiBaeT HHTepBaji xQ,. 9to OTKpbiToe MHOxcecTBO (no onpe^ejie- 
HHio nepeHHCJiHMOCTH CHHsy) ecTb o&bejyfAneime nepeHHCjiHMoro ceMeitcTBa HHTepBajioB. h b CHjiy 
KOMnaKTHocTH yjKe KoneiHoe ihcjio HHTepBajioB oGpasyeT noflnoKpbiTne. HocKOJibKy 3to b KaKoit- 
To MOMeHT o6HapyjKHBaeTCH, yKasannoe cbohctbo nepenncjinMo, n KBanTop cymecTBOBannji no r' 
coxpaHHeT iiepe'^HCjiHMOCTb. 

IlojiyHenpepbiBHocTb cnnsy TaioKe rapaHTnpyeT, hto MHHHMyM na KoivinaKTHOM MHoxecTBe j\o- 
CTHraeTCH, TaK hto inf mojkho saMennTb na min. 

2.2 TecTbi cjiynaHHOCTH 

Mbi npeflnojiaraeM, ito ^HTaTejib snaKOM c ochobkbimh nonaTiiHMH xeopHH Mepti (xots 6bi fljia 
KaHTopoBCKoro npocTpancTBa O). HanoMHHM, hto Mepa (pacnpeflejienne BepoHTHocTeft) P na 
3a;],aeTca cbohmh sna'^eHHaMH na Li;HjiHH/i;pax xVt. 3th ana'^eHHa 3a/i,aioT HeoTpHu;aTejibHyio j\evi- 
CTBHTejibHyio (|)yHKu;Hio na flBOHHHbix cjioBax, KOTopyio mm oGosnanaeM toh jkc GyKBoft, hto h 
caMy Mepy: 

P{x) = P{xQ). 

Ilpn 9T0M 

P(A) = 1, P(x) =P(xO)+P(xl), 

H jiio6aa HeoTpHLi;aTejibHaa 4)yHKn;Ha na ^BOHHHbix cjiOBax:, o6jiaflaion];aa 9thmh flByMH CBolicTBaMH, 
cooTBeTCTByeT Mepe na Q.. 

CpeflH Bcex Mep Bbi^ejiaioTca BbiHHCJiHMbie. 

Onpeflejienne 2.8 (BbiM;HCJiHMbie Mepbi). /(eilcmeumejibHoe hucao x Haaueaemcn BbiHHCJiHMbiM, 
ecjiu cymecmeyem ojizopumM, Komopuu no AwdoMy paii,uoHajibHOMy e > yKoaueaem pay,uoHajib- 
Hoe npu6AUCHceHue k x c a6coAK)mHou nospemHocmbm ne 6oAee e. 

BuHUCAUMue deucmeumeAbHue hucaq mookho onpedeAHmb maKotce kqk npedeAU nocjiedoea- 
me/ibHocmeu xi,X2, ■ ■ ■, dAn Komopux |x„ — Xn+k\ ^ 

0yHKii,usi, onpedcAemaH na CAoeax {uau uhux KOHcmpyKmuenux o6^eKmax) u npuHUMam- 
masi deucmeumeAbHue SHaneHun, naaueaemcn BbiHHCJiHMoit, ecAU ee ananeHUJi buhucjiumu pae- 
HOMepno no exody, mo ecmb cymecmeyem aAzopumu, Komopuu no exody u no e > ynaaueaem 
£-npu6AUMceHue k SHaneHUK) ^yHKU,uu na amoM exode. 

Mepa na fl naaueaemcsi BbiHHCJiHMoli, ecAU euuucAUMa ^yHKU,uji P: {0,1}* — >■ [0,1], coom- 
eemcmeymvjfaH amou Mepe. 
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HycTb 4)HKCHpoBaHa BbrancjiMMaa (BepoaTHocTHaa) Mepa na O. 



Onpe/i;ejieHHe 2.9 (TecT cjiynaitHOCTH no BbmHCjiHMoil Mepe). IlepeHUCAUMasi (f)yHKHUR t: fl ^ 
[0, +cxd] HaaueaemcH (orpaHHHeHHbiM b cpeflHeivi) TecTOM omHocumeAhHO uepu P (P-mecmoM), 
ecAU ee UHmeepoji {MameMamuHecKoe ootcudaHue) no Mepe P ne npeeocxodum 1; 



IIocAedoeameAbHocmb uj ^poxo;^HT mecm t, ecAu t{uj) kohchho {nanoMHUM, umo mu paccMam- 
pueaeM nepenucAUMue CHuay ^yHKy,uu, Komopue Mozym npuHUMamt 6ecK0HeHHue aHauemiJi). 
IIocAedoeameAbHocmb uj Hoaueaemcn cjiynaHHOH no Mepe P, ecAU ona npoxodum ece P-mecmu. 

HirryHTHBtifaiH CMbicji SToro onpe;i;ejieHHa mojkho onncaTb Tax: t{uj) OTpa>KaeT "KOjiHHecTBO 
saKOHOMepHOCTeii" b uj. CTpoji tcct, mbi MOJKeM oGmbhtb "aaKOHOMepHocTbio" jiio6oe (acjscjjeK- 
THBHo o6Hapy>KHBaeMoe) cbohctbo nocjieflOBaTejiBHOCTH, naflo tojibko cjieAHTb, M;To6bi hx 6bijio ne 
cjiHuiKOM MHoro, HHEHe HHTerpaji npeBbicHT rpaHHuy. 

3to onpe/iejieHHe 3KBHBajieHTHO (/taex tot jkb Kjiacc cjiynaftHbix nocjie/iOBaTejibHOCTeit) Kjiac- 
CHiecKOMy onpeflejieHHio MapTHH-JIe4)a (cm. HHJKe). Ho cHaH;ajia otmcthm, hto cpeflH tgctob 
cymecTByeT yHHBepcajibHbm (MaKCHMajibHbift): 

TeopeMa 2.10. JJa^ Aiodou buhucaumou Mepu P cymecmeyem yHueepcaAbHuu {MaKCUMOAbHuu) 
mecm u: amo oananaem, nmo Bah ak)6ozo P-mecma t naudemcn Koncmanma c, npu Komopou 



npu ecex a; G O. 

B ^acTHOCTH. yHHBepcajibHOCTb rapaHTHpyeT. hto BCSKaa npoxo/iHmaa tbct u nocjie/ioBaTejib- 
HocTb npoxoflHT Bce flpyrne TecTbi. TeM caivibiM MHOJKecTBo nocjieflOBaTejibHocTeft, npoxoflsimnx 
TecT u, coBnaflaeT c MHOJKecTBOM cjiynaftHbix nocjieflOBaTejibHocTeft. 

/JoKaaameAbcmeo. Byp^eu iiepc^mcjiaTb Bce aju'opHTMbi. 3a/i;aioiLi;He iiepc^mcjiHMbie CHHsy cjayHK- 
i];hh. (TaKOH ajiropHTM iiopo>K/taeT BospacTaiomyio nocjie^oBaTejibHocTb GasncHbix 4)yHKij,HH.) He 
Bce 9TH nepeHHCJiHMbie 4)yHKij,HH Gyflyr TecTaMH (nHTerpaji MOJKeT npeBbicHTb eAHHHiiy), ho mh 
MOJKeM HX <J)HjibTpoBaTb H He HpoHycKaTb oHepeflHyio 4)yHKLi;Hio, HOKa ne Sy^eT ycTaHOBjieno, hto 
ee HHTerpaji Menbuie (cKajKeM) 2. (HanoMHHM, mto Mepa P BbmHCjiHMa. no3TOMy ecjiH HHTerpaji 
MeHbuie 2, TO mm cMoxeM b 3tom yGeflHTbca.) TaKaa 4)HjibTpaLi;Ha nponycTHT Bce TecTbi h eme 
HeKOTopbie 4)yHKii;HH, KOTopwe npeBOcxo^HT TecTbi ne 6ojiee hcm B^Boe. OcTaeTca cjiojKHTb Bce 
npocjjHjibTpoBaHHbie 4)yHKi];HH c K094)<J)Hii;HeHTaMH, cyMMa KOTopbix He npeBocxo^HT 1/2, cKa^JKeM, 



B TaKoil cjjopMe TecTbi cjiyqaiiHOCTH cjjHrypHpoBajiH b [9]. 

YGe^HMCJi, ^To 3T0 onpeflejienne aKBHBajienTHo KjiaccHHecKOMy onpeflejiennio MapTHH-JIe<J)a: 

Onpe/i,ejieHHe 2.11. Uycmb P — eunucAUMoe pacnpedeACHue eepojimHocmeu na fl. UocAedoea- 
mejibHocmb omnpumux MHOotcecme Ui,U2, - ■ ■ naaueaemcH tcctom MapTHH-JIe4)a, ec/iu mhookc- 
cmeo Ui 9(f)(fieKmueH0 omnpumo {paenoMepno no i) u ezo Mepa ne npeeocxodum 2~'. 

IIocAedoeameAbHocmb u npoxo;];HT srnorn mecm, ecAU ana ne npunadACCHCum nepeceneHUK) DiUi. 
TttKue nepeccHCHU^ {a maKotce ece ux nodMHOOKCcmea) nasueamm acJjcjjeKTHBHo nyjieBbiMH mho- 

JKeCTBaMH. 




t{u)) ^ c • u{ui) 



l/2'+2. 
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MojKHo 6bijio 6bi paccMaTpHBaTb tojibko 3th nepece^eHHJi (a He Bce hx noflMHOJKecTBa) : Ta- 
KHe MHoxcecTBa Sbijio 6bi jiorHHHO HasbraaTb a^^eKmuen'biMU nyAeeuMU MHOotcecmeaMU. Ohh 

HBJIHIOTC5I 94)<J)eKTHBHbIMH G^-MHOJKeCTBaMH (nepeCeHeHHHMH nOCJieflOBaTejIbHOCTH paBHOMepHO 
acjjcjjeKTHBHO OTKpblTblX MHOJKeCTB) . 

KaK Mfai y>Ke roBopHjm, sto oiipe/],ejieHHe paBHOCHjifaHO iipHBe/tCHHOMy Bfaiiue: 

TeopeMa 2.12. IIocjiedoeameAbHocmb npoxodum ece mecmu MapmuH-JIe^a mozda u moMKO mo- 
eda, Koeda ona npoxodum ece ozpanuneHHue e cpedneM mecmu. 

/^OKaaamcAbcmeo. Ecjih t — orpaHHieHHbift b cpeflneivi TecT, to MHoxecTBo Ui Tex w, p,jm 
KOTopbix t(uj) > 2*, 9(|)4)eKTHBHo oTKpbiTo H HMeeT Mepy He 6ojiee 2~*, TaK hto nojiynaeTCH TecT 
MapTHH-JTecJja. IIoaTOMy ecjiH w npoxoflHT Bce TecTbi MapTHH-JIe4)a, to t{u)) Kone^no. 

C ^yroii CTopoHbi, h3 jiioGoro TecTa MapTHn-JIecjja {Ui} jierKO c;];ejiaTb orpaHHHeHHbifi b cpefl- 
HeM TecT. IlojioJKHM ti{u!) paBHbiM 2* BHyipH Ui H HyjiK) BHe U; 4)yHKii,Ha ti nepeHHCJiHMa CHHsy 
H HMeeT cpeflHee ne 6ojibme 1, to ecTb npe^cTaBjiaeT coSoli TecT. OcTaeTCH cjiojkhtb, cKajKeM, t2i 
c BecaMH 2~': ecjiH uo jiejKHT b U2i, to TaKaa cyMMa Sy^eT ne Menbine 2'. 

B flajibHelimeM, roBopa o cjiynaliHocTH, mh 6yfleM HMeTb b BH^y cjiynaliHocTb b cMbicjie (jiio6oro 
H3) 3THX onpe/iejieHHH onpe/iejieHHil, ecjiH He oroBopeno npoTHBHoe. 

OrpaHHieHHbie b cpeflneM TecTbi He TOJibKo oT^ejiaioT cjiyHaftHbie HocjieflOBaTejibHocTH ot 
HecjiyHaHHbix, ho h KjiaccH4)HH;HpyioT cjiynaftHbie HocjieflOBaTejibHocTH: HeM 6ojibme snaneHHe 
TecTa, TeM GjiHJKe HocjieflOBaTejibHocTb k HecjiynaftHbiM. yflo6Ho nepeltTH npn stom k jiorapH4)MH- 
HecKOH niKajie: 

Onpe/],ejieHHe 2.13. <PuKcupyeM HeKomopuu yHueepcaAbHuu {ozpaHuueHHUu e cpedneM) P-mecm 
tp{io). Hepes dp{u)) o6o3naHUM AozapucpM amozo mecma: 

tp(w) =2'l('^). 

MojKHo CKasaTb, hto dp(a;) HSMepHeT b 6HTax "fle<J)eKT cjiyHaliHocTH" Hocjie^oBaTejibHocTH u! 
(KOjiHMecTBO aaKOHOMepHOCTeit b ui). 

IIpH HameM onpeflejiennn fle4)eKT GbiBaeT 0TpHu;aTejibHbiM (h flajKe MOJKeT 6biTb paBHbiM —oo): 
HHTerpaji ot TecTa ne 6ojibme 1, h noTOMy TecT HMeeT aHaneHHa, Menbrnne eflHHHH;bi. Mojkho 
H3MeHHTb yHHBepcajibHbiil TecT (B3aTb ero nojiycyMMy c iiocTOHHHbiM tbctom. Be3/];e paBHbiM epfi- 
HHu;e) H ^oGhtbcji Toro, ^To6bi ^ecjaeKT 6biji Bcer^a ne Menbuie —1. Mojkho TaKJKe c^ejiaTb flecjseKT 
H;ejioHHCJieHHbiM (saMeHHB KaJKfloe snaneHHe TecTa na MaKCHMajibHyio cTenenb ^bohkh, MeHbinyio 
ero). HTo6bi HsGaBHTbca ot 0TpHLi;aTejibHbix fle4)eKT0B, mojkho paspeniHTb TecTaM HMeTb jHo6bie 
KOHeHHbie cpeflHHe (ne o6H3aTejibHo Menbme effamm^bi): 

npe/],jio>KeHHe 2.14. (pyHKV,UR dp ReAnemcn MaKCUMajibHoii (c moHHOcmbto do Koncmanmu) 
nepeuucAUMOu cnuay (f}ynKV,ueu na 17, djisi Komopou P-cpednee om 2*^^(') Koneuno. 

SaMenaHHe 2.15. 

1. OpuzunuAbnoe onpedcAcnue MapmuH-JIecfia rnaKotce Moatcem 6umb ucnoAbsoeano dAH U3- 
McpenuH de^cKma cjiynaunocmu. Muenno, MOOK.no CHumamb, nmo SACMenmu Mnootcecmea Ui 
UMemm decfienrn i uau 6oAbme. 9mom cnoco6 uaMepenuR de<jieKma, ucnoAbsoeannuu e [30], 9Keu- 
eaAcnmen ozpanuuennuM no eepoftmnocmu mecmau [cm. cAcdyminuu paade/i 2.3). 

2. Mu onpedcAiuiu ^ynnyum dp (a;) omdcAbno dAM KaoKdou Mcpu P (c monnocmbw do Koncman- 
mu). B daAbneumcM mu onpedcAUM [manoKC c monnocmbto do Koncmanmu) ^ynnyuio d(w,P) 
deyx apzyMcnmoe, Komopan 6ydem dAH naoicdou buhucaumou Mcpu P coenadamb c dp {c mou otce 
mounocmbm) . 
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2.3 TecTM, orpaHHHeHHMe no BepoHTHocTH h b cpeflneivi 

IIpHBe/ieHHoe Bbime onpe/];ejieHHe orpaHH'^eHHoro b cpe^neM TecTa b kekom-to CMbicjie anajiorHH- 
Ho oiipe/;ejieHHio iipe4)HKCH0H KOJiMoropoBCKoii cjio>khocth; ecTfa h /;pyroH BapnaHT oiipe/;ejieHHH, 
KOTopbiii 6ojibme noxojK na o6biHHyio cjiojKHocTb. (Onpe^ejieHHe npe<J)HKCHoli h o6biHHOH cjiojk- 
HocTH MOJKHo HaHTH. HanpHMcp. B [26, 19]; Mbi HcnojibsyeM 9TH noHHTHH jiHinb KaK o6pa3eii; ^jih 
aHajiorHH, h noTOMy He oGcyjKflaeM hx noflpoGno.) 

Ocjia6HM Tpe6oBaHHH na TecTbi: BMecTo ycjioBHH J t{u>) dP{u)) ^ 1 6yfleM Tpe6oBaTb, HTo6bi 
fljia jiioSoro c > MHoxcecTBo nocjieflOBaTejibHocTeit co, ^jih KOTopbix t{oj) > c, HMejio 6bi Mepy ne 
6ojibme 1/c. (3to ycjioBHe cjie^yeT h3 npexcHero corjiacHo HepaBencTBy He6bimeBa.) TaKHe TecTbi 
6yfleM HasbiBaTb ozpanuHeHHUMU no eepo^mHocmu. 

B jiorapH4)MHHecKoli niKajie sto onpeflejieHne moxcct 6biTb nepe4)opMyjiHpoBaHo tsk: P-Mepa 
MHOJKecTBa nocjie/ioBaTejibHOCTeil. HMeioiUHX /lecjjeKT 6ojibme n, He npeBocxo/iHT 2~". Ecjih orpa- 
HHiHTbCH Li;ejibiMH 3HaieHH5iMH 71, TO Mbi npHxoflHM K KjiaccHiecKOMy onpeflejieHHio MapTHH-JIe4)a 
(cm. saMenaHHe 2.15). 

JlerKO BH/teTb, "^to h iipn stom oiipe/],ejieHHH cpe/tH Bcex TecTOB cymecTByeT MaKCHMajibHbm 
(c To^HocTbK) flo yMHOJKeHHJi iia KOHCTaHTy). EMy cooTBeTCTByeT MaKCHMajibnaa (c TOHHocTbio 
flo a/i/iHTHBHoit KOHCTaHTbi) 4)yHKi;HH fle4)eKTa. B caMOM flejie, Sy^eivi nepenncjiHTb Bce tccth (h 
iioHTH-TecTbi, r;^e ycjioBHe na Mepy B^Boe ocjia6jieHo) h cooTBeTCTByiomHe hm 4)yHKi];HH p^e^eKTa 
di. 3aTeM BosbMeM hx MaKCHMyM (c a^iiHTHBHbiMH /;o6aBKaMH, cooTBeTCTByiomHMH BecaM): 

d(a;) — max[(ij(ci;) — i] — c. 

i 

3tot MaKCHMyM mojkct SbiTb MeHbuie di TOJibKO Ha i + c; c flpyroit CTopoHbi. mho^kcctbo tcx oj, pflsi 
KOTopbix d(a;) > k, npeflCTaBjiHCT co6oh oGT^eflnHeHHc mhojkcctb {oj \ di{ui) > k + i + c}. Mepbi 

9THX MHOJKeCTB HC HpCBOCXOflHT H HpH lIOAXOAHHl,eM C HX oGte^HHeHHe HMeCT Mcpy hc 

6ojibme 2~^, KaK h TpeGyeTca. 

Bo3HHKaeT ecTecTBCHHbiH Bonpoc: KaK CBaaanbi SHaneHHa yHHBcpcajibHoro orpaHH^CHHoro b 
cpcflHCM TccTa t**™"^ H yHHBcpcajibHoro orpaHHicHHoro ho bcpohthocth TccTa tP™*^? KaK mm bh- 
flCJiH, OHH o6a 6ecK0HeHHbi na o^hhx h tcx jkc Hocjie^oBaTejibHocTHx; 6ojiee Toro, h KOHCHHbie 
SHaHCHHH HX 6jih3kh: 

npe/],jio»ceHHe 2.16. 

d^'"''{uj) < dP™^(a;) < d^^^'iuj) + 21ogd^^'=''(w) 

JJoKaaameA'bcmeo. KaK mm bh^cjih, orpaHHHeHHbie b cpeflHCM tcctm aBTOMaTHHccKH orpann- 

HCHbi HO BcposTHOCTH. OTKy/];a cjiejiyeT nepBoe nepaBCHCTBO. HtoGm p^oKsaairi, BTopoe nepaBCHCTBO, 
paccMOTpHM HpoHSBOJibHMH orpaHHieHHMH HO BcpoaTHocTH TccT H cFo jiorapHcJjM d{ui). HoKaJKeM, 
HTo d— 21ogd orpaHHHCH b cpeflHCM (b jiorapH<J)MHHecKOH niKajie). B caMOM ^ejie, coGmthc 
Haxo/],HTca Me>K;i,y i — 1 a i" hmcct bcpohthoctb hc 6ojiee l/2*~^, HHTcrpaji ot 2'^"^'°^'^ no STOMy 

MHOJKCCTBy He HpCBOCXOflHT 2~*+^2*~^ * — 0{l/l^), H HOTOMy HHTCrpajI HO BCCMy HpOCTpaHCTBy 
KOHC^CH. 

OcTaeicH aaMCTHTb, ^to HcpaBCHCTBo a < 6 + 2 log h cjie^ycT h3 6 > a — 2 log a. B caMOM ^ejie, 
H3 & ^ a — 2 log a cnep^ei 6 ^ a/2 (npn ^ocTaTOHHo 6ojibmHx a) h HOTOMy log a ^ log 6 + 1, TaK 

HTO a < 6 + 2 log a<b + 2 log 6. 

B o6u];eM cjiy^ae Bonpoc o tom, KaK CBHsana orpaHHMCHHOCTb b cpe/iHCM h orpaHHHCHHOCTb ho 
BcpoHTHocTH, pasGHpacTCH B cTaTbc [24]. TaM HOKasano (h 3to hccjiojkho), ito ccjih u: [1, +oo] — )• 

[0, +Oo] — MOHOTOHHaH HeHpCpMBHaSI 4)yHKH;HH, flJIH KOTOpoft u{t)/t'^ dt ^ 1, TO u{t{uj)) HBJIfl- 

CTCH OrpaHHHCHHblM B CpC/lHCM TCCTOM fl^JIil JlKl6orO OrpaHH-qCHHOrO HO BCpOSTHOCTH TCCTa t, H HTO 

3T0 ycjioBHc Ha u Hejib33 yjiy^HiHTb. (Hama 0H;eHKa HOJiynaeTCfl npn u{x) ~ a;/ log^ x.) 
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SaMenaHHe 2.17. nocjiednee npedAootcenue HanoMunaem cooirmoiueHue Meaxdy npocmou u npe- 
^UKCHOU cjiootcHocmnMU {kuk u c moHKU apeniiH coomHomenvji Mcotcdy onpedejienuHMU — e odnoM 
oepaHUHueaemcH unmezpaA, e dpyzoM KOAUuecmeo o6^eKmoe, — maK u no peayAhmamaM) . Baotcno 
UMemb e eudy, nmo ceunac paanwua MCMcdy deyun eeAUHunaMU ozpaHunena AoeapucfiMOM /tecj^ex- 
Ta, u nomoMy muau, ecAU nocAedoeameAbHocmb 6AU3Ka k CAyuauHou, e mo epeuH kuk dAH pa3Huv,a 
Meotcdy np&fiuKCHOu u o6uhhou CAOOKHOcruHMU oy,eHueaemcn uepea Aozapu^M comux amux ecAU- 
HUH {Komopuu eejiuK dAH cjiyuauHux o6^eKmoe). 

Bonpoc. HHTepecHo 6bijio 6bi noHHTb, oTjiHHaiorcii jih ^Ba BH^a TecTOB jmuih neKOTopbiM c^bh- 
roM niKajibi hjih 6ojiee cymecTBeHHbiM o6pa30M. no;;TBepjK/];eHHeM TaKoro 6ojiee cymecTBeHHoro 
pasjiHHua Morjio 6bi cjiyjKHTb ceMeficTBO iiocjie/tOBaTejibHOCTeii uii a ui'^, fljiH KOTopbix 

npH i — )■ 00, HO 

dP™^(a;i) - <F'°^{cv'i) -00. 
AbTopbi He 3HaioT, cymecTByeT jih TaKoe ceMeiicTBo. 

2.4 OopMyjia flJia orpaHnneHHoro b cpeflneM /],e(J>eKTa 

9Ta 4)opMyjia HCHOJibsyeT noHHTHe anpHopHOH bbpohthocth (hjih Hpe4)HKCHyio cjiojKHocTb); na- 
HOMHHM cooTBeTCTByiomHe OHpeflejieHHJi (HOflpoSnee cm. b [26, 19]). 

OnpeflejieHHe 2.18. MHOotcecmeo deouunux CAoe Hoaueaemcn 6ecHpe4)HKCHbiM, ecjiu hu oBuh 113 

620 SACMeHmoe He fisAfiemcR uanaAOM dpyzozo. BuHUCAUMaji uacmuHHaR cjiyHKi^uM T us mhomcc- 
cmea deouunux CAoe e ce6H naaueaemcH caivioorpaHHHeHHbiM fleKOMnpeccopoM, ecAU ee o6Aacmb 
onpedeACHun ^eA^emcM 6ecnpe^uKCHUM MHOotcecmeoM. Mu onpedeA^eM CAOotcHocmt KPd{x) cao- 
ea X omHocumeAbHO deKOMnpeccopa D kuk MUHUMaAbnym dAuny CAoea p, dAJi Komopozo D{p) — x. 
Cpedu ecex coMoozpaHuueHHUx dcKOMnpeccopoe cymecmeyem OHTHMajibHbiii, dAH Komopozo (fiyuK- 
y,vji KP D MUHUMOAbHa c moHHOcmbK) do addumuenou KOHcmaHmu. 9ma MUHUMOAbHasi ^yuK- 
VfUii {dAJi HCKomopozo (fiuKcupoeauHozo onmuMOAbHozo deKOMnpeccopa) naaueaemcH Hpe<J)HKCHOH 
cjioJKHOCTbio u o6o3HaHaemcsi KP{x). 

BeAUHUHa in(x) = 2~^^(^^ Haaueaemcn /tHCKpeTHofl aiipiiopiiOH BeposiTHOCTbio CAoea x. 

HasBaHHe "anpHopnaa BeposiTHocTb" cBsisaHo c TeM, hto aia 4)yHKi;HH sBjiaeTca iviaKCHMajibHOH 

(c TOHHOCTbK) flO HOCTOHHHOrO MHOJKHTejUl) B HeKOTOpOM KJiaCCC BepOJITHOCTHblX paCHpeflejieHHH. 

Mbi HpHBe^eM cooTBeTCTByiomHe onpe^ejieHHa h <J)opMyjiHpoBKH 6e3 ^OKasaTejibCTBa. 
Onpe/],ejieHHe 2.19. OyHKUfUn f: {0,1}* — )■ [0,oo) naaueaemc^ ^HCKpeTHOH HOJiyMepoli, ecAU 

HepeHHCJiHMbie cnnsy flHCKpeTHbie HOJiyMepbi mojkho oHHcaTb KaK Bbrxo^Hbie pacHpeflejieHHH 

BepOJITHOCTHblX ajIFOpHTMOB, HCnOJIb3yiOIll,HX /];aTHHK CJiyMaHHblX MHCejI H Bbl/iaiOmHX Ha BblXOfl 

HeKOTopoe cjioBo (ecjiH ajiropHTM ocTaHaBjiHBaeTcsi; c HeKOTopoit BeposTHocTbio oh MOJKeT h ne 

OCTaHOBHTbCa) . 

IIpefljioxceHHe 2.20. 0yHKv,uji in{x) fieAnemcH nepeuucAUMOu cnuay ducKpemnou noAyMepou, 
MaKCUMttAbHou 6 9moM KAucce c moHHOcmbJO do KOHcmanmu: dAA ak)6ou nepenucAUMou cnuay 
ducKpemnou noAyuepu f naudemcn maKaa KOHcmanma c, nmo c ■ m{x) ^ f{x) npu ecex x. 

Teiiepb MOJKHo yKasaTb jiBHyio 4)opMyjiy pjisi yHHBepcajibHoro orpaHHHeHHoro b cpe^neM TecTa 
cjiyHaHHOCTH: 
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npe/i,jio:aceHHe 2.21. ^yi^ dauHou euuucAUMOu uepu P ynueepcaAbHuu oepaHuueHHUu e cpedneM 
mecm tp aadaemcH ^opuyAou: 

, , \ - m(.-r) 

{EcAU P{x) — 0, coomeemcmeyKmaH dpo6b CHumaemcn decKOHeuHou.) 

JJoKaaameA'bcmeo. IlepeHHCJiHMa^H cHHsy ^yuKsiasi na 6ecK0HeHHbix nocjie^oBaTejifaHOCTHx on- 
pe/iejiHeTCH kek npepfiji BoapacTaiomeil nocjie/ioBaTejibHOCTH 6a3HCHbix 4)yHKii,HH. Mojkho npep,- 
CTaBjisTb ce6e 3to BospacTaHHe TaK: b KajKflbift MOMeHT KajKfloe cjiobo x HMeeT HeKOTopbift neoTpn- 
ii;aTejibHbiH paii;HOHajibHbili "Bee" w{x), a sHaneHHe ^ymm^aa na noejie^oBaTejibHoeTH paBHo eyMMe 
BecoB Bcex ee na'^aji. IIocTeneHHO Beca (nsna'^ajibHO paBHbie nyjiio) yBejiHHHBaiOTeH; b Kaxfi^bm 

MOMeHT JIHUIb KOHeHHOe HHCJIO BeCOB He paBHbl HyjIK). 

B TepMHHax BecoB ycjioBHe orpaHH^eHHocTH b cpe^neM sanHCbmaeTCH KaK 



^P{x)w{x) ^ 1, 



no9TOMy npH yMHOJKeHHH BecoB na P{x) oho b tohhocth cooTBeTCTByeT onpe^ejieHHio ^HCKpeT- 
Hoit HOJiyMepbi. SaMeTHM, hto BbiHHCJiHMocTb Mepbi P rapaHTHpyeT, hto nepeHHCJiHMocTb cHHsy 
coxpaH5ieTca b o6e cTopoHbi (npH yMHOJKeHHH h ^ejienHH na P). 
Bojiee 4)opMajibHo, 4)yHKii,HH 

Em(x) 
P(x) 

HBjiaeTCH iiepeHHCjiHMbiM CHH3y orpaKHHeHiibiM b cpepfieM TecTOM; ee HHTerpaji b to^hocth pasen 
^^m(a;). C flpyrofl; cTopoHbi, jiioGoh nepeiHCJiHMbiH cHHsy TecT MOJKeT 6biTb npeflCTaBjien b 
TepMHHax yBejiHHeHHH BecoB, h npe^ejibHbie sHaneHHsi 9thx BecoB, yMHOJKeHHbie na P, o6pa3yioT 
nepeHHCjiHMyio CHHsy nojiyMepy. 

(SaMeTHM, HTO BTopoe npeo6pa30BaHHe He oflH03HaHHo: Beca mojkho nepepacnpe/iejiHTb MeyKpj 
flBOHq;HbiM cjioBOM H ero npoflOJKKeHHJiMH 6e3 H3MeHeHHfl 4)yHKu;HH Ha GecKOHe^Hbix HocjieflOBa- 

TejIbHOCTHX.) 

B 3T0M paccyjKfleHHH HaM 6bijio BajKHo, ^To P (bo BTopoH lacTH paccyjKfleHHa) h 1/P (b 
nepBolt) nepeHHCJiHMbi cHHsy. 

OKasbiBaeTCH, hto b 9tom npe^jiojKeHHH mojkho saMeHHTb cyMMy na TOHHyio BepxHioio rpanb: 



TeopeMa 2.22. 



m(a;) . x - m(x) 



IlepBoe H3 paBencTB mojkho nepenacaTb b jiorapHc|3MHHecKOH uiKajie: 

dp(w) = sup[-logP(x) - KP{x)] 

/^OKaaameAhcmeo. HocKOJibKy BepxHHH rpanb ne iipeBocxoflHT cyMMbi, TpeGyeT flOKasaTejibCTBa 
TOJibKo HepaBeHCTBo B oflHy cTopoHy: na^o oSmchhtb, noneMy BepxHHH rpanb ne cHjibHo MeHbme 

CyMMbl. 

fljia flaHHoro TecTa t paccMOTpHM 4)yHKu;HH ti (fljui Bcex z e Z), onpeflejienHbie Tax: ti{(jo) — 2*, 
ecjiH t{uj) > 2*, H paBHo nyjiio b hpothbhom cjiynae. Bee ohh nepeHHCJiHMbi cHHsy, h hx cyMMa 
OTjiH^aeTca ot t He 6ojiee "qeM B/iBoe (b Ty hjih /ipyrylo CTopony). KpoMe Toro, fljisi jiioSoh tohkh 
u) BejiHHHHa HpeBocxoflHT supjti(a;) ne 6ojiee neM BflBoe. 
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HpeoGpasyeM KajK;;oe ti b cyMMy eecoB. kek oiiHcaHO Bbime. Hpn 3tom, nocKOJiBKy ti HMeeT 
TOJibKo flBa sHaneHHa (nyjieBoe h HenyjieBoe), mojkho c^TaTb, wco BepniHHbi HenyjieBoro Beca 
o6pa3yK)T 6ecnpe4)HKCHoe MHOJKecTBo (na KayKflpA bctbh ecTb MaKCHMyM o^Ha TaKaa BepniHHa). 

CKjia/ibiBaa Beca B/];ojib KajK/];oH bbtbh ui, mm nojiy^HM '^iti{u)), to ecTb yHHBepcajibHbiil tbct 

t{uj) (c TOIHOCTbK) flO KOHCTaHTbl) . EcjIH JKe BMeCTO CyMMbI BeCOB 6paTb MaKCHMyM, TO Mbl nojiyiHM 

HeHTo MeHbinee, ho yMeHbrnenne 6yfleT ne 6ojiee neM b flBa pasa, nocKOJibKy mh cKjiaflbiBaeM 

pasjiHHHbie CTeiicHH /],BOHKH. (IIpH 3TOM BajKHO, HTO /];jia Ka>K/];oro B OT;i;ejibHOCTH nepexo/i; 
OT cyMMbi K MaKCHMyMy HHHero He MenaeT, nocKOJibxy b^ojib KaJK^OH bctbh tojibko o^hh hjich 
HeHyjieBOH.) 

3to paccyjKflCHHe ocTacTca b CHjie, ecim paapeniHTb HenyjieBbie Beca He ^Jia Bcex Bepmnn, a 
TOJibKo flfTLsi cjioB onpeflCJieHKbix fljiHH. UycTb y nac HMeeTCH HeKOTopa,H BbiHHCJiHMaH BospacTaio- 
maH nocjieflOBaTejibHocTb ^jihh ni < n2 < ns < 

TeopeMa 2.23. 

dpH i sup[-logP(a;(l : rifc)) - KP{u>{l : rifc))]. 
fc 

(3flecb uj{l : n) osna^acT na^ajio nocjieflOBaTCJibHocTH uj fljiHHbi n.) 

JJoKaaameA'bcmeo. ITepexoflH ot nepeHHCJiHMbix <J)yHKLi;HH na nocjie^oBaTejibHocTHx k cyMMaM 
BecoB, MOJKHo BbiGnpaTb Beca tojibko paspemeHHbix ^jihh. 

9Ta TeopeMa nosBOJiaeT flaTb ecTecTBeHHyro xapaKTepH3aii;HK) ^ecJjeKTa cjiynaHHocTH ^ByMcp- 

HblX MaCCHBOB (KOTOpblC C TO'^KH 3peHHa TOnOJIOFHH H MCpbl HH'^eM HC OTJIH-qaKITCa OT Ofl^HOMep- 

Hbix, H noTOMy onpeflejicHHe orpaHHHeHHoro b cpeflHCM flecjseKTa cjiy^aiiHocTH na hhx o^cbh^ho 

nepCHOCHTCa) . A HMCHHO, flOCTaTO^HO CpaBHHBaTb BepOHTHOCTb H CJIOXCHOCTb, CKaXCeM, flflSl KBafl- 

paTOB c ii;eHTpoM b Hanajie KoopflnnaT. (B caMOM ^ejie, mojkho pacnojiojKHTb kjictkh hjiockocth b 
nocjie/loBaTejibHocTb TaKHM o6pa30M, HTo6bi 3th KBa/ipaTbi cooTBCTCTBOBajiH HanajiaM nocjie^oBa- 
TCJibHOCTH, H cocjiaTbca Ha npeflbmymyK) TcopcMy.) 

HcTopHHecKoe OTCTynjieHHe 

QopMyjia pflu fle4)eKTa cjiynaliHocTH HBjiaeTca KOJiHHecTBeHHbiM yTOHHCHHeM cjieflyromero KpHTe- 
pna: 

TeopeMa 2.24 (KpHTepHH cjiy^aflHOCTH b TepMHHax iipecjjHKCHoii cjiojkhocth) . IIocjiedoeameAb- 
Hocmb bj cAyuauHa no euuucjiuMou uepe P mozda u moAbKO mozda, Kozda paanocmb — log P{x) — 
KP{x) ozpanuHena ceepxy djin ecex ee nana/i. 

3tot KpHTepHH 6biji BHcpBbie c4)opMyjiHpoBaH B [4] CO ccbijiKOH Ha ninoppa; flOKa3aTejib- 
CTBo (flJiH npoHSBOJibHoit Mepbi) 6bijio onyGjiHKOBaHo BnepBbie b [9]. Eme ^o 9Toro Ulnopp h 

JleBHH (He3aBHCHMO b [23] H [16]) ccjjopMyjmpoBajiH 6.;ih3khh KpHTepHH cjiyHafiHOCTH, Hcnojib3yio- 
mHH HecKOJibKO /ipyrou bh/x cjio>khocth ("MOHOTOHiiyio cjiojKHOCTb") . HpHBe/teM ee oiipe/tejieHHe 
H cooTBeTCTByioinyio (JjopMyjmpoBKy KpHTcpna. (B u,HTHpoBaHHOH pa6oTe IIlHoppa HCiiojib3yeTca 
HecKOJibKO ;;pyi'OH bh;i; cjiojkhocth, ho hosjkc Ulnopp TaKJKe HcnojibsoBaji BapnaHT cjiojkhocth, 

BBe^eHHblH JleBHHblM.) 

OnpeflBJieHHe 2.25 (MoHOTOHHaa cjiojkhoctb) . EydcM naaueamb dea cjioea cobmccthbimh, ecjiu 
odno U3 Hux JieAJiemcji nauaAOM dpyzozo. PaccMompuM nepeuucAUMoe MHooKecmeo A nap cjioe 
{x,y), o6Aada'K)mee maKUM ceoucmeoM: ecAU {p,q) G A, {p',q') & A u p coeMecmno c p' , mo q 
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coeMecmHO c q'. Tame MHOofcecmeo {"MOHomoHHUu deKounpeccop") aadaem omo6paoKeHue mho- 
ofcecmea kohchhux u decKoneuHux nocAedoeameAbHocmeu e ce6si, onpede/ineMoe maKoil (popMyAou 
{u o6o3HaHaeMoe moil otce 6yKeou A): 

A{p) — sup{x I {3p' C p){p' , x) € A]. 

3decb p — KOHeHHttH u/iu 6ecK0HeHHafi nocAedoeameAbHocmb, p' u x — deouunue CAoea, a sup 
noHUMaemc^ kuk HauMCHbiuee o6iu,ee npodoAotceHue, Kornopoe Mootcem 6umb kohchhum vjiu 6ec- 
KoneHHUM. ( YcAoeue na A zapaHmupyem, umo o6w,ee npodoAMcenue cymecmeyem.) 

JJaAee mu onpedeARCM MOHomoHHym CAOMCHOcmb KM a{x) CAoea x ornHocurneAbHO A kuk mu- 
HUMOAbHyu) dAUHy CAoea p, Oaa Komopozo A{j)) □ x. Cpedu ecex MOHorno'tmux deKOMupeccopoe 
cymecmeyem onmuMaAbHuu, CAOotcnocmb omnocumeAbHO neeo MUHUMOAbna (c mouHocmbw do 
KOHcmanmu). OuKcupycM onmuMOAbHuu denoMnpeccop V u noAootcuM KM{x) — KMv{x). 

SaMenaHHe 2.26. ^acmuuM CAyuacM MOHomoHuux denoMnpeccopoe mAHJomcH omodpaoKenvji, 

sadaeaeMue MauiHHaMH TbiopHHra c opaKyjioM. IIpedcmaeuM ce6e Mamuny M co odnocmopoH- 
neu exodHoii AeHmoil {moAbKO Oaa umeHUfi), na Komopoii nanucana KOHeuHUA uau 6ecK0HeHHaA 
nocAcdoeamcAbHocmb p. Kpoue mozo, Mamuna uueem padonyw Acnmy, a maKotce odnocmopoH- 
HJom euxodHym Aenmy {moAbKO Oah aanucu). B npoVjecce pa6omu na smoii Aenme noAGAAemcA 
KOHCHHaA UAU dccKOHCHHaA nocAedoeamcAbHocmb M(jp) [pa6oma Mootcem saKomumbCA, ecAU Ma- 
muna npudem e aaKATOHumcAbHoe cocmonnue uau euudem aa zpanuu^y exodnozo CAoea, uau npodoA- 
otcambCA 6ecK0HeHH0, ecjiu ne 6ydem hu mozo, hu dpyzozo). JlezKO ydedumbcn, umo omo6paotceHue 
p I— > M{p) 6ydem MOHomoHHUM deKOMnpeccopoM {odnaKO ne ece MOHomoHHue deKOMnpeccopu 
coomeemcmeymm maKUM MaiuunaM, man umo noAynaemcA uecKOAbKO 6oAee ysKuii KAacc omo6pa- 
otccHuu — umo, enpoHCM, como no cede ne zapanmupyem, nmo noAyuumcA cymecmeeuHO dpyzan 

(fiyUKUfUA CAOOKHOCmu). 

MoHOTOHHbie fleKOMnpeccopbi (hjih ManiHHbi c opaKyjioM onncaHHoro BH^a) MoryT Gbitb hc- 
nojibsoBaHbi fljiH onpe^ejieHHH /ipyroro BH^a anpHopnoit BepoHTHOCTH: anpuopnou eepoAmnocmu 
Ha depeee (KOTopyio mo>kho TaK>Ke nasBaTb Henpepuenou anpuopnou eepojimnocmb'to) . 

Onpe/i,ejieHHe 2.27. UodaduM na exod Monomonnozo deKOMnpeccopa A nocAedoeamcAbnocmb 
neaaeucuMux cAynaunux 6umoe u nocMompuM na euxodnoe pacnpedcAcnue na Koneunux u 6ec- 
Koneunux nocjiedoeameAbnocmnx. OdoanauuM uepea Ma{x) eepoAmnocmb mozo, umo euxodnan 
nocAcdoeamcAbnocmb 6ydem UMcmb nanaAO x. 

JlezKO eudemb, umo cf)ynKU,UA Ma npunujuaem neompuu,ameAbnue anauenuA, nepeuucAUMa 
cnuay, M^(A) — 1 {adecb A — nycmoe CAoeo) u umo Ma{x) ^ Ma{xO) + Ma{x1). 

(pynKU,uu, o6AadaK)m,ue yKaaannuMU ceoucmeaMU, naaueammcn nepeHHCJiHMbiMH CHHsy nojiy- 
MepaMH Ha flepebe (uau HenpepbiBHbiMH nojiyiviepaMH) . 

Hcnojib3yH Ty jKe KOHCTpyKi];Hio, hto h ^jih onTHMajibHoro fleKOMnpeccopa, mojkho flOKasaTb 

TaKoe yTBep>K/teHHe [30]: 

HpefljioxceHHe 2.28. (a) BcAKaA nepeuucAUMaA cnuay noAyMcpa na depeee AeAAcmcA euxodnuM 
pacnpedeAenucM Ma Bah nenomopozo Monomonnozo dcKOMupeccopa A. 

(6) Cpedu ecex nepeuucAUMUx cnuay noAyMcp na depeee cymecmeyem MaKCUMOAbnan (c mou- 
nocmbK) do yMnootcenuH na Koncmanmy). 

Onpe/],ejieHHe 2.29. (PuKcupycM HeKomopym MaKC'tiAiaAbHyio uepeHUCAUMyw CHuay noAyAiepy na 
depeee u naaoecM ee anpnopHOH BeposiTHocTbio na ^epebe, uau nenpepbiBHOH anpnopHOH BepoaT- 
HocTbK). Odoanauenue: a{x). 
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CooTHomeHHe MeyKffy anpnopHOH BepoHTHOCTBio iia ;;epeBe h mohotohhoh cjioJKHOCTbio OT^acTH 
HanoMHHaeT cooTHoineHHe Meynfty flHCKpeTHoft aiipHopHoft BepoaTHocTbio h npe4)HKCHoft cjioxcho- 
CTbK). OflHaKo B 3T0M cjiyHae 2~^^^'^\ xoth h HBjiHeTCJi iiepeHHCjiHMOH cHHsy nojiyMepolt na 
flepeBe. He HBjiaeTCH MaKCHMajibHofl [10]. J\pyrmMvi cjioBaMH, KA (x) = — loga(a;) He npeBocxoflHT 
MOHOTOHHOH cjiojKHocTH, HO MOJKeT 6biTb MeHbuie ec (h pa3HHu;a He orpaHHiena). 

Tenepb mojkho c4)opMyjiHpoBaTb ynoMHHyTbiii KpHTepHH cjiynaliHocTH; ero ^OKasaTejibCTBo, 

TeXHHHeCKH He CJIOJKHOe, MOJKHO HaHTH B [19, 7, 26]. 

IIpefljioxceHHe 2.30. JJam eunucAUMOu Mepu P naO, u nocjiedoeame/ibHocmu uj £ ft CAedymmue 

ceoucmea pasHocuAbHu: 

(i) (jj CAyuauHa no uepe P; 

(ii) limsup2,Q^j[— log P(a;) — KM{x)\ < oo; 

(iii) liminfa;Ctj[- logP(a;) - KM{x)] < oo; 

(iv) limsup2.c^[-logP(.'r) - KA (x)] < oo; 

(v) liininf^C(^[- log P(.i;) - KA {x)] < oo; 

KpHTepHH cjiynaHHocTH c npecJjHKCHOH cjiojKHocTbio HMeeT flBa oTjiHHHa: B HCM pasHocTb (orpa- 
HHHeHHaH CBepxy ^jiji cjiynaftHbix nocjieflOBaTejibHocTeii) ne Bcer^a orpanHHena cHHsy (b oTjinnne 
OT nocjie/iHero KpHTepna); KpoMe Toro, b hSm limsup nejibsa aaivieHHTb Ha liminf. 

B HocjieflHeM mojkho yGeflHTbCJi na TaKOM npHMepe. SaMeTHM, hto k BcaKOJviy cjioBy x mojkho 
flOHHcaTb HeKOTopbie 6HTbi, HOJiywB cjioBo y c KP{y) ^ \y\ (r^e \y\ — ;;jiHHa cjioBa y). B caMOM 
flejie, ecjiH 6bi sto 6buio He TaK, to npoflOJCKeHHH cjioBa x mm HMejiH 6bi m(t/) ^ 2~l^l h cyMMa 

m(y) 6bijia 6bi GecKoneHHofi. HocTpoHM nocjie/ioBaTejibHOCTb, no o^egejxa. /lonHCbmaa pflvin- 
Hbie yH;acTKH h3 Hyjieit, itoGm cflejiaTb cjiojKHocTb cymecTBenno Menbuie fljiHHbi, a hotom Ghtm, 

KOTOpbie BHOBb flOBOflHT CJIOJKHOCTb flO flJIHHbl (xaK Mbl TOJIbKO HTO BHflejIH, 9T0 BCerfla B03MOJKHo) . 

TaKaa nocjie/ioBaTejibHOCTb ne 6y/i;eT cjiy^aiiHOH no paBHOMepnoil Mepe (nocKOjibKy lim sup paano- 
CTH GecKOHeHen), ho HMeeT GecKoneHHo mhofo nanaji, y KOTopbix cjiojKHocTb ne Menbuie fljiHHbi, 
TaK ^To liminf Konenen. 

OopMyjia fljia (orpaHHHeHHoro b cpe^HeM) fle(|)eKTa cjiynaitHOCTH HMeeT jiio6onbiTHoe cjie^- 
CTBHe. PaccMOTpHM paBHOMepHyKj Mepy na nocjie/ioBaTejibHOCTax (cooTBeTCTByion];yio nesaBHCH- 
MbiM GpocannaM H;ecTHOH MoneTbi) . 3Ta Mepa HnBapnaHTna oTHocHTejibno nepecTanoBOK, h oTciofla 
jierKO cjie^eT, hto BbiHHCJiHMbie nepecTanoBKH HjienoB nocjie^oBaTejibHocTH coxpanaioT cjiynali- 
HocTb. Bojiee Toro. onn coxpanaioT h fle<J)eKT cjiyHaliHocTH (c TOHHocTbio pp KOHCTaHTbi). OTciofla 
HOJiy^aeM TaKoe cnepizisme: 

npe/];jio»ceHHe 2.31. MaKCUMaAbuasi pasHocmb \x\ — KF{x) Sar nanaA CAynauHou nocAedoea- 
meAbHocmu oj usMeHHemcH npu euuucAUMOu nepecmanoeKe UAenoe nocAedoeameAbHocmu ne 6oAee 
HCM na KOHcmaHmy {aaeucMmyw om nepecmaHoeKU, ho ne om nocAedoeameAbHocmu) . 

HeKOTopbie 6ojiee o6m;He pesyjibTaTbi TaKoro THna mojkho naliTH b [16, 17, 11]. 
JXpyroe cjieflCTBHe HSBecTHo nofl HasBanneM "jieMMbi Mnjijiepa - KD" ( Miller- Yu ample access 
lemma) : 

Cjie/],cTBHe 2.32. IIocAedoeameAbHocmb uj CAyuauHa omHocumeAbHO euHuuiuMou Mepu P mozda 
u moAbKO mozda, Kozda 

OTciofla, KCTaTH, MOJKHO HOJiyHHTb flpyroc flOKasaTCJibCTBo yjKe ynoManyToro <J)aKTa: 
CjieflCTBHe 2.33. fl,AJi ecnKozo CAoea x HaudemcM eeo npodoAotcenue y, y Komopozo KP{y) > \y\. 
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/loKaaameAbcmeo. B caMOM ^ejie, x ABjiaeTCfl HanajioM HeKOTopoft cjiyiaftHoft nocjie^oBaTejib- 
HocTH, H y Hee no jieMMe Mnjijiepa-K) ecTb ckojib yroflHo fljiHHHbie Hanajia, cjioxchoctb KOTopbix 
6ojibme fljiHHbi. 

2.5 HrpoBaa HHTepnpeTai],Ha 

QopMyjia fljiH fle4)eKTa cjiynaliHocTH MOJKeT 6biTb HHTepnpeTHpoBaHa b nrpoBbix TepMHHax. Pac- 

CMOTpHM Hrpy AjiHCbi H Bo6a c HenojiHoil HHcjjopMai^Heil. AjiHca BbiGnpaeT GecKOHe^Hyio nocjie/];o- 
BaTejibHocTb Hyjieft h eflHHHu;. Bo6 BbiGnpaeT (ne bh^ji nocjieflOBaTejibHocTH Ajihcm) cjiobo x. Ohh 

BCTpenaiOTCH H O^HOBpeMeHHO OTKpblBaiOT CBOH XOflbl. IToCJie 9TOrO, eCJIH X HBJIHeTCH Ha^ajIOM (jj, 

TO AjiHca njiaTHT Bo6y 21^' py6jieli. (9Ta BepcHH nrpbi cooTBeTCTByeT paBHOMepHofi Mepe, to ecTb 
HesaBHCHMbiM 6pocaHHaM cHMMeTpH^Hoit MOHeTbi; B oGmeM cjiy^ae AjiHca njiaTHT Bo6y 1/P{x).) 

KaK oSbiHHo fljia nrp c nenojiHoii HH(J)opMaii;HeH, Sy^eivi paccMaTpHBaTb uucmue cTpaTernn 
(bo3mojkhocth HrpoKOB, corjiacHo npaBHjiaM nrpbi), h cMeiuaHHue cmpamezuu (pacnpeflejieHHH 
BeposTHOCTeil na "^HCTbix CTpaTernax). JlerKO BH/ieTb, "^to t^ewa SToit nrpbi (b CMbicjie CMemaHHbix 
CTpaTerHH, KaK 3to oGbihho noHHMaeTca fljis nrp c nenojiHOH HH4)opMaLi;HeH) paBHa 1. B caMOM 
flejie, Bo6 MOJKeT yKaaaTb nycToe cjiobo h nojiyHHTb 1 b jiio6om cjiynae. C ^yrolt cTopoHbi, 
ecjiH AjiHca necTHo nojiynaeT cbok) nocjieflOBaTejibHocTb 6pocaHHeM MoneTbi, to MaTeMaTHHecKoe 
ojKH^aHHe ee nponrpbima paBHo 1, KaK 6bi hh nomeji Bo6. 

OKasbiBaeTCH, hto Bo6 moxcbt nocTpoHTb BepOHTHOCTHyro CTpaTernK), KOTopaa rapanTHpycT 
eMy yciiex, ecjiH AjiHca nojieHHTca 6pocaTb MoneTbi h npHHeceT HecjiynaliHyK) nocjieflOBaTejib- 
HOCTb. PaccMOTpHM BepoHTHOCTHbiH ajiTopHTM D, KOTopbiit p^sieT Ha Bbixo/];e ppowinae cjioBa (a 
MOJKeT H HHHero He flaTb c nojiojKHTejibHOH BepoHTHocTbKi) . TaKOH ajiropHTM aBjiaeTca cMemaHHOH 
CTpaTerneft fljiH Bo6a (ecjiH na Bbixo^e He noHBjiaeTCH HHKaKoro cjioBa, to Bo6 nponycKaeT nrpy 
H HHHero He nojiy^iaeT) . 

Tenepb mojkho saivieTHTb cjieflyromee: 

(i) Jinn jiroGoit BepoHTHocTHoft cTpaTernn Bo6a MaTeMaTHHecKoe oxcH^aHHe ee Bbmrpbima (KaK 

<J)yHKH;HH OT HOCJieflOBaTejIbHOCTH AjIHCbl) HBJiaeTCH OrpaHHHeHHbIM B CpeflHeM TeCTOM. (Otck)- 

fla yjKe cneflveT. "^ito 3to MaTeMaTHHecKoe ojKH^aHHe 6yfleT KoneHHbiM, ecjiH nocjieflOBaTejibHOCTb 
AjiHCbi cjiynaiiHa b CMbicjie MapTHH-JIe4)a.) 

(ii) EcjiH m{x) — BepoHTHocTb nojiyHHTb x na Bbrxo^e ajiropHTMa D, to MaTeiwaTHHecKoe ojkh- 
flaHHe BbiHrpbima Bo6a na uj paBHo 



(iii) HosTOMy, ecjiH bshtb ajiropHTM, HopojKflaiomHH na Bbixo^e ;;HCKpeTHyio aiipHopnyio Bepo- 
HTHocTb m(x), TO MaTeMaTHHecKoe ojKHflaHHe Bbinrpbima Bo6a 6yfleT yHHBepcajibHbiM tcctom (no 
flOKaaaHHoil cjjopMyjie pjin yHHBepcajibHoro TecTa). 

TaKHM oGpasoM, HcnojibsoBaHHe anpHopHoft BepojiTHocTH KaK cMemaHHOH cTpaTernn hosbo- 
jiaeT Bo6y (b cpe^neM) naKasaTb Ajincy GecKonennbiM niTpacJjoM sa jiroGyro necjiyHaHHocTb b ee 
nocjie/tOBaTejifaHOCTH. 

MojKHo paccMaTpHBaTb HeMHoro Gojiee o6ni;yK) nrpy h paapeiuHTij Bo6y yKasbiBaTb (b Ka^ecTBe 
^HCTbix CTpaTernit) ne oflHO cjiobo x, a ncKOTopyio 6a3HCHyio (J)yHKi;Hio / c HeoTpHu,aTejibHbiMH 
SHa-qeHHSMH. HpH stom ero Bbinrpbim {pflsi nocjieflOBaTCJibHOCTH oj, npHHeceHHofl Ajehcoh), paBen 
f{uj)/ J f{uj) dP{uj). (SnaMeHaTenb /lejiaeT cpe/lHHH Bbmrpbim paBHbiM e/];HHHii,e.) Xo/iy x b CTapoit 
Hrpe npH 3tom cooTBCTCTBycT GasHCHaa 4)yHKu;iia, paBnaa 21^' na npoflOJiJKeHHax x h nyjiio b 
ocTajibHbix MecTax. 

TaKoe o6o6iu;eHne ne p^aeT no cymecTBy nniero noBoro: mm h TaK paapemaeM CMemannbie CTpa- 
Ternn, a Gasncnyio 4)yHKu;Hio mojkho npeflCTaBHTb civiecbio necKOJibKHx xoflOB. (IIojiyHHB 4)yHKu;Hio 
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/. Bo6 MOJKeT cflejiaTb eme o/tiiii BepoaTHocTHbiit mar h Bbi6paTb o^hh hs HHTepBajioB, na koto- 

pblX / nOCTOHHHa, C COOTBeTCTByiOIHeH BepOHTHOCTblO.) TaKHM 06pa30M Mbl npHXOflHM K flpyroH 

4)opMyjie fljiH yHHBepcajibHoro TecTa: 



HpeHMymecTBo stoh 4)opMyjibi b tom, hto ona coxpaHaeT cmhcji b 6ojiee o6iii;kx cjiynaax, HeM 
KaHTopoBCKoe npocTpancTBo, Kor^a HHKaKHx Bbi^ejieHHbix HHTepBajioB hgt h mm pa6oTaeM npHMo 

C KaKHM-TO KJiaCCOM 6a3HCHbIX (|)yHKLi;Hit. 

Otmcthm b saKjiio^eHHe, ^to nrpoBaa HHTepnpeTai^na TeopHH BepojiTHocTeft, corjiacHo KOTopoli 
cjiynaHHocTb o6'beKTa ecTb ne ero cbohctbo, a, rpy6o roBopa, thh rapaHTHH, c KOTopolt 9tot o6TDeKT 
npoflaeTCJi, pasBHTa b KHHre lIIeH4)epa h BoBKa [25]. 



3 Ot tgctob k cjio:acHOCTHM 



OopMyjia (1) BbipajKaeT /lecjjeKT cjiy^aiiHOCTH GecKOHe'^iHofl iiociie/toBaTejibHOCTH (ana'^eHHe yHH- 
BepcajibHoro orpaHHieHHoro b cpe^neivi TecTa) lepes cjiojkhoctb ee Konennbix nanaji. BosHHKaeT 
ecTecTBeHHbiii Bonpoc: MOJKeM jih mm ^eitcTBOBaTb b o6paTHOM HanpaBjieHHH h cBHsaTb cjiojKHocTb 
KOHe'iHoro cjioBa c fle4)eKT0M cjiynaltHocTH ero GecKOHenHbrx npoflOJixceHHit? 

Mbi yjKe nepexo/iHjiH ot GecKoneHHbix nocjie/ioBaTejibHOCTeli k KoneHRbiM b npe^jioxceHHH 2.7. 
3to moxkho cjxejmib a fl^jm yHHBepcajibHoro Tecxa: 

OnpeflejieHHe 3.1. <PuKcupyeM euHucjiuMym uepy P. Uycmh t — ozpaHuueHHUu e cpedneu 
mecm na ft. Onpede/iuM dAH ak)6ozo kohchhozo CAoea z anaueHue t{z) nan MUHUMyM aHaueHuu t 
Ha ecex npodoAotcenuHx: 

i{z) = inf t{u)). 

QyHKLi;HH t OflHosHaHHo onpe^ejuieTCH no t, h, nanpoTHB, nosBOJiHei BOccTanoBHTb t, nosTOMy 
ee MOJKHO CHHTaTb KOHeHHoil BepcHefi TecTa t. HnTyHTHBHO roBopa, cjiobo Bbir.nH/];HT HecjiyHaiiHbiM, 
ecjiH Bce ero GecKOHe^Hbie iipo/;oji>KeHHH HMeiOT Gojibiuoii ^ecjjjeKT cjiy^aiiHOCTH c tohkh speHiia t. 

Bonpoc. KojiMoropoB [14] npefljiaraji aHajiorHHHbiit noflxofl k KoneHRMM cjioBaM: fljiH KajKfloro 
cjiOBa z MOJKHO paccMOTpeTb MHHHMajibHbiH ;];e4)eKT cjiy^aHHOCTH (oTiiocHTe.jifaHO paBHOMepHoro 
pacnpeflejieHHJi, noHHMaeMbiH KaK pasnocTb MejK^y fljiHHoft h cjiojKHocTbio) ero kohchhux npo- 
flOjraceHHH. EcTb jih TyT KaKaa-TO CBJisb c 4)yHKii;HeH F? 

HoKaxceM, KaKHM o6pa30M moxcho onpe^ejiHTb 4)yHKii;Hio tp, cooTBeTCTByromyio yHHBepcajib- 
HOMy TecTy, ne oGpamaacb k 6ecK0HeHHbiM nocjie^oBaTejibHocTJiM. 

Onpe/];ejieHHe 3.2 (pacmnpeHHbiH TecT pjin BbiHiicjiiiMoft Mepbi). EydeM Haaueamb neompwua- 
mejibHym MOHomoHHym nepeuucAUMym CHUsy ^yHKi^uio T: {0,1}* — )• [0, +00] pacuiHpeHHbiM Te- 
CTOM dAii euHUCAUMOu Mcpu P, ccjiu dASi, ATodozo N cpednee anaHeHue T na cjioeax Bauhu N ne 
npeeocxodum 1: 

^ P{x)T{x) ^ 1. 

{x: \x\=N} 

MoHOTOHHocTb osHaHaeT, HTo T{x) ^ T{y) iipn x Q y. Ona rapaHTHpyei, ito cyMMy no 
BceM cjioBaM flaHHofi fljiHHM MOJKHo saMeHHTb Ha cyMMy HO npoHSBOJibHOMy KOHeHHOMy (hjih flaJKe 
6ecK0HeHH0My) 6ecHpe4)HKCHOMy MHOJKecTBy S: 

^P(x)T(x)<l. 

xes 
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(B caMOM flfijie, npo^ojiJKHM cjioBa hs S flo KaKoli-To 5ojibmoH o6iii;eH fljiHHbi.) 



npe/i,jio>KeHHe 3.3. Bcrkuu pacmupeHHUu mecm nopoatcdaem (e cmucac onpedejienufi 2.5) hcko- 
mopuii ozpaHuueHHUu e cpedneu mecm na OecKOHeuHux nocAedoeameAhHocmnx. 06pamH0, ecHKUu 
ozpaHUHCHHUu 6 cpedueM mecm na 6ecK0HeHHUx nocjiedoeamcAbHocmMX nopoofcdaemcM ncKomopuM 
pacmupcHHUM mecmoM. 

JJoKoaamcAbcmeo. IlepBaH nacTb nenocpeflCTBeHHo cjie^yeT h3 onpeflejieHHH (h TeopeMbi o 

MOHOTOHHOH CXO/I,HMOCTH IIO;!; 3HaKOM HHTerpajia). B o6paTHylO CTOpOHV MOJKHO nOJIOJKHTb T — t 

HjiH cocjiaTbCfl Ha npefljiojKeHHe 2.4 (Torfla KOJvinaKTHocTb ne noHafloGHTCfl) . 

Ho MOJKHO paccMaTpHBaTb pacuiHpeHHbie TecTM h He ynoMHHaa GecKone'^Hbie nocjie/];oBaTejib- 

HOCTH. OGblHHbIM o6pa30M MOJKHO flOKaSaTb, HTO Cpe/(H HHX CymeCTByeT MaKCHMajIbHblH: 

npe/];jio»ceHHe 3.4. Uycmb P — eunucAUMan Mcpa. Cpedu ecex paciuupeuHux mecmoe Sasi Mcpu 

P cymecmeyem MCiKCUMaAbHuu (c moHHOcmbw do yMHOOKCHUJi na KOHcmamny). 

OnpeflejieHHe 3.5. EydcM nasueamb amom MaKCUMOAbHuu mecm yHHBepcajibHbiM pacmnpeH- 

HblM TeCTOM SaSI MCpU P. 

IIpefljioxceHHe 3.6. yHueepcaAbHuu pacmupcHHUu mecm dAH Mcpu P coenadaem cip c mouno- 

CmbJO do OZpaHUHCHHOZO MHOOKUmCAn. 

/(oKaaamcAbcmeo. IIocKOJibKy tp HBjiaeTca pacuiHpeHHbiM TecTOM, to oh ne npeBocxoflHT ynn- 
BepcajibHoro (c TOHHocTbio flp KOHCTaHTbi). C ^yroH cTopoHbi, yHHBepcajibHbiii pacniHpeHHbili 
TecT sa^aeT TecT na 6ecK0HeHHbix nocjie^oBaTejibHocTHx, h ocTaeTCH cpaBHHTb ero c MaKCHMajib- 

HblM. 

3to nocTpoeHHe no cymecTBy HcnojibsyeT KOMnaKTHOCTb npocTpancTBa 17 (h noTOMy nanpHMep, 
He HpoxoflHT fljiji HocjieflOBaTejibHocTefl; naTypajibHbix HHceji), ho h 6e3 aioro mojkho HocTpoHTb 
MaKCHMajibHbiii pacninpeHHbiH tbct, KOTopbiii 6yfleM oSosHanaTb tp{x); HcnojibsoBaHHe o^Horo h 
Toro yKe o6o3HaHeHHH tp He Bbi30BeT nyTaHHu;bi, TaK KaK b o^hom cjiynae apryMeHTOM hbjihiotch 
GecKOHeHHbie nocjie/ioBaTejibHOCTH, a b /ipyroM — Kone^Hbie cjioBa. 

Oiipe;;ejieHHe pacninpeHHoro TecTa no3BOJiaeT H3rHaTb GecKone^Hbie HocjieflOBaTejibHocTH, co- 
xpaHHB no cyn];ecTBy to JKe nonaTne ynnBepcajibHoro TecTa n flajKe neMHoro o6oraTHB ero: oTMe- 
THM, HTO ne BCHKHH pacniHpeHHbiH TecT. nopo»c;^aioni;HH yHHBepca.;iijiii,iH oipaHH'^ieHHbiH b cpepfieu 
TecT, 3BjiaeTCJi ynHBepcajibnbiM pacumpenHbiM TecTOM (ero 3HaHeHHe na KaKOM-To cjioBe MOJKeT 
6biTb MajibiM, HTo He MemaeT ynnBepcajibnocTH na ypoBne GecKOHennbrx nocjieflOBaTejibHocTen, 
HocKOJibKy 3HaHeHHH Ha Bcex npoflOJiJKeHHHx 6ojibmHe). 

OnHcaHHbiii cnoco6 nepexo^a ot TecTOB na GecKonennbix nocjie^oBaTejibHocTHx k TecTaM na 

CJIOBaX He HBJISieTCH e^HHCTBeHHO B03M0JKHbIM. 

Onpe/],ejieHHe 3.7. UpednoAOCHCUM, nmo euHUCAUMUJi Mcpa P noAOMCumeAbua na ecex unmep- 
euAax: P{x) > dA^ ak)6ozo CAoea x. 06o3HaHUM uepea tp{x) ycAoenoe MamcMamuHCCKoe ooku- 
danue tp(w) npu ycjioeuu, nmo uj Hauunaemcn na x. JJpyzuMU CAoeoMU, tp{x) ecmb cpednee 
SHaHCHue t Ha unmepeoAe xQ,, mo ecmb omnomeHue unmezpoAa 




K P{x). 
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<l>yHKLi;H5i U flBjifleTCJi nepeiHCJiHMOH cHHsy nojiyMepoii. Bojiee Toro, ona oGjiaflaeT cBoiicTBaMH 
Mepbi, 3a HCKjiiOHeHHeM Toro, hto Mepa Bcero Q ne paBHa eflHHHii,e (oTMeTHM TaicHce, hto U{x) He 
o6H3aHo 6biTb BbiHHCJiHMbiM). 3Ta Mepa HMeeT njioTHocTb t oTHocHTejibHo p. OTciofla cjie^yeT, 
HTo <J)yHKi];ii5i tp HBjifleTCH MapTHHrajioM B cMbicjie cjie^iomero onpeflejieHHs: 

Onpe/],ejieHHe 3.8. 0yHKv,usi g: {0, 1}* — )■ M. Hoaueaemc^ MapTHHrajioM omHocumejibHO pacnpe- 
dcACHUH eeponrriHocmeu P, ecAU 

P{x)g{x) = P{xO)g{xO) + P{xl)g{xl) 

dAH A7o6oeo CAoea x. Ecau aaMCHumb anan "—" na noAyuuM onpedejienue cynepMapTHHrajia. 

By^yHH MapTHHrajioM, <J)yHKH;HH tp{x) ne HBjiHeTCH mohotohhoh ho x. 

Cjie/i,yionj;aa TeopeMa ycTanaBjinBaeT cooTHomeHHe MejK^ pasjiHHHbiMH MepaMH HecjiynaHHo- 

CTH flBOH^HblX CJIOB: 



TeopeMa 3.9. 



^ ' < tp{x) < tp{x) < ^ ' 



p{x) ' p{xy 

zde va.{x) — ducKpemnan anpuopnan eepofimHocmb CAoea x {cm. npedAooKCHue 2.20), a Si{x) — 
HcnpepueHOJi anpuopnoji eeponmHocmb {na depeee, cm. npedAootccHue 2.28) mozo otce CAoea. 

JJoKaaameAbcmeo. HepBoe HepaBencTBO mtokho fl^ayKe ycHUHTb. saMeHHB m{x)/ P{x) na cyMMy 
m(f)/P(i): 3Ta cyMMa siBjisieTcsi ^acTbio BbipajKeHHa fljia tp{uj) fl/Lsi jiioGoro HpoflOJiJKeHHa 
ui cjioBa X. 

Bropoe HepaBencTBo cBHSbiBaeT cpe^Hee h naHMenbrnee sHaneRHH cjiyHaliHoli BejiHHHHbi. 
nocjie/lHee HepaBencTBo cjie^eT h3 cpaBHeHHH nepeHHCJiHMoli cHHsy nojiyMepw na ^epebe U c 

MaKCHMajIbHOH . 

Otmbthm eme, hto tp(x) HBjiaeTCH MapTHHrajioM, a a.{x)/P{x) — jiHHib cynepMapTHHrajioM 

(MaKCHMajIfaHbIM CpeflH CynepMapTHHrajIOB OTHOCHTejIbHO P, C TOIHOCTblO flO MyjIbTHnjIHKaTHBHOH 
KOHCTaHTbl) . 

SaMeHaHHH 3.10. 

1. MeoKdy nepeuM u emopuM hachom Hepaeencmea nocAedneu meopcMU mookho noMccmumb 
eme dea: 

m(t) \ - in(t) 
< max — < > — ff < 
tEx P{t) ^ P{t) 

2. B Aoeapu^MUHCCKOu lUKaAC umccm 

-\ogP{x) - KP{x) < logtp(x) < logtp(a;) < -logP(a:;) - KA {x). 

3. Mepa U aaeucurn om P (nanoMHUM, nmo U — smo MaKCUMaAbuafi nepeuucAUMasi CHuay Me- 
pa, UMemWfaH nAoniHocmb omHocumeAbHO P), u dAH pasAUHHUx Mcp P {nanpuMep, c pasAUHHUMU 
HocumcAHMu) Mcpu U Moeym 6umb paanuMU. Ho aaeucuMocmb ama ne maK eejiuna: meopcMa 
noKaaueaem, umo eo3MOOKHue KOAedanuM ozpaHuneHu paauocmbK Mcotcdy KP{x) u KA{x). 

4. UocAednee Hepaeencmeo e meopeMe {tp{x) < a.{x)/P{x)) HCAbSR aaMCHumb na paecHcmeo. 
Ilycmb, HanpuMcp, Mepa P paenoMepna, a e Kanecmee x 6epymcH Hauojia eoapacmatoineii dAUHU 
KaKou-mo euHUCAUMOu nocAedoeameAbHocmu. Toeda U{x) cmpcMumc^ k nyAW {odAacmb unme- 
zpupoeaHUM cxodumcM k odHoaAeMCHmHOMy MHOotcecmey, UMCwmcMy Mcpy nyAb), a a{x) omdeACHO 
om HyAH. 
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5. Mu ucnoAb3oeajiu KOMnaKmHocmb {KOHeuHocmt aA^aeuma {0, 1}), donaauean nped/iooKe- 
Hue 2.7. BMecmo amoeo mookho 6uao 6u ucnoAtaoeamt npedAootcenue 2.6 u noAynumb anoAoeuH- 
Hue peayAbmamu Bah dapoecKoeo npocmpaHcmea nocAedoeameAbHocmeu HamypoAbHux hucca. 

Bee nepeHHejieHHbie b Teopeivie 3.9 BejiHHHHbi MoryT Ghtb HenojibsoBaHbi fljiH xapaKTepnsai^HH 
ejiynaitHoeTH: nocjieflOBaTejibHocTb ejiynaiiHa Tor^a h TOJibKo Tor^a, Kor^a jnoGaa hs 3thx BejiHHHH 
orpaHHHeHa na ee na^ajibHbix oTpesKax. B eaMOM ^ejie, TeopeMa JleBHHa - IHnoppa rapaHTHpyeT, 
HTo fljiJi ejiyHaiiHoit noejie^oBaTejibHoeTH noejie^Hee oTHomeHHe orpaHH^eno, a iiepBoe neT. Ilo- 
eKOJibKy BTopaa BejiHHHHa MOHOTOHHa, to fljia HecjiyHaiiHoli noejie^oBaTejibHoeTH Bee BejiHHHHbi, 
Ha^HHaa co BTopoil, CTpeMHTCJi K 6eeKOHeHHoeTH. KaK mh yjKe ynoMHHajiH, npo nepByio BejiHHHHy 
3Toro yTBepjKflaTb nejibssi. 

Bonpoc. HeKOTopbie h3 BejiHHHH, ynoManyTbix b Teopeivie 3.9 (BTopaa cjieBa, a TaioKe ffBe 
npoMejKyTciHbie MCJK^y nepBoil h btopoh). mohotohhm. HepBaa BejiH'^HHa (cm. o6cy>K;];eHHe KpH- 
Tepaa cjiynaHHocTH) , a TaKJKe BejiH^na tp{x) (MapTHHraji) , He mohotokhm. Hto mojkho cxasaTb 
npo nocjie^Hioio? 

OTMeTHM, HTO BCe 9TH BejIHHHHbl eCJIH H He MOHOTOHHbl, TO 6jIH3KH K MOHOTOHHblM. 

4 BepHyjijiHCBbi nocjie^OBaTejiBHOCTH 

MojKHo CTapaTbca onpe^ejiHTb cjiynaliHocTb ne oTHocHTejibHo KOHKpeTHoli Mepbi, a oTHocHTejibHo 
Kjiacca Mep. (HnTyHTHBHO sto osHanaeT, "^to mm roTOBbi noBcpHTb, "^to nocjie/ioBaTejibHOCTb no- 
jiyiena b pesyjibTaTe BepoaTHocTHoro npoLi;ecca c pacnpeflejieHHeM b 3tom Kjiacce.) BnocjieflCTBHH 
Mbi cflejiaeM 3to fljia npoHSBOJibHoro a^eKmueno aoMKHymoeo Kjiacca Mep, ho fljia narjia^HocTH 
HaHHeM c KOHKpeTHoro npHMepa — Kjiacca depnyAAueeux Mep. 

4.1 TecTbi A-Jia 5epHyjiJiHeBijix nocjie/^OBaTejibHOCTeii 

BepnyjijiHeBa Mepa Bp cooTBeTCTByeT nocjieflOBaTejibnocTH nesaBHCHMbix GpocaHHit ne oGasaTejibHo 

CHMMeTpHHHOH MOHeTbi; BepOaTHOCTb nOaBJieHHa e^HRHI^bl B KaJKflOM HCnblTaHHH paBHa HeKOTO- 

poMy p e [0,1] (oflHOMy h TOMy jKe bo Bcex HcnbiTaHHax). OTMeTHM, hto p ne oGasano 6biTb 

BblHHCJIHMblM. 

Onpe;],ejieHHe 4.1 (orpaHHHeHHbiil b cpejmeu GepnyjijiHeB tcct). UepeHUCAUMaji CHuay cfiyuKiiiUsi 
HQ 6ecK0HeHHUx nocAedoeameAbHocmHX HaaueaemcH ozpanuueHHUM e cpedneu OepnyAAueeuM me- 
cmoM, ecAU ee unmezpaA no ak)6ou uepe Bp {npu ak)6om p £ [0, 1]) ne npeeocxodum 1. 

IIpefljioxceHHe 4.2 (yHHBepcajibHbiH GepnyjuiHeB tcct). Cpedu ecex muKux mecmoe cymecmeyem 
MttKciiMaAbHuu (c moHHOcmbH) do MyAbmunAUKamueHou KOHcmaHmu). 

/foKoaameAbcmeo. IlepeHHCJiHMaa CHHsy 4)yHKi];Ha ecTb npe^eji BospacTaiomeit nocjie^oBaTejib- 
HOCTH 6a3HCHbix 4)yHKLi;HH. J\jisi Kaxcflofi H3 3THX 6a3HCHbix ^yuKTi^aa ee HHTerpaji no Mepe Bp 
npe/lcTaBjiaeT co6oh MHoroHjien ot p, h jierKO npoBepHTb, mto oh He 6ojibme 1 npn Bcex p (ec- 

JIH 3T0 Tax). CoOTBeTCTBCHHO MOJKHO 4)HJIbTpOBaTb BCC HerOflHbie 4)yHKU,HH H IiepCHHCJlaTb Bce 

GepnyjijiHeBbi TecTbi. CKjiaflbiBaa hx c K034)<J)Hn;HeHTaMH, nojiynaeM yHHBepcajibnbiH. 

Onpe/],ejieHHe 4.3. 0UKCupyeM yHueepcoAbHuu 6epHyAAuee mecm u o6o3HaHUM ezo tg(a;). Ezo 
Aozapu<f)M 6ydeM naaueamb ^ecjjeKTOM GepHyjijineBocTH u o6o3HaHamb dB(w). UocAedoeameAb- 
Hocmb HoaueaemcM 6epHyjijiHeB0H, ecAU ee de^eKm KOHeuen. 
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KaK H paHbine, mojkho neMHoro MOflH(|)Hu;HpoBaTb onpe^ejieHHe, ^To6bi cwTaTb fle(|)eKT neoT- 
pHi];aTejibHbiM ii;ejibiM hhcjiom. 

KaK H flJIH BblHHCJIHMblX Mep, MOJKHO nepeHTH K KOHeHHbIM nOCJieflOBaTejIbHOCTHM: 

OnpeflejieHHe 4.4. Bydeu Hoaueamb MOHomoHHyw nepeHUCAUMyw CHuay Heompuv,ameAbHy70 
(f)yHKii,uio T: {0,1} — )■ [0,+oo] pacuiHpeHHbiM GepnyjijiHeBbiM tcctom, ecAU dAJi jih)6ozo namy- 
paAbHozo N u dAn AK)6ozo p e [0, 1] eunoAHMemcM nepaeeHcmeo X^^^.. |a;|=jv} I^p{x)T{x) < 1. 

KaK H pflSl BblHHCJIHMbDC Mep, TeCTbl Ha KOHeHHblX H 6eCK0HeHHbIX nOCJieflOBaTejIbHOCTHX CBJI- 

saHbi: 

r[pe/i,jio»ceHHe 4.5. Bcjikuu pacmupeHHUu GepnyAAuee mecm nopoMcdaem 6epHy.AMi,ee mecm na 
n. Hanpomue, bchkuu 6epHyAAuee mecm na fl nopocncdaemcsi ueKomopuM pacmupeuHUM 6epHyA- 
AueeuM mecmoM. 

CpeflH pacuiHpeHHbix GepnyjijiHeBbix TecTOB cymecTByeT MaKCHMajibHbift; oh nopojKflaeT ynn- 
BepcajibHbiH GepnyjiJiHeB tbct na Q. KaK h panbme, mm 6y^eM HcnojibsoBaTb o^ho h to »ce o6o- 
SHaneHHe fljui MaKCHMajibHbix tgctob na KonenHbix h SecKOHeHHbix nocjie^oBaTejibHocTHx. 

4.2 ,HpyrHe BapnaHTM onpeflejieHHs SepnyjijiHeBOCTH 

KaK H fljiji cjiy^aiiHocTH oTHocHTejibHo BbiHHCJiHMbix Mep, ecTfa pa3Hbie sKBHBajieHTHbie BapnaHTbi 
onpeflejieHHH. Mo>kho paccMaipHBaTb orpaHHHeHHbie no BepoaTHocTH TecTbi (bepoHTHocTb co6bi- 

THH t{uj) > N no J11060H H3 Mep Bp j^ojiyKHa 6biTb He 6ojibme 1/N). Mojkho, cjiepya onpe/];ejieHHio 
MapTHH-JIe4)a fljia BbiH;HCJiHMbix Mep, nasBaTb TecTOM BbiH;HCJiHMyio nocjieflOBaTejibHocTb 34)4)eK- 

THBHO OTKpblTblX MHOJKeCTB Ui, flJIH KOTOpblX Bp(Ui) ^ 2~* npH JIK)6oM i H npH JIK)6oM p € [0, 1]. 

Bee 3TH BapHaHTbi onpe;];ejieHH5i sKBHBajieHTHbi (h flOKasbiBaeTcsi 9to tohho TaK jKe, KaK ^jia cjiy- 
HaHHocTH no BbiHHCJiHMOH Mepe) . 

HnTepecHo, hto nepBonanajibHoe onpe^ejienne GepnyjijineBocTH, ^annoe MapTHH-Jle4)0M b [20], 
6bijio neMHoro ^pyrnM. CeliHac mh noKajKCM, hto oho TaKJKe sKBHBajienTHo ocTajibHbiM, no 9to 
necKOJibKo cjiojKHee. 

06o3HaHeHHe 4.6. Hepea M{n,k) mu o6o3HaHaeM MHOotcecmeo ecex CAoe Bauhu n, codepoKamux 

poBHO k eduHuv,. 

MapTHH-JIecJ) onpeflejiaeT TecT GepnynjiHeBOCTH KaK ceMencTBO nepenncjinMbix MHOJKecTB cjiob 
Ui D U2 D Us D . . .; KajKfloe h3 MHOJKecTB nacjieflCTBenno BBepx, to ecTb BMecTe c jikiGbim 
cjioBOM coflepjKHT Bce ero npoflOJiJKenHH. OrpannHenne na 9th MHOJKecTBa TaKoe: paccMOTpnM 
npoH3BOjibHbie Li;ejibie n ^ n ot /i;o n: Hepe3 B(n, k) o6o3Ha'^HM MHOJKecTBO Bcex cjiob /tJiHHbi 
n, coflepjKamnx k eflnnnu; (n n — k nyjien); TpeGyeTca, ^To6bi npn Bcex i ppjisi cjiob b B(n, fc), 
npnnafljiejKamnx Ui, Sbijia 6bi ne Gojibine 2~*. 

^jiH yflo6cTBa cpaBnenHH saMennM MHOJKCcTBa Ui iia iiepeHHCJiHMyio cnnsy (|)yHKn;mo d c n;e- 

HblMH 3HaHeHHHMH, Jl^Jlil KOTOpOH Ui = {x \ d{l) ^ l] . HaCJie/i;CTBeHHOCTb MHOJKeCTB 03HaHaeT MO- 

HOTOHHOCTb SToii 4)yHKii,HH; iiOMHMO SToro, TpeGycTCH, htoGbi BcpoHTHOCTb coGbiTHH i BHyTpn 
jno6oro MHOJKecTBa B(n, fc) 6bijia 6bi ne 6ojibme 2~*. Bn^no, hto 9th TpeGoBannH cooTBeTCTByioT 
orpaHHHeHHbiM no BeposiTiiocTii pacmHpeiiiii,iM TecTaM (b norapncjaMH^ecKoii niKane), no tojibko 
BMecTo Kjiacca Mep Bp na cjiOBax /i,jiHHbi n paccMaTpnBacTCJi flpyron Kjiacc Mep, a HMenno Kjiacc 
Mep, cocpeflOTOHennbix na cjioBax: flannoli ^jinnbi c ^annbiM hhcjiom epymm\. Mepbi h3 Kjiacca Bp 
npHHHMaroT paBHbie snaHenHsi na cjiOBax oflnnaKOBoii fljinnbi c oflnnaKOBbiM hhcjiom e/i,HHHn;, no- 
9T0My npeflCTaBHMbi b BH;i;e cmbch paBHOMepnbix Mep na B(n, k) c neKOTopbiMH K034)4)Hn;HeHTaMH, 
OT saMenbi Bp na 9th Mepbi ycjioBne cTanoBHTCH 6ojiee cHjibHbiM. 
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HoKajKeM, 1T0 tgm He Menee Kjiacc GepHyjijiHeBux iiocjieflOBaTejibHocTeft He MeHaeTCJi ot TaKofl; 
saMeHbi H, 6ojiee Toro, yHHBepcajibHbm TecT (KaK 4)yHKii,H5i na GecKoneHRbix nocjieflOBaTejibHO- 
CTHx) TOJKe He MenaeTCH (c TOHHocTbio flp orpaHHHeHHoro MHOJKHTejiH, KaK o6biHHo). Mbi noKa- 
JKBM 3TO f^jiii orpaHHHeHHbix B cpejifieM BapnaHTOB tbctob (cooTBeTCTBeHHO H3MeHHB onpe/iejieHHe 
MapTHH- JIe4)a) ; na Kjiacc GepnyjijiHeBbix nocjieflOBaTejibHocTeft 3to ne BjiHseT. PaccyjKfleHHe fljia 

OrpaHHHeHHblX no BepOHTHOCTH TeCTOB aHajiorHHHo. 

^a^HM cooTBeTCTByromne onpeflejieHHH. 
Onpe/],ejieHHe 4.7. 0yHKy,UK f: {0,1}* — )■ [0, +00] HoaoecM KOM6HHaTopHbiM 6epHyjijiHeBbiM 

TeCTOM, eCAU 

(a) OHU nepeuucAUMU CHuay; 

(6) OHa MOHomoHHa {yeeAUHueaemcM npu dodaeACHUu 6umoe e kohcv, CAoea); 

(b) dAJi Aio6ux VfCAUx n,k c ^ k ^ n cpednee anaueHue (fiyHKVfUU f na MHOotcecmee B(n, k) 

He npeeocxodum 1. 

Mo>KHO cpaBHHTb 3TH Tpe6oBaHHH CO cny^acM paBHOMepHoil Mepbi: Tovp^Si mm Tpe6oBa.nH, htoGm 
cpeflHee 110 BceMy {0, 1}" ne iipeBocxoAHJio ep^iAimu^v, Teiiepfa Tpe6oBaHHe CHjibHoe: cpe^Hee 110 110 
KajKflolt H3 ero nacTeli B(n, k) ^ojckho 6biTb ne 6ojibme 1. 

HMeH TaKOH TecT fljia cjiob orpaHHHeHHoli fljiHHbi, mojkho npo^ojiJKaTb ero no mohotohhocth: 

npeflJio:HceHHe 4.8. Uycmb vMeemcn (fjyHKu,UH f, onpedeACHHan na CAoeax dAUHU MCHbiue n u 
ydo6Aem6opHK)w,an mpe6oeaHU^M (a)-(B). Tozda ee npodoAOKCHue no MOHomoHHOcmu na CAoea 
6oAbiuux dAUH maKOKe ydoeAemeopsiem amuM mpe6oeaHUHM. 

/foKosameAbcmeo. ByfleM npoflOJiJKaTb ee na cjioBa fljiHHbi n, hojio^khb f{xO) h /(xl) paBHbiM 
f{x) fljiH CJIOB X fljiHHbi n—1. MnojKecTBo B(n, k) coctoht h3 ^bjoc nacTen: cjiob, oKaHHHBaiomHxcfl 
na nyjib, n cjiob. OKaHHHBaKimHXCH na e/tHHHij,y. IlepBbie naxoflHTCH bo BsanMHO OflnosnaHHOM 
cootbctctbhh c B(n — 1, k), BTopwe — c B(n — l,k — 1). <l>yHKii;HH coxpaHHCT SHaneHiiH npn 3tom 
cooTBCTCTBHH, no9TOMy cpeflHce no KajKflOH H3 HacTCH ne 6ojibme 1. Cjie;;oBaTejibHo, h cpeAHee no 
BceMy B(n, k) ne 6ojibme 1. 

KaK oGbi^Ho, MOJKHO onpe^enHTb yHHBepcajEbHbiit KOMGnHaTopHbift GepnyjijEHeB tcct: 

IIpefljiojKeHHe 4.9 (yHHBepcajibHbiit KOMGnHaTopHbiit GepnyjijineB tcct). Cpedu KOMdunamopHux 
depnyAAueeux mecmoe cymecmeyem MaKCUMOAbHuu c mouHocmbio do MyAbmunAUKamueHou koh- 
cmaHmu. 

Onpe/],ejieHHe 4.10. 0UKCupyeM ynueepcajibHuu KOMduHamopHuu mecm h{x) u npodoAotcuM ezo 
na decKOHCHHue nocAedoeameAbHocmu, noAootcue 

h(uj) — supb(a;). 

UoAyueHHyK) (pyHKU^UK) 6ydeM naaueamb ynueepcaAbHUM KOM6uHamopHUM rnecrnoM na Q u 060- 
3HaHamb moil oice 6yKeou b. 

(B cHjiy mohotohhocth To^nyio BepxHioio rpanb b 3tom onpeflejieHHH mojkho saMCHHTb na 
npeflcji.) 

IIoKajKeM. "^To 3TOT TBCT coBiia/i,aeT (c TO'^HOCTbio orpaHH^ennoro mhoskhtcjih) c BBeflennbi- 
MH panee GepnyjijiHeBbiMH TecTaMH b CMbicjie onpeflejEemia 4.1. 

TeopeMa 4.11. 
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JJoKaaameA'bcmeo. Mm yjKe BHflejiH, ^to KOMGHHaTopHbift GepHyjijineB TecT HBjmeTCH pacuiH- 
peHHbiM GepnyjijiHeBbiM TecTOM (h3 orpaHHHeHHii na cpe^Hee no KajKflpvi nacTH M{n, k) cjie^yeT 
orpaHHHeHHe na MaTeMaTHHecKoe ojKimaHHe no Mepe Bp, TaK KaK 9Ta Mepa nocTosmna na KajK^on 
hrcth). Cjie/];oBaTejibHO. b(a;) < tg(a;). 

OGpaTHoe yTBepjKfleHHe HeBepno: pacumpeHHbiH GepnyjijiHeB TecT MOJKeT ne 6biTb KOMGnna- 

TOpnblM TeCTOM. OflnaKO MOJKHO nOCTpOHTb K0M6HHaT0pHbIH TeCT, KOTOpblit npHHHMaeT Te JKe 

snaHeHHH (c TonnocTbio pp KoncTanTbi) na GecKonennbix nocjie^oBaTejibnocTHx, a TOJibKo 9to h 
yTBepjKflaeTca b Teopeivie. 

Hfleji TyT cocTOHT B cjie^iomeM. PaccMOTpnM pacnmpeHHbiit 6epHyjijiHeB tcct t na cjioBax 
fljiHHbi n H nepeneceM ero na cjioBa cymecTBenno 6ojibmeli fljinnbi N (npHMenaa cTapbin TecT k hx 
HE'^ajiaM /i,jiHHbi n). ITojiy^HM neKOTopyio cjjyHKi^Hio t' . HaM nyjKHO noKaaaTb. hto t' 6jiH3Ka k kom- 
GnHaTopHOMy TecTy (npeBbimaeT ero ne 6ojiee leivi b KoncTanTy pas). JXjir 3Toro naflo ycpeflHHTb 
t' no MHOJKecTBy 'E>(N,K) pflu nponsBOJibnoro K MeJKfly n iV. flpyrnMH cjiOBaMH, naivi nyjKHO 
ycpeflHHTb t no pacnpe^ejienHio BepoaTHOCTefi na n-GiiTOBbix nanajiax iiocie^OBaTejibHOCTen ^jin- 
Hbi N , coflepjKamnx K eflnnnn;. Hpn N ^ n 3to pacnpeflejienne Gy^eT Gjihsko k GepnyjijineBOMy 

C BepOHTHOCTblO p — K/N . 

B TepMHHax Teopnn BepoHTHocTen mh nivieeM ypny c N mapaMH, ns KOTopbix K nepnbix, n 
BbiHHMaeM H3 Hcc (6e3 B03Bpau];eHHH) n mapoB. HaM Ha;];o cpaBHHTb pacnpe/i,e.neHHe BepoaTHOCTen 
c GepnyjijiHeBbiM, KOTopoe riojiy^Hjiocb 6bi iipn Bbi6opKe c B03Bpauj,eHHeM. HoKajKeM. hto 

npu N — 'n? pacnpedeACHue 6e3 eo3epaiu,eHUfi ne 6oAee ueM e 0{1) pas npeeocxodum 
pacnpedeACHue c eoaepamenueM. 

(KcTaTH, o6paTHoe nepaBencTBo ne Bepno: npn K — 1 6e3 BosBpamenna mh ne mojkgm nojiynnTb 
cjioBo c ;^ByMa eflHHHn;aMH, a c BosBpamenneM mojkgm. Ho naM flocTaTonno nepaBencTBa b 9Ty 
CTopony.) 

B caMOM flejie, npn Bbi6opKe 6e3 BosBpamenna BepoaTHocTb BbiTamHTb map flannoro n;BeTa 
paBHa oTHomennio 

HHCJio ocTaBmnxca mapoB 9Toro n;BeTa 
HHCJio Bcex ocTaBmnxca mapoB 
OcTaBmnxca mapoB stoi'o Li,BeTa ne 6o.iii.me. neu b ciyiae c B03BpaLLi,eHHeM. a 3iiaMeiiaTe.;ii. ne 
MCHbrne N — n. HoaTOMy BepoaTHocTb jiio6oh KOM6HHaLi,HH npn BbiGopxe 6e3 B03Bpaiu;eHHa ne 
Gojibme BepoaTHocTH jKe K0M6HHan;HH c BosBpameHneM, yMHoxcennoit na N/{N — n) b CTenenn n. 
HpH N = ri^ B03HHKaeT MHOJKHTejIb (1 + 0(l/n))" = 0{1). 

TaKHM o6pa30M, ecjin BsaTb pacmnpeHRbm GepnyjijiHeB t n 3aTeM onpe/];ejiHTb t'{x) na cjioBe x 
fljiHHbi A'^ KaK t na nanajie cjioBa x fljinnbi \ \/N J , to nojiy^ennaa 4)yHKu,Ha t' 6yfleT KOMGnnaTopHbiM 

TeCTOM C TOHHOCTbK) flO KOHCTaHTbl. (OtMCTHM, HTO Ce MOHOTOHHOCTb CJieflyCT H3 MOHOTOHHOCTH 
t.) 

4.3 KpHTepnii GepnyjijiHeBOCTH 

EcTecTBeHHO cpaBHHBaTb noHaTHe GepHyjumeBofi iiocjie/],OBaTejibHOCTH (flJia KOTopofi xecT Gepnyji- 
jineBOCTH KOHenen) c nonaTHeM cjiyHaiiHOH no Mepe Bp nocjie^OBaTejibnocTH. O^naKO onpe^ejienne 
cjiy^aitnocTH no MapTHH-JIe4)y iipe/i,nojiarajio BbinncjinMocTb Mepbi, n HenocpeflCTBenno ne npn- 
MeiiHMO K Mepe Bp npn neBbinncjinMOM p. 

Mo>KHO, o/inaKO, pejiaTHBHsnpoBaTb onpe/];ejieHHa MapTHH-Jle4)a. paspemnB o6pau];aTbca k 
opaKyjiy fljia p. C TaKHM opaKyjioM Mepa Bp cTanoBHTca BbiiHCJiHMofl; h onpeflejienne cjiyHan- 
HocTH no MapTHH-Jle<J)y npHo6peTaeT cmhcji. 

Cjie/iyiomaa TeopeMa no;i;TBepjK;i;aeT HHTyHTHBiibifi cmmcji GepHyjijineBbix nocjie^OBaTejibno- 
CTen KaK nocjieflOBaTejibnocTeH, cjiyHaitHbix no Mepe Bp npn neKOTopoM p: 
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TeopeMa 4.12. UocjiedoeamejibHocmb to sieAJiemcsi 6epHyjiJiueeou mozda u moAhKO Kozda, Koeda 
ona CAynauna no uepe Bp c opaxyAOM p djin HCKomopozo p G [0, 1]. 

FoBopfl o6 opaKyjie p, mm HMeeM b Bimy bosmojkhoctb nojiyiaTb no i snaieHHe i-ro Gnia b 
flBOHHHOM pasjiojKeHHH p (KOTopoe eflHHCTBeHHo, 3a HCKjiioHeHHeM Tex cjiynaeB, Korfla p abohhho- 
paLi;HOHajibHO. a b sthx cjiy^aax o6a paajiojKeHHH BfamHCjiHMbi h opaKyji TpHBHajien). 

Mbi 6yfleM floxasbiBaTb 3Ty TeopeMy (h iiphtom b 6ojiee cHjibHofi KOJinnecTBeHHOH 4)opMe) , BBe- 
flH noHHTHe TecTa cjiy^aliHocTH no MepaM Bp KaK 4)yHKn;HH flByx apryMenTOB (nocjie^oBaTejibnocTH 
H p) . Tpe6yeMbiH peayjibTaT nojiyHHTCH KaK K0M6HHan;HH cjie^yron^nx yTBepxcflennn: 

(a) Cpe/tH TaKHx "paBHOMepHbix" TecTOB cny^aftHOCTH cymecTByeT MaKCHManbRbiil TecT t{uj,p). 
(6) <DyHKii,HH (jj I—)- infpt(w,p) C0Biia;;aeT (xaK o6biq;HO, c TO^HOCTbio p,o orpaHHneHHoro mho- 

jKHTejia) c yHHBepcajibHbiM GepnyjijineBbiM tsctom. 

(b) Hpn cjjHKcnpoBaHHOM p 4)yHKD;Ha lj h- )• t{ijj,p) coBna^aeT (c Toil jKe TO'^HOCTbio) c pejiHTHBH- 
snpoBannbiM oTHocHTejibno p MaKCHMajibHbiM tgctom cjiy^annocTn oTHocHTCJibno (p-)BbiiHCJiHMoli 
Mepbi Bp. 

H3 9THX Tpex yTBepxcflennn jierKO cjie^yeT TeopeMa 4.12: nocjie^OBaTejibnocTb uj GepnyjijineBa, 
ecjiH TecT GepnyjijineBocTH na oj KOHenen; on pasen tohhoh HHJKneit rpann t(uj,p), nosTOMy ero 
KoneHHocTb osnanaeT, ^to t{u},p) < oo iipn neKOTopoM p, q^To paBHocnjibno p-pejiHTHBHsoBannon 
cjiyHannocTH no Mepe Bp. 

HaM noHa/];o6HTca HCKOTopaa TexHH'^iecKaa no/];roTOBKa. TecTbi cjiy^aiiHOCTH (xaK cjayHKi^nn 
flByx apryMCHTOB) tojkc 6yflyT nepemcjiHMbiMH cnnsy, no 3to nonaTne TpeGyeT yToiHenna, no- 
CKOJibKy flo6aBHjicH BTopolt apryMeHT, flencTBHTejibnoe hhcjio. (BnocjieflCTBnn mh paccMOTpnM n 
6ojiee o6m;yio CHTyan;HK), Kor^a BTopbiM apryMenTOM HBjiaeTca Mepa.) ^a^HM cooTBeTCTByromne 
onpeflejienna. 

Onpe/];ejieHHe 4.13. HaaoeeM GasncHbiMH npaMoyrojibHHxaMH e npocmpaHcmee O x [0, 1] mho- 
otcecmea euda x^l x (u, v), zde x — deouHHoe CAoeo, a u,v — paii,uoHaAbHue hucau, npuucM u < v. 
{TexHunecKan oeoeopKa: HUCAa u,v Moeym Aeotcamh u ene [0, 1], e amoM c/iynae no emopou Koop- 
duHame 6epemcfi nepeceneHue {u,v) c [0,1].) 

<PyHKV,usi f : VL X [0,1] — )• [— cxo, +oo] uaaueaemcH nepeHHCJiHMon cHH3y, ec/iu cyvj,ecm6yem 
aAzopumu, Komopuu noAynaem na exod paii,uoHajibHoe r u nopooicdaem upHMoyzoAbHUKU, e o6^- 
eduHCHuu damuj,ue ece MHOOKecmeo nap {u),p) c r < f{u),r). 

9mo onpedeACHue, Kan u paubme, mpeGyem, nmoGu npoo6pa3 (— oo,r) 6ua 3(f)<jieKmueH0 om- 
KpumuM MHOotcecmeoM paenoMepno no r, ho moAbKO menepb mu paccMumpueaeM 9^(fieKmueH0 
omnpumue MHOotcecmea e O x [0,1], onpedeACHHue ecmecmeenHUM odpaaoM. 

Ahuaozuhho onpedeA^emcn u nepenncjinMocTb cBepxy, paenocuAbHOJi nepeuucAUMOcmu cnuay 
^yHKV,UU ( — /). 

^yHKVfUK) c KOHCHHUMU dcucmeumeAbHUMU 3HaHeHun Hoaueaiom BbinncjinMon, ecAU ona ne- 
peuucAUMa u cnuay, u ceepxy. 

HocKOJibKy nepecenenne 94)4)eKTHBHo oTKpbiTbix MHOJKecTB 94)<J)eKTHBHo oTKpbiTo, nojiynaeM 
TaKyro <J)opMyjiHpoBKy: 

npe/],jio>KeHHe 4.14. (pyuKx^uti f : Ox [0, 1] — > M euHUCAUMa mozda u moAbKO mozda, Kozda dAsi 
Kaoicdozo unmepeaAa {u, v) c payuonaAbHUMU KOHV,aMU ezo npoo6pa3 ecmb o6eeduHeHue nocAedo- 
eamcAbHocmu 6a3UCHUx npsiMoyzoAbHUKoe, acpcpeKmueno nopoomdaeMou no u u v. 

IlHTyHTHBHbiH cMbicji 3Toro Tpe6oBaHHa MOJKHo noHaTb, ecjiH HMCTb B BHfly, 1T0 sa^ana "yKa- 
3biBaTb npH6jiHJKeHHa k a c jik)6oh aaflannoH TonnocTbro" paBHocnjibna saflane "nepenncjiHTb Bce 
HHTepBajibi, co/];ep>Kau];He a". HoaTOMy pjia BbmncjinMOH 4)yHKn;HH / mm MOJKeM naxo^HTb npn- 
6jiHJKeHHa K f{uj,p), ecjiH naM ^aioT npnGjiH^Kenna k u> vl p. 
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Oiipe^ejieHHe (HeoTpHi^aTejibHOit) nepeMHCjiHMOH CHHsy 4)yHKLi,HH mojkiio iiepe4)opMyjiHpoBaTb, 
BBeflJi noHHTHe GasHCHOit 4)yHKU,HH. HaM 6yfleT BajKHo, ^to 6a3HCHbie 4)yHKii,HH HeiipepfaiBHbi, 
no9TOMy saBHCHMocTb OT flelicTBHTejibHoro apryMeHTa Sy^eT KycoHHo-jiHHeliHoli, a ne cKaHKaMH. 

OnpeflejieHHe 4.15 (6a3HCHbie 4)yHKi];HH, GepnyjijiHeB cjiynaii). Ilycmb x — deouHHoe c/ioeo, 
{u, v) — paVtUOHajihHuu unmepeaA, a k — HamypajihHoe hucao, djisi Komopoao u + < v — 2~^. 
OnpedejiuM (fiyHKVfUK) gx,u,v,k{^tP) man: ecau uj ne HanuHaemcn na x, mo ona paena uyAm; ecAu 
oj HauuHaemcn na x, mo aaeucuMocmb om p 6ydem KycoHHO-AuneuHou, npuucM npu p ^ {u, v) 
(f)yHKV,UH paena nyAto, enympu {u + 2~*^,t) — 2~'^) (fiyHKV,usi paena 1, a e npoMeofcymne auhcuho 
Mensiemcji. 

Tenepb paccMompuM nauMeHbrnuu kaqcc ^yHK%uu, codepotcavj,uu ece (j)yHKV,uu gx,u,v,k u 3a- 
MKHymuu omnocumeAbHO auhcuhux K0M6uHav,uu c pav,uoHaAbHUMU K09^^uy,ueHmaMU, Mancu- 
MyMoe u MUHUMyMoe. 9mo cuemHoe MHocncecmeo <jiyHKv,uu, Komopue mookho aadaeamb koh- 
cmpyKmueno, u amu ^yHKV,uu 6ydeM naaueamb GasHCHbiMH. 

Tenepb mojkho ^aTb sKBHBajieHTHoe onncaHHe nepeHHCJiHMocTH cnnsy: 

ITpefljioxceHHe 4.16. OyHKVfU^i /: Q x [0,1] — > [0, +cx)] nepenucjiuMa CHiiay moeda u moAbKO 
moeda, Kozda ona npedcmaeuMa e eude nomoHennozo npedcAa Heydueammeu nocAedoeamcAbHocmu 
6a3UCHUx cfiyHKVjUU. 

/(oKaaameAbcmeo. 3to Gmjio 6bi coBceM 5icho, ecjin cHHTaTb GasncHbiMH 4)yHKij;iiaMH xapaKTe- 
pncTHHecKHe ^ynKsiavi SasHCHbix npHMoyrojibHHKOB h MaKCHMyMbi KoneHHoro HHCJia TaKHx 4)yHK- 
i];hh. Ho mh xothm, htoGm 6a3HCHbie 4)yHKi];HH 6bijiH nenpepbiBHbi no p (sto 6yfleT Baxcno b 
flajibHenmeM) . ITosTOMy nap^o saivieTHTb, hto npn k ^ oo (^ymniasi gx,u,v,k CTpeMHTCH k xapaKTe- 
pncTH^ecKoit 4)yHKi],HH iipaMoyrojibHHKa. 

HenpepbiBHocTb Gasncnbix 4)yHKn;HH rapaninpyeT TaKoe BajKHoe cbohctbo: 

npe/],jio>KeHHe 4.17. Ilycmb / : J7 x [0, 1] ^> R — 6a3UCHasi cpyHKi^vji. Tozda SHaneHue unmezpajia 
J f {uj , p) dBp{u>) HBAHemcH euHUCAUMOu ^yHK'u,ueu om p {u om 6a3UCH0u (fiyHKV,uu /). 

(BbiHHCjiHMOCTb noHHMaeTCH b onncaHHOM Bbime CMbicjie; otmcthm, hto BCHKaa BbiHHCjiHMaa 
<J)yHKu;Hfl nenpepbiBHa. AnajiorHiHoe yTBepjKfleHHe Bepno fljia jikiGoh BbiiHCJiHMOH 4)yHKu;HH /, 
ne TOJibKo GasHCHOH, no naivi 9to ne nonafloGHTca.) 

Tenepb mm roTOBbi ccjDopMyjmpoBaTb n ;n;oKa3aTb Ba>KHbiH TexBH-qecKHH 4)aKT (flOKasannbiii b 
[13]); OH ne pas naivi nonafloGnTca (b tom ^ncjie n b Gojiee oGmen cHTyau;HH). 

npe/];jio>KeHHe 4.18 (yceHenne). Ilycmb (/? : O x [0, 1] — )■ [0, oo] — nepeuucAUMasi CHuay cfiyHKyuji. 
Tozda MOOKHO nocmpoumb dpyeym nepeuucAUMym CHUsy ^yHK%UK) ip'{ui,p), ne npeeocxodfitii,yH) 
(p{oj,p) e Kaotcdou monne, Bah Komopou npu ak6om p: 

(a) / ^'{u,p)dBp{Lo) ^ 2; 

(6) ecAU J <fi{u!,p) dBp{u)) ^ 1, mo (f'{u),p) — (f{u),p) npu ecexoo. 

/JoKaaamcAbcmeo. Corjiacno IIpe/iJioJKeHHio 4.16, mojkho npe/];cTaBHTb ip b Bmpfi cyMMbi pup^a 
HeoTpHu;aTejibHbix Gasncnbix 4)yHKu;HH: (p{oj,p) — ^n^ni^^p)- npefljiojKenne 4.17 rapaninpyeT, 
HTo HHTerpaji 



aBjiaeTCH BbmncjinMoit 4)yHKu;HeH ot p (paBHOMepHO no n), n no3TOMy MHOJKecTBO Sn Tex p, r^e 
3T0T HHTerpaji Menbuie 2, 34)4)eKTHBHo oTKpbiTo (paBHOMepno no n). 
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Tenepfa iiojiojkhm h'^[ijO,p) — hn{u!,p), ecjm p G Sn: h h'^{uj,p) — b iipothbhom cjiyiae. 
<I>yHKii,Ha h'^ SyfleT nepeiHCJiHMoii cHHsy, h HHTerpaji J J2i<n ^ii^^P) dBp{ui) 6yfleT Menbine 2 npn 
Bcex p. IlojioJKHB (f' — XI ^rt! '^^^^ iiojiyHHM iiepeHHCJiHMyio CHHsy <J)yHKi];Hio, h no TeopeMe o 
MOHOTOHHoit cxo/iHMOCTH J (fi' (u! , p) dBp{uj) He Gojifauie 2 npH Bcex p. 

OcTaeTca saivieTHTb, ito ecjin npn neKOTopoM p HHTerpaji J (p{u),p) dBpiuj) ne npeBocxoflHT 1, 
TO 3T0 p BOHfleT BO Bce Sn H nepexofl OT hn K h'n, KaK H nepexofl ot cp k ip', uvnero ne H3MeHHT. 

Hocjie 3T0H noflroTOBKH Mbi MOJKeM onpeflejiHTb paBHOMepHbie TecTbi GepnyjijiHeBocTH h flOKa- 

3aTb HX CBOHCTBa: 

OnpeflejieHHe 4.19. <PyHKV,UK) t om deyx apeyMenmoe uj £ il, u p G [0, 1] naaoeeu paBHOMepnbiM 
TecTOM 6epHyjijiHeB0CTH, ecAU 

(a) ona nepenucAUMa CHuay (e onucauHOM eume cmucac, kuk (j^iyuKiijUJi napu); 
(6) dAH AK)6ozo p e [0, 1] MameMamuuecKoe ootcudanue t{ui,p) no uepe Bp [mo ecrrih unmeepaA 
J t{w,p) dBp{uj)) He npeeocxodum 1. 

HaM ocTajiocfa /tOKaaaTb TpH oGemaHHbix yTBep>K;;eHHa: 

JleMMa 4.20. Gyvj,ecm6yem yHHBepcajibHbiit paeHOMepnuu mecm 6epHyAAueeocmu t{ui,p), Komo- 
puu mAHemcn uaKCUMaAbHUM e amoM KAacce (c moHHOcmbio do Koncmanmu). 

JleMMa 4.21. /^ah amozo mecma cfiynKi^usi t'(w) — infpt(u;,p) coenadaem (c moHHOcmbU) do 
ozpaHUHCHHOzo 6 o6e cmopoHU MHOOKumeAJi) c yHueepcoAbHUM mecmoM depnyAAueeocmu ts(u;) e 
CMUCAe onpedeACHun 4.3. 

H3 wTvsx flBjrx jieMM BbiTeKaeT, hto hoc. ie;];oBaTejibHocTb co HBjiHeTcsi 6epHyjijiHeB0H Tor^a h 
TOjibKO Tor;];a. Kor/];a t'{uj) < 00, to ecTb t{uj,p) < 00 npH neKOTopoM p, h sto nosBOJiaeT saBepniHTb 
flOKaaaTejibCTBO TeopcMbi 4.12 ccmjikoh Ha TaKoe yTBep>K;(eHHe: 

JleMMa 4.22. JJah (fiuKcupoeamozo p (fiyHKU^un tp(u;) — t(a;,p) coenadaem (c moHHOcmbw do 
ozpanuueHHOzo MHOotcumeAH) c pcA^imueuaoeaHHUM omnocumeAbHO p ynueepcaAbHUM mecmoM 
CAyuauHocmu omnocumeAbHO Mepu Bp. 

JJoKoaamcAbcmeo. (jieMMa 4.20) By^eivi nepeHHCJiJiTb Bce nepeHHCJiHMbie cHHsy 4)yHKi];HH flByx 
apryMeHTOB. K Kaxc^olt h3 hhx npHMeHHM npefljiojKeHHe 4.18, h nojiynenHbie cyMMbi cjiojkhm c 

K094)4)HI];HeHTaMH, oSpaSyiOmHMH BblHHCJIHMO CXOflHmHHCH pHfl C CyMMOH MeHbHie 1/2. 

JJoKoaameAbcmeo. (jieMMa 4.21) IloKaxceM, hto 4)yHKii;Ha t' HBjiaeTCH yHHBepcajibHbiM Gepnyji- 
jiHeBbiM TecTOM. HpH JH060M p MaTeMaTHHecKoe ojKH/iaHHe stoh 4)yHKu;HH no Mepe Bp ne 6ojibme 
1 (nocKOJibKy ona ne iipeBocxoflHT t{u),p) fljia 3Toro KOHKpeTHoro p). 

KpoMe Toro, 9Ta <|)yHKn;HH nepenncjinMa cnnsy. 3to ^OKasbiBaeTCH anajiornHHo npe^jiojKe- 
HHio 2.7 c Hcnojib30BaHHeM KOMiiaKTHocTH. (AnajiorHHHoe yTBep»y];eHHe b 6ojiee o6iii;elt cHTyan;HH 
GyflCT flOKasano b npefljioxenHH 7.20.) 

TaKHM o6pa30M, t' HBjiHeTCH 6epHyjijiHeBbiM tgctom. YnHBepcajibHocTb (MaKCHMajibnocTb) one- 
BHflHo cjie^yeT ns Toro, hto jno6oii 6epHyjijiHeB tbct moxcho paccMaTpnBaTb KaK <J)yHKn;HK) ffpyx 
nepeMennbix, KOTopaa 6yfleT paBHOMepnbiM 6epHyjijiHeBbiM tgctom. 

AnajiorHHHoe paccyxcflenne noKasbiBaeT, hto ^jih ecTecTBennbiM oGpasoM onpeflejiennoro ynn- 
BepcajibHoro pacmnpeHHoro paBHOMepnoro 6epHy.n.jiHeBa TecTa t{x,p) (nepBbiM apryMeHTOM koto- 
poro HBjiaeTca flBOHHHoe cjiobo) BejiHHHHa infpt(x,p) 6yfleT yHHBepcajibHbiM pacmnpenHbiM 6ep- 
nyjijineBbiM tcctom. 
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JJoKaaameAbcmeo. (jicMMa 4.22) IIpe/tiiojiojKHM BiiaHajie, hto p BbiHHCjiHMO. Tor^a mm MOJKeM 
nepe^HCJiJiTb Bce HHTepBajibi, coflep>KamHe p, h 4)yHKii,HH t^: w i— >• t{u),p) iiepeHHCJiHMa cHHsy 



t{ui,p) > r, a OTGnpaeM h3 hhx Te. rji^e BTopaa npoeKLi;HH co/];epjKHT p). 

AnajiorHiHoe paccyjKfleHHe mojkho npoBecTH fljiji jiioGoro p h ycTanoBHTb, ^ro 4)yHKLi,Hfl tp 
nepeHHCJiHMa cHH3y c p-opaKyjioM. TaKHM oGpaaoM, tp ne npeBocxoflHT yHHBepcajibHoro pejiHTH- 
BH30BaHHoro TecTa p^jisi Bp. 

OGpaTHoe paccy>K;i,eHHe nyTb cjiojKHee. HycTb HMeeTCJi HeKOTopbift tcct t Bp, nepe^HCJiH- 
Mbiii cHHsy c opaKyjioM p. Mbi ppjuKSbi HaliTH paBHOMepHbift TecT t'{u),p), KOTopbifi MajKopHpyeT 
t (npH flaHHOM p). ^pyrHMH cJioBaMH, nyxcHo npoflOJiJKHTb 4)yHKi];Hio, nepBOHanajibHo onpe^e- 
jieHHvio TojibKo fljiH oflHoro p, Ha Bce sHaHeHHH p, H npH 9T0M eme H rapaHTHpoBaTb oii;eHKy ^jih 
HHTerpajia. 

HaHHeM c npocToro cjiynafl, Korfla p BbiHHCJiHMo. B 3tom cjiynae opaKyji ne HyjKen h ^yuKsiasi t 
nepeHHCjiHMa CHH3y. JJpGaBviB b nee (jjHKTHBHbiil BTopoft apryMeHT p, mm nojiy^HM nepe^HCUHMyro 
CHHsy 4)yHKij;Hio flByx apryMeHTOB. Ho tgctom 3Ta <J)yHKij;HJi, cKopee Bcero, He 6yfleT, t&k kok npo 
ee MaTeMaTHHecKoe ojKHflaHHe no Mepe Bg npn q ^ p mm HH^ero ne snaeM. TyT naM noMoraeT 
npefljioJKeHHe 4.18: c ero noMombio mm npeoGpasyeM t b nepeHHCJiHMyio CHHsy 4)yHKLi;Hio t'{u),q) 
(KOTopaa Tenepb yjKe peajibHO saBHCHT ot q), ^jih KOTopoli J t'{uj,q) dBq{u)) < 2 npn Bcex q, a 
t'{-,p) = t{-,p). rioAejiHB t' nonojiaM, nojiywM paBHOMepHbiit TecT. 

Tenepb paccMOTpnM cjiynan neBbinncjinMoro p. B 9tom cjiynae p nppanjHonajibHo, nosTOMy 
Ghtm ero /iboh^hofo paajiojKeHHa mojkho nojiy^aTb. HMea nepeHHCjieHne Bcex co/iepjKaiUHX ero 
HHTepBajioB (flOJKflaBuiHCb, noKa nosBHTca HHTepBaji, oflHosnaHHo onpeflejiaiomnit HyjKHbiH naM 
6ht) . HosTOMy Manmna, ncnojibsyiomaa opaKyji p, MOJKeT 6biTb npeoGpasoBana b Mamnny, KOTopaa 
iiepeHHC.iiaeT cimsy iieKOTopyio cJ^viikiihig t(uj,q), coBiiaii,aiOLLi,yio c t{uj) iipii q = p. 3Ta c]3yHKn;Ha 
BOBce He oGasana 6biTb paBHOMepHMM TecTOM GepnyjijiHeBocTH (iiocKo.jiBKy ycjioBne na HHTerpaji 
rapaHTHpoBano tojibko npn q — p, no ee onaTb jKe mojkho noflBeprnyTb yceHennio c noMombio 
npefljioJKenna 4.18. 



5 r[poH3BOJii>Hi>ie Mepti Ha Q, 

B 3T0M pasjifijie mm no-npejKHeMy orpaHHHHBaeMca /ibohhhmmh nocjieflOBaTejibnocTaMH, no MepM 
Ha n MoryT Gmtb .jhoGmmh. a He tojibko GepnyjuiHeBbiMH. 

06o3HaMeHHe 5.1. Bydeu odosHauamb MHOotcecmeo ecex eepoHrrmocmHux pacnpedejienuu na 
Hepea M. (O) . 

(HanoMHHM, HTo Mepa Bcero npocTpancTBa O Bcerfla paBHa 1.) 
5.1 PaBHOMepHfaie TecTi.i cjiynaHHOCTH 

Onpe/],ejieHHe 5.2. HaaoecM paBHOMepnbiM TecTOM nepeHUCAUMym CHuay ^yHKU^UK) t{uj,P) deyx 
apzyMCHmoe {nocjiedoeamejitHocmu uj u Mepu P na ft), Bah Komopou 





dAH AK)6ou Mepu P. 
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3flecb TpeGycT yTOHHeHHa noHJiTHe nepeHHCJiHMofl; cHHsy (|)yHKLi;HH. HpocTpaHCTBO Bcex Mep 
A4{fl) MOJKHo paccMaTpHBaTb KaK saMKHyToe noflMHOJKecTBo GecKoneHHoro npoHSBeflenaa 

E = [0, 1] X [0, 1] X [0, 1] X . . . 

(Mepa sa^aeTCH cbohmh sHaneHiMMH na HHTepBajiax, KOToptix cneTHoe hhcjio; 3th sHaneHHii ppjix- 
Hbi yflOBjieTBopHTb cooTHomeHHHM, BbiflejiHKimHM saMKHyToe MHOJKecTBo). Teiiepb oiipeflejiHM 6a- 
3HCHbie MHOJKecTBa, 34)4)eKTHBHo oTKpbiTbie MHOJKecTBa H np. flflsi npocTpaHCTBa Mep: 

OnpeflejieHHe 5.3. EaaucHoe MHOotcecmeo {oniKpumuu HHTepBaji) e npocmpaHcmee uep aada- 

emcR KOHCHHUM MHOMcecmeoM ycjioeuii euda u < P{y) < v, zde y — deouHHoe cjioeo, a u,v — pa- 
VfUOHaAhHue HUCAa. Oho cocmoum U3 ecex Mep P, ydo6Aemeop}iK)VJ,ux amuM ycAoeuHM. BasHCHoe 
OTKpbiToe MHOJKecTBo 6 npocmpaHcmee x UMeem end xfl x /3 {npouaeedenue UHmepeajioe 

eflue M{n)). 

IlepeHUCAUMOcmb CHuay, ceepxy u euHUCAUMOcmb menepb onpedeAsimmcsi cmaHdapmH'biM 06- 
paaoM 6 mepMUHax GaaucHux omnpumux MHoatcecme, cm. onpedeAeuue 4.13. 

Mbi GyflfiM HcnojibsoBaTb KoivinaKTHocTb npocTpancTB D, (mm paccMaipHBaeM nocjieflOBaTejib- 
HocTH Hafl KOHeHHbiM aji<J)aBHTOM {0, 1}) H Ai{Q,). 9to cBoltcTBo HosBOJiHeT BbiGnpaTb H3 jiio6oro 
OTKpbiToro noKpbiTHH KOHeHHoe noflnoKpbiTHe. HaM nonafloGHTCH 94)4)eKTHBHbiH BapnaHT 9Toro 

CBOHCTBa: 

OnpeflejieHHe 5.4 (acjacjaeKTHBHaa KOMnaKTHOCTb). KoMnaKmnoe nodMHOOKecmeo C npocmpan- 
cmea M. Hoaueaemcsi 34)4)eKTHBHo KOMnaKTHbiM, ecAU MHOOKecmeo 

{S \ S — KOHCHHoe ceMeiicmeo 6a3UCHUx MHoatcecme, noKpueawmee C} 

nepeuucAUMO. 

CaMO npocTpancTBO A4{Vt), KaK jierKO Bvippih, KOMnaKTHO h scjDcjDeKTHBHO KOMnaKTHO. Kom- 

naKTHO OHO KaK SaMKHyTOe MHOJKeCTBO B npOHSBefleHHH KOMnaKTHblX npOCTpaHCTB, a 34)4)eKTHB- 

HocTb cjieflyeT h3 Toro, hto mh mojkgm npoBepHTb, hto flannbie 6a3HCHbie MHOJKecTBa noKpbiBaioT 

Bce npocTpancTBO (pe-qb hjX^t: o jiHHefiHbix paBencTBax h HepaBencTBax c Kone'^HbiM '^ihcjiom iiepe- 
MeHHbix, a TaM Bce ajiropHTMHiecKH paspeuiHMo). OTdo^a jierKo cjie^ex xaKoe yTBepjKfleHHe: 

IIpefljio^eHHe 5.5. Bcnnoe a^eKmueno aoMKHymoe nodMHOotcecmeo d^^eKmueno kom- 

naKTUHO. 

/(oKaaameAbcmeo. IlycTb 34)4)eKTHBHo saMKHyToe MHOJKecTBo C HMeeT flonojineHHe, aBjiarome- 

eCH oGTaeflKHeHHeM 6a3HCHbIX OTKpblTblX MHOJKeCTB Ul,U2, ■ ■ ■', CeMeliCTBO S HBJIHeTCH nOKpblTHeM 

C Tor/ta H TOjibKO Tor/];a. Kor/i;a BMecTe c HeKOTopbiM KoneHHbiM Ha6opoM h3 Ui oho noKpbiBaeT Bce 
npocTpaHCTBo. A 3to cbohctbo nepe^HCJiHMo. 

BepHO H o6paTHOe — HTO 34)4)eKTHBHO KOMnaKTHOe nO/lMHOJKeCTBO acjjcjjeKTHBHO 3aMKHyTO. 

(Ero flonojiHeHHe ecTb oGT^e^HHeHHe Bcex HHTepBajioB, KOTopbie He nepeccKaioTCJi c neKOTopbiM 
KOHeHHbiM noKpbiTHeM MHOJKecTBa, a TaKHe cHTyau;HH moxcho nepeHHCJiHTb.) 

Tenepb mm MOJKeM npo^ojixcHTb nocTpoenne no anajiorHH c GepnyjijiHeBbiMH MepaMH. Onpe^e- 
jihm noHiiTHe 6a3HCHoii 4)yHKii;HH (no anajiornH c onpe^ejienneM 4.15; KonKpeTHbiii Bim 6a3HCHbix 
4)yHKij,Hit He HMeeT Gojibmoro 3Ha^eHHa): 

Onpe/i,ejieHHe 5.6 (6a3HCHbie 4)yHKu;HH fljia paBHOMepnbix TecTOB no npoHSBOJibHbiM MepaM b 
O). Ba3HCHbie <J)yHKn;HH na MHOOKecmee O x At(0) onpedeAfiromcn aHOAoeuuHO onpedeACHum 4.15, 

HaUUHOJl C (fiyHKUfUU 

9x,y,u,v,k- nxM{fl)^ [0,1]. 
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3decb x.y — deouHHue cAoea, u,v — paViUonaAbHue hucau, a k — HamypojihHoe hucao; anaueHue 
9x,y,u,v,k{i^: P) paeno uyAto, ecjiu uj ne HauuHaemcn na x; npu x Q u) amo anaueHue KycouHO- 
AUHeuHO aaeucum om P{y), u paeno npu x ^ {u,v) ul npu x £ {u + 2~^, v — 2~^). 

KaK H B npefljiojKeHHH 4.16, BC3Ka3 nepeHHCJiHMaH cHH3y HeoTpHi];aTejibHaa d^ywKnyisi aBjuieTCH 
npe/i;ejioM BoapacTaioineH nocjie/toBaTejibHOCTH 6a3HCHbix cjjyHKi^Hil (aaMCTHM, mto b gx.y.u,v,k{'^i P) 
BxoflHT sHa^eHHe P TOJibKo Ha cjioBe y, ho mm saTeM 6epeM MHHHMyMbi h MaKCHMyMbi). 

JXanee, k&k b npefljiojKeHHH 4.17, mojkho saMeTHTb, ito fljia 6a3HCHoit 4)yHKi;HH / HHierpaji 
j .f(oJ, P) dP{ui) HBjiHeTCfl BbiHHCJiHMOH 4)yHKi];Heli Mepbi P (h 6a3HCHoii 4)yHKi];HH /). 

HaKOHeu;, ocTaeTCH BepHbiM (c tgm jKe flOKasaTejibCTBOM) h anajior npefljiojKeHHH 4.18: 

TeopeMa 5.7 (ycc^eHHe). Tlycmh ip{oj,P) — nepemicmiMan CHuay cpyuKUiUJi. Tozda cymecmeyem 
nepeHUCAUMan CHuay cpyHKyuM (p'{uj,P), Oam Komopou Oah Am6ozo P 
(a) / ^'{^,P)dP{uj) ^ 2; 

(6) ecAU J (p{uj,P) dP{uj) ^ 1, mo ip'{uj,P) — (f{u),P) npu ecexuj. 

9to no3BOJiaeT nocTpoHTb yHHBepcajibHbiit TecT KaK ^yaKsiaio nocjie^oBaTejibHocTH h npoHs- 
BOJIbHOH Mepbi Ha O: 

TeopeMa 5.8. Cymecmeyem ynueepcaAbHuu {MaKCUMOAbHuu c moHHOcmbw do nocmonnHoeo 
MHOotcumeAn) paenoMepHuu mecm. 

JJoKaaameAbcmeo. KaK h panbuie, 6yfleM nepe-qncjiaTb Bce nepe-qncjiHAibie CHH3y (jDyiiKLi,HH, 
HOflBepraTb KajKflyio h3 hhx ycenenHKi (KOTopoe ee ne nopTHT, ecjiH (|)yHKu;HH a Tax 6buia TecTOM) , 

H SaTeM CJIOJKHM nOJiy^HBHIHeCH TeCTbl (hJIH nOHTH-TeCTbl) C nO^OflHmHMH K034)4)HU;HeHTaMH. 

OnpeflejieHHe 5.9. 0uKcupyeM odun ua ynueepcoAbHux paenoMepnux mecmoe u 6ydeM odoana- 
Hamb 620 t(w, P). BydcM zoeopumb, nmo nocAedoeameAbHocmb sieAJiemcji paBHOMepno cjiyHaliHolt 

no Mepe P (ne o6fiaameAbHO euHUCAUMOu), ecAU t(aj,P) < oo. 

HoKajKeM, 1T0 pjisi BbiwcjiHMbix Mep 3T0 onpe^ejienne corjiacyeTCJi c npejKHHM (onpe^ejie- 
HHe 2.13): 

npe/i,jio>KeHHe 5.10. Uycmb P — eunucAUMan uepa. a tp{(jo) — ynueepcaAbHuu ozpaHUHennuu 
e cpedneM mecm dA^ amou Mcpu e cmucac onpedcACHun 2.13. Tozda c\tp{uj) ^ t(a;, P) ^ C2 tp(a;) 
dAH HCKomopux ci,C2 > u dAH ecex uj. 

3fleCb KOHCTaHTbl Cl H C2 SaBHCHT OT Bbl6opa Mepbi P H OT Bbl6opa TeCTa tp flJIH 3T0H Mepbi 
(STOT Bbl6op 6bIJl npOHSBOJlbHO CpfiJiaM p^Jlil KajK/lOit BblMHCJlHMOil Mepbi). 

3to iipefljiojKeHHe noKasbiBaeT, b lacTHocTH, hto fljia BbiHHCJiHMbix Mep paBHOMepnaa cjiyiait- 
HocTb coBnaflaeT co cjiyHaftHocTbio b cMbicjie MapTHH-JIecJja. 

/JoKaaameAbcmeo. Hanajia noKajKeM. '^Tot(ijj,P) ^ C2tp{uj). SaMeTHM. "ito 4)yHKLi;na oj i— )• 
t{LO,P) 3BjiaeTC}i nepeiHCJiHMOH cHHsy: nocKOJibKy Mepa P BbiwcjiHMa, mm MOJKeM acjacj^eKTHBHo 
nepe^HCJiHTb Bce HHTepBajiM b npocTpancTBe Mep, ee coflepxcamne. HoaTOMy ona MajKopnpyeTCH 

MaKCHMajIbHMM nepeHHCJIHMbIM CHH3y P-TeCTOM tp. 

HTo6bi flOKasaTb o6paTHoe HepaBencTBo, flo6aBHM 4)HKTHBHbiH apryMeHT h paccMOTpHM 4)yHK- 
li;hio 

t{oj, Q) — tp(w). 

9Ta <J)yHKLi;HH, ecTecTBeHHo, ne HBjiaeTCH paBHOMepHbiM TecTOM, TaK KaK ee HHTerpaji no Mepe Q 
(npH Q ^ P) MOJKeT 6biTb jiio6biM, HO nocjie ycenenHJi ona cTanoBHTCJi (hohth) TecTOM, ne MeHHJicb 
Ha P. 
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Mo>KHO iifaiTaTfaCH oiipeflejiHTb TecTbi oTHocHTejibHo HeKOTopoH oflHOH (ne o6ji3aTejibHo bmhhc- 
jihmoh) Mepbi. Byfl,eM roBopHTb, hto 4)yHKi;HH / : — )• [0, +00] nepeuucjiuMa CHuay omHocumeAbHO 
Mepu P, ecjiH oHa iiojiyHaeTCH h3 nepeHHCJiHMoli cHHsy <J)yHKi];HH na x Ai{Q,) 4)HKcaii;Heli BToporo 
apryMeHTa paBHbiM P. Tenepb mojkho ^aTb TaKoe onpe^ejieHHe: 

OnpeflejieHHe 5.11. Ilycmb P — HeKomopan uepa na fi. Eydeu nasueamb TecTOM cjiy^aiiHocTH 
OTHocHTejibHo P neptHUCAUMyK) CHuay orriHocumeAbHO P (fiyHKV,UK) f, Oam Komopou J /(w) dP{u)) 
He npeeocxodum eduHWJ,u. 

TeopeMa 5.7 iioKasbiBaeT, oflnaKo, h;to HOBoro noHATHfl cjiynaHHocTH npn 3tom He nojiynaeTCii 

— Mbl npHXO^HM K TCM JKC CaMbIM paBHOMepHbIM TCCTaM: 

TeopeMa 5.12. IJycmb P — HeKomopan Mepa, a tp{u)) — mecm omHocumeAbHO amou Mepu. Tozda 
cymecmeyem paenoMepHuu mecm t' {■,■), dAH Komopozo tp{u)) ^ 2t{uj,P). Hanpomue, cyotcenue 
AK)6ozo paenoMepHozo mecma na Mepy P neA^emcM P-mecmoM. 

Jlffisi paBHOMepHbDc TecTOB MOJKHO TaKJKe BBecTH HOHHTHe pacHiHpeHHoro TecTa: 

OnpeflejieHHB 5.13 (pacmnpenHbie paBHOMepHbie TecTbi). 0yHKy,un T: {0, 1}* x — )■ [0, 1], 

nepeuucAUMasi cHuay u MOHomoHHon no nepeoMy apzyMenmy, naaueaemc^ pacniHpeHHbiM paBHo- 

MepHblM TeCTOM, ecjiu 

T{x,P)P{x) 1 

|x|=Tl 

dA^ AK)6ozo n u A7o6ou Mepu P. 

KaK H paHbine, b cHjiy mohotohhocth mojkho cyMMHpoBaTb ne ho cjioBaM ^aHHoft ^jiHHbi, a ho 

jiio6oMy 6eciipe4)HKCiiOMy MiiojKecTBy. 

Cueflyiomee HpefljiojKenne jierKo flOKasbmaeTCJi c Hciiojib30BaHHeM aHajioi-a iipe/(jiojKeHH3 4.16 
(npeflCTaBjieHHii HeoTpHn;aTejibHbix HepeHHCJiHMbix CHH3y 4)yHKLi,HH KaK cyMM pa^ps): 

HpefljioxceHHe 5.14. JIh)6ou paeHOMepnuu mecm t{ui,P) nopooKdaemcn HCKomopuM pacmupen- 
HUM paenoMcpHUM mecmoM e CAcdywmeM cmucac: 

t{ijj,P) = supr(a;,P). 

Hanpomue, ama (fiopMyAa no AwdoMy pacuiupcHHOMy paenoMepnoMy mecmy T daem paenoMcpHuu 
mecm t. 

CpeflH pacniHpeHHbix paBHOMepnbix tbctob TOJKe mojkho Bbi6paTb MaKCHMajibHbift (npoBOfla 

anajiorH^Hoe yce^eHHe h CKjia/ibiBaa peayjibTaTbi). OnKCHpyeM opfrn vis TaKHX tbctob; 6yp,eM 060- 
SHaiaTb ero t(a;, P) {rjsfi x G {0, 1}*, P — Mepa na il). Oh nopojK;;aeT MaKCHMajibHbiit pacuiHpeH- 

HblH paBHOMepHblH TeCT t{u!,P) (c TOHHOCTbK) flO OrpaHHHeHHOrO MHOXCHTejia) . 

SaMBHaHHe 5.15. Ecau mu aaxomuM nepenecmu paaeumyw homu meopww na CAyuau hckom- 
naKmnozo npocmpancmea nocAcdoeameAbHocmeu uamypaAbHux hucca {eMccmo KOMnanmnozo npo- 

cmpaHcmea nocAedoeamcAbHocmeu nyAcu u eduHuv,), mo mochcho u uyMCHO onpedcAAmb paciuupen- 
Hue mecmu nenocpedcmecHHO, a ne uepea mecmu na 6ecK0HeHHUx nocAcdoeamcAbHocmAX. Upu 
amoM MOOKHO doKoaamb u cymecmeoeanue MancuMaAbHozo cpedu hux. 

IIpeAJioJKeHHe 5.10 HosBOJiHeT o6o6u;HTb peayjibiaT, HSBecTHbiit naM fljia GepnyjijiHeBbix Mep: 
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TeopeMa 5.16. IJycmb uepa P euuucAUMa omHocumeAbHO opanyAa A u, nanpomue, opaKyA A 
Mootcem dumb d^^eKmueno eoccmaHoejieH no useecmHUM npu6AuotceHUHM c npouseoAbHou mou- 
HocmbK K 3HaHeHUMM Mcpu P. B 9moM cjiynae nocjiedoeamejibHocmb lj paenoMepuo cjiyuauHa 
omHocumeAbHo Mepu P mozda u moAbKO mozda, Koeda ona CAyuauHa no Mapmun-JIe^y omnocu- 
mejibHO Mepu P c opuKyAOM A. 

(IIocKOJibKy flo6aBjieHHe opaKyjia A ^ejiaeT Mepy P bmhhcjihmoh, cjiy^aliHocTb no MapTHH- 
JIe4)y HMeeT cmmcji.) 

JJoKaaameAbcmeo. IlycTb t{u),P) GecKoneHHo. 3aMeTHM, hto cjjyHKi^HH t(-,P) HBjiHeTCH A- 
nepeHHCjiHMoil cHH3y, Tax KaK Mepa P BbiHHCJiHMa c opaKyjioM A. HosTOMy ui ne cjiynaltHa no 
Mepe P c opaKyjioM A. 

HanpoTHB, nycTb u) ne cjiyHanna no Mepe P c opaKyjioM A n t{-) — A-nepeHHCJiHMbiit cnnay P- 

TecT, fljia KOToporo t(uj) — oo. IIocKOjibKy opaKyji A MO>KeT 6biTb BoccTaHOBjien no npnGjinjKeHHaM 
K P, TO cymecTByeT nepenncjinMaa cnnsy <J)yHKLi,HH fljia KOTopon t{-,P) — t{-). OcTaeTCJi 

iipeo6pa30BaTb t b paBHOMepHbiii TecT c noMom;bio leopeMbi 5.7. 

OTMeTHM, ^To ne BCHKaa Mepa P y^oBjieTBopaeT ycjioBHio TeopeMbi (ono osna^aeT, hto Mac- 
coBaa npoGjieMa "yKasbmaTb npnGjinacenHH k snanennHM Mepbi P" paBHocnjibna npo6jieMe paspe- 
meHHH neKOToporo MHOJKecTBa; npo cTenenn TaKHx MaccoBbix npo6jieM cm. b [22]). Bnocjie^cTBHH 
(leopeMa 5.36) mm noKajKCM, KaK mojkho xapaKTepnaoBaTb paBHOMepnyio cjiyHannocTb ^jih npo- 
HSBOJibHbix Mep (b TepMHHax cjiyiannocTH no MapTnn-JIecJjy c opaKyjioM). 

^pyroe npHMenenne TexnnKH ycenennH: noKa^xceM, hto paBHOMepnbie TecTbi hbjihiotcji o6o6- 
n];eHHeM paBHOMepnbix GepnyjijineBbix tcctob b cMbicjie onpeflejiennji 4.19. 

TeopeMa 5.17. Uycmb t(a;, P) — ynueepcaAbHuu paenoMepHuu mecm u t{oo,p) — ynueepcaAbHuu 
paenoMepHuu mecm depnyAAueeocmu U3 a&mmu 4.20. Tozda t{io,Bp) — t{uj,p). 

Sflecb Bp — 6epHyjiJiHeBa Mepa c napaMeipoM p. 

JJoKaaameAbcmeo. /Ijih ;];oKa3aTejibCTBa <-HepaBeHCTBa saMeTHM, hto 4)yHKn;HH {u),p) i— )• 
t{(jj,Bp) 3BjiaeTCH paBHOMepnbiM GepnyjuiHeBbiM tcctom, nocKOJibKy 4)yHKu;Ha p^ Bp BbimcjiHMa 
(b ecTecTBennoM cMbicjie). 

HtoGm ;n;oKa3aTb o6paTHoe HepaBCHCTBO, aaMCTHM, wco cymecTBycT BbrancjiHMoe OTo6pa>Ke- 
nne ns npocTpancTBa Mep b [0,1], KOTopoe nepeBOflHT Bp b p (flocTaTonno Bsaib BeposiTHocTb 
oflHoGnTOBoro cjiOBa). KoMGnnnpya 9Ty 4)yHKn;Hio c t{oj,p), Mbi nojiy^aeM nepenncjinMyio cnnsy 
4)ynKn;Hio f{uj,P), oiipe/tejiennyio na Bcex Mepax n npoflOJiHcaromyio nam tcct na 6epnyjijineBbix 
Mepax: f{oj,Bp) = t(u!,p). <l>ynKn;HJi / eni;e ne HBjiaeTCH paBnoMepnbiM tcctom, no k neit MOJKno 
npHMCHHTb yceneHHe. 

5.2 AnpHopnaa BepoHTHocTb c opaKyjioM h 
paBHOMepHfaie xecTfai 

^jiH BbiHHCJiHMOH Mcpbi y nac 6bijio Bbipaxcenne fl/Lsi ynnBcpcajibnoro TccTa (npefljiojKcnne 2.21) 
nepes (flncKpcTnyio) anpnopnyio BcpoHTnocTb. Anajiornnnoe BbipajKcnne cyn];ecTByeT n fljia ynn- 
Bcpcajibnoro paBnoMcpnoro TCCTa: 

TeopeMa 5.18. 
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SAecfa, iipaBfla, HaM eme iipe/icTOHT onpe^ejiHTb noHATHe anpHopHoft BepoflTHocTH oTHocHTejib- 
Ho Mepbi, TO ecTb BejiHHHHy m{x\P). Mbi cefiHac 3to c^ejiaeM, nocjie nero BepneMCH k ^oKasaTejib- 

CTBy. 

OnpeflejieHHe 5.19. Bydeu Hoaueamb HeompwuameAtHyK) <f)yHKV,UK) t{x, P), apzyMenmaMU ko- 
rnopou HeAHwmcH deouuHoe c/ioeo x u Mepa P, paBHOMepnoit nepeHHCJiHMoft cHHsy nojiyMepoli, 
ecjiu ona nepenucAUMa cnuay u t{x, P) < 1 dM ak)6ou uepu P na fl. 

npe/i,jio>KeHHe 5.20. Cpedu ecex paenoMepHux nepeuucAUMUx CHuay noAyMep cymecmeyem nau- 
6oA'btuaH c moHHOcmhK) do yMHOOKenuH na KOHcmaHmy. 

3to /];oKa3biBaeTCH TeM jKe cnoco6oM. "^to h cymecTBOBaHHe yHHBepcanbHoro TecTa (h ^axce 
HeMHOi'o iipome. iiocKOjifaKy 3;;eci> oipanHHeime na SHaHeHHsi 'recxa iie aaBHCHT ot Mepfai). 

Onpeflejienne 5.21. <PuKcupyeM odny us muKux Hau6oA'bmux noAyuep u nasoeeM ee anpnopHOH 
BepoaTHocTbK) oTHocHTejibHo P. EydcM o6o3HaHamh ee m.{x\P). 

(Mbi HcnojibsyeM lepTo^Ky BMecTo sanjiToit, H;To6bi nofliepKHyTb poflCTBo c pacciviaTpHBaeMoit 

06bIHH0 yCJIOBHOH anpHOpHOH BepOHTHOCTblO.) 

JJoKaaameAbcmeo. (TeopeMbi 5.18) HaM HyjKHO riponepHTb /],Be Bemn. Bo-nepBbix. mm /lojiJKHbi 
y6eflHTbCJi, HTo npabaji nacTb cjjopMyjibi sa^aeT paBHOMepHbift TecT. KajKflbiit hs hjichob cyMMbi 
MOJKHo paccMaTpHBETb KaK 4)yHKij;Hio flByx apryMeHTOB, paBHyio BHe Konyca wpoppnyKenwa x h 
paBHyio in{x\P)/P{x) BHyipH sToro Konyca. ^jih ^aHHoro x 4)yHKi];HH m(x|P) h 1/P{x) nepe- 

HHCJlHMbl CHH3y (paBHOMepHO UO x) ., VI HX CyMMHpOBaHHe J^aeT nepeHHCJlHMyiO CHH3y cjjyHKI^HKI. 

HHTerpaji 3toh; 4)yHKii,HH no KaKOH-jiaGo Mepe P paBen cyMMe HHTerpajioB cjiaraeMbix, to ecTb 
m(x|P), H noTOMy He npeBocxoflHT 1. 

3/i;ecb ecTb ocoGbiil cjiynail, Kor/];a P{x) = HCKOToporo x. B 3tom cny^iae cooTBeTCTByio- 
mee cjiaraeMoe 4)opMyjibi cTaH0BHTC3 GecKOHeHHbiM fljia u), npoflOJUKaromnx x. Ho nocKOJibKy Mepa 
9Toro KOHyca paBHa nyjiio, to HHTerpaji no neMy paBen nyjiio, h noTOMy cjiaraeMoe xotb h ne paBHo 
m{x\P), HO TOJibKO MeHbine. TaKHM o6pa30M, npabaa nacTb 4)opMyjibi ecTb paBHOMepHbifi TecT h 
noTOMy He npeBocxo;i;HT yHHBepcajibHoro paBHOMepnoro TecTa: mm ppKsaajivi >-HepaBeHCTBO. 

BTopaa HacTb flOKasaTejibCTBa ne TaK npocTa: naGjiKiflaa sa yBejiKHenneM 3HaH;eHHH paBHOMep- 
Horo TecTa, mh floJCKHbi pacnpeflejiHTb 9to yBejinneHHe MejKfly pasjiHHHbiMH HjienaMH cyMMbi b 

HpaBOH "^aCTH. IipH 3TOM COXpaHHB Iiepe'^HCJIHMOCTb CHH3y. Tpy;],HOCTb B TOM, "^ITO eCJIH. CKajKeM, 

CHa^ajia nepeiHCJiHMafl cHH3y 4)yHKu;Ha 6buia paBHa 1 na neKOTopoM 34)(|)eKTHBHo otkpmtom mho- 
jKecTBe A, a BHe nero paBHHjiacb nyjiio, a hotom 9to MHOJKecTBo saMennjiocb na 6ojibmee MHOJKecTBo 
B, TO pa3HHLi;a (xapaKTepncTHHecKaji ^ymni;asi B \ A), BOo6iii;e roBopH, ne 6yfleT nepeHHCJiHMofi 
CHH3y, TaK KaK B npocTpancTBe Mep (xaK, nanpHMep, h na OTpesKe) pasHOCTb flByx HHTepBajiOB ne 

6yfleT OTKpblTMM MHOJKeCTBOM. 

PemeHHe stoh npo6jieMbi coctoht b tom, hto mm nepexoflHM k HenpepMBHbiM ^yaKiiasiM. IlycTb 

HaM j^an iipoH3BOjibHbm paBHOMepHbiil TecT t{uj,P). nocKOJiBKy on iiepeHHCJiiiM ciiH3y. ei-o mojkiio 
npeflCTaBHTb KaK npe^eji HeyGbiBaromeft nocjieflOBaTejibHocTH HeoTpHu,aTejibHbix 6a3HCHbix cJjyHK- 
i];hh, hjih — nepexoflH k pasHocTJiM — b BH^e cjtmmm pH^a h3 HeoTpHi];aTejibHbix 6a3HCHbix ^yKKsiaw. 
t{uj,P)^Y.U{uJ,P). 

ByflyHH 6a3HCHoit, 4)yHKi];Ha tiioj) 3aBHCHT jinnib ot neKOToporo KoneHHoro Hanajia nocjie^oBa- 
TejibHocTH oj\ o6o3HaHHM fljiHHy 3Toro Ha^ajia n^. JXnsi KajKfloro cjioBa x fljiHHbi rii mm nojiynaeM 
HeKOTopyio nepeHHCJiHMyio cHH3y 4)yHKLi,Hio ti.x{P), npn 9tom ti{u>, P) — ti^x{P)i ecjiH uo HaHHHaeT- 
CH Ha x. Tenepb hojiojkhm rriiix, P) = ti x{P) ■ P{x), ecjiH x HMeeT pjmny rn {pjia ocTajibHbix pjmn 
Hyjib) . <I)yHKu;Ha mj HepeiHCJiHMa cHH3y (KaK HpoH3BefleHHe flByx HepeiHCJiHMMx cHH3y 4)yHKu;HH) 
paBHOMepHO HO z, H09T0My H cyMMa m{x,P) — ^mi{x, P) Sy^eT HepeHHCJiHMolt cHH3y. 
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noKajKCM. HTO rn HBjiaeTCH iiojiyMepoft, to ecTb ito m{x, P) ^ 1 npn jiioGom P. B caMOM 
Pfijie, B cyMMe X]j;Wj(a;, P) HenyjieBbie HjieHbi cooTBeTCTByioT cjiobem fljiHHbi rij, h 9Ta cyMMa 
paBHa X^3;ii,x(-P)-P(2;)) TO ecTb b tohhocth HHTerpajiy J ti{uj, P) dP{uj), a cyMMa 3thx HHTerpajioB 
He npeBocxo/iHT 1 no ycjioBHio. 

KpoMe Toro, ecjin a/lsi Bcex Ha^aji x iiocjie;i,OBaTejibHOCTH ui Mepa P{x) He paBHa nyjiio, to 

^ - P(^^ ~ ' ^ 

(sflecb — Hanajio ui fljiHHbi n,), no9TOMy nocjie cyMMHpoBaHHH no i 

H ocTaeTCH BocnojibsoBaTbCH MaKCHMajibHocTbio nojiyMepbi, htoGm nojiynnTb <-HepaBeHCTBo ^jih 
cjiynaH, Kor^a Bce nanajia co nivieioT nenyjieByio P-Mepy. Ecjih jKe o^no h3 hhx HMeeT nyjieByio 
P-Mepy, TO npaBaa nacTb 6ecK0HeHHa, TaK hto h TyT nepaBencTBo Bbinojineno. 

Bonpoc. ^JiH yHHBepcajibHoro TecTa cjiyHaliHocTH oTHocHTejibno paBHOMepnolt Mepbi b stoh 

cjjopMyjie MOJKHO 6bijio saMennTb cyMMy na MaKCHMyM. Mojkho jih sto cpfijiaTb p^jin paBHOMepnbix 
TecTOB? (npHMenennoe Tor^a paccyjKfleHne BCTpeiaeT TpyflnocTn.) Mojkho jih pasyivino onpe^e- 
jiHTb anpHopnyio BepoHTHocTb na ^epebe oTHocHTejibno Mepbi, n ^oKaaaTb pabnoMepHbin BapnanT 
TeopeMbi JleBHiia-IIIiioppa? 

Mbi BepneMCH k onpeflejienHio anpHopnon BepoflTHocTH c opaKyjioM (n ee cbash c npe(|)HKCHOH 
cjioxcHOCTbio) B pasflejie 7.4 



5.3 34)4>eKTHBHO KOMnaKTHfaie Kjiacci.1 Mep 

Mbi paccMaTpHBajiH GepnyjijineBbi TecTbi, to ecTb nojiynenpepbiBHbie cnnsy 4)yHKn;HH, nnTerpaji ot 
KOTopbix no J11060H GepnyjijineBOH Mepe ne npeBocxo/iHT 1. B stom onpe^ejienHH BMecTo Gepnyji- 
jineBbix Mep mojkho paccMaTpnBaTb nponsBOJibHbiit scjjcjjeKTHBHO KOMnaKTHbiii Kjiacc: 

OnpeflejieHHe 5.22. Uycmb C — dcfkjieKmueHO KOMnaKniHuu kaucc Mep na Heompuv,amejibHasi 
noAyHenpepuenaji CHuay (fiyHKUfUK) f : O — )■ [0, 00] Hoaueaemofi C-TecTOM, ecAU J t{ui) dP{<jo) ^ 1 dAM 
AK)6ou Mepu P £ C. 

TeopeMa 5.23. Uycmb C — a^^eKmueno KOMnaKmnuu kaucc Mep. 
(a) Cymecmeyem ynueepcaAbHUU C-mecm tc(-)- 
(6) tcH =infp6ct(a>,P). 

JJoKaaameAbcmeo. 06a yTBepjKfleHHfl TeopeMbi ^oKasbiBaioTCfl anajiorn^no jieMMaM 4.20 n 4.21. 



SaMenaHHe 5.24. UocKOAbKy KJiacc C KOMnaKmen, a ^yHKii,UH t{ui, P) noAyHenpepuena CHuay, 
mo mi e ymeepotcdenuu (6) mookho aoMenumb na min. 

Bonpoc. MojKHo jih naftTH KaKne-To KpHTepnH cjiy^annocTH no oTHomenHio k ecTecTBennbiM 

KJiaccaM Mep (b nacTHOCTH, b TepMnnax cjiokiiocth)? HaiipuMep, mo>kho jih oxapaKTepH30BaTB 
GepnyjijineBbi nocjieflOBaTejibnocTH b TepMnnax cjioJKnocTn nx naH;ajibHbix OTpesKOB? MoJKno no- 
KasaTb, HTO rjiaBHbiii Hjien p^e^ewia. GepnyjijineBocTn mojkho sanncaTb KaK 

\ogC^- KP{x\n,k) 
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fljiH HanajibHoro OTpesKa x ;i,jiHHbi n, coflepjKamero k eflHHHu;. IIofloGHbiH KpHTepnit npHBe^eH b [7], 

HO OH BbirjiaflHT flOBOJIbHO HCKyCCTBeHHO . 

AHajiorHHHbie Bonpocbi ecTecTBenno sa^aTb h ^jih ^pyrnx KjiaccoB (MapKOBCKHe Mepbi, HHBa- 

pnaHTHbie OTHOCHTejIbHO CflBHrOB Mepbi). 

5.4 PaspexceHHfaie nocjie/],OBaTejii.HOCTH 

BbiBaioT cHTyai];HH, b KOTopbix mm roBopHM o cjiynafiHOCTH, ho 9to ne cboahtcji k cTaH/i,apTHOH 
nocTanoBKe (cjiynaliHocTb flaHHoro Ha6jiiofleHHH uj oTHocHTejibHo flaHHoli Mo^ejiH P). CeliHac mh 
paccMOTpHM op^n H3 TaKHX cnyqaeB — noHHTHe paapejKeHHoil nocjie/ioBaTejibHOCTH, BBe/ieHHoe 
B [3]. /],pyroH npHMep, KOTopbiit mojkho nasBaTb oHjiaftH-cjiyiaHHocTbio, paccMOTpen b pasflejie 9.2. 

ByfleM Ha3biBaTb p-paspejKeHHoft nocjie^oBaTejibHocTb, b KOTopoft Menbine efxvmvm^, HeM b cjiy- 
HailHoil no GepHyjumeBofi Mepe Bp. /],pyrHMH cjioBaMH. 6y/\eM 6paTb npoH3BOjibHbie Bp-cjiy^ailHbie 
nocjieflOBaTejibHOCTH h 3aMenaTb b hhx neKOTopbie eflHHHij;bi na nyjiH. Bee, hto nojiy^HTeji TaKHM 
oGpasoM, 6y/(eT p-pa3pe>KeHHbiM. 

OnpeflejieHHe 5.25 (pa3pejKeHHbie noejieflOBaTejibHoeTn) . Beedeu noKoopduHaniHuu nopndoK na 
decKOHCHHUx nocAedoeameAbHocrriMX nyAeu u eduHuv, {uau kohchhux nocAedoeameAtHocmnx odnou 
Bauhu): bj ^ uj' , ecAu uj{i) ^ npu ecex i, mo ecmt u) MOOKem 6umb noAyueHa U3 oj' aaMCHOu 
HCKomopux eduHuii, na uyAU. 

Uycmb Bp — 6epHyAAueea uepa dAn HeKomopoeo euuucAUMoeo p. Eydeu zoeopumb, umo nocAe- 
doeameAbHocmb oj iieAsiemcH p-paspejKeHHoli, ecAU uj ^ uj' Bah HCKomopou Bp-cAyuauHou uj'. {B 
mepMUHax MHOotcecme: p-paapeotccHHue MHOotcecmea — amo nodMHOOKecmea p-CAyuauHux mho- 
CHcecrne.) 

HoKajKeM, "^To b oiipe/tejieHHH paspejKeHHoeTH mojkho H36aBHTbea ot KBaHTopa eymeeTBOBanna 
no uj' h fl^airb KpHTepnH b Tepivinnax MonoTonnbix TeeTOB. 

OnpeflejieHHe 5.26. Bydeu zoeopumb, umo (fiyHKV,u}i /: — )• [0, oo] MOHomoHua, ecAU f{uj') ^ 
f{uj) npu uj' ^ UJ. 

MoHomoHHan nepeHucAUMan cHuay (fiyHKu,uK / : Q — ^ [0, oo] naaueaemcsi TeeTOM p-paspejKen- 
HoeTH, ecAU J t{uj) dBp{uj) < 1. Teem paapeotcenHocmu nasueaeM ynHBepeajibHbiM, eeAU oh uaK- 
euMQAen epedu eeex manux meemoe (c moHHoembto do yMHOofcenuM na Konemanmy, nan o6uhho). 

MoHOTonnoeTb TeeioB rapaninpyeT, roBopji ne4)opMajibHo, ito 3aKonoMepnoeTbio sBjiaeTea 
HajiHHHe eflHHHu; na KaKHx-To MeeTax, a ne hx oTeyTeTBne. (OTMeTHM, hto panbrne mh roBopnjiH 
eoBeeM o flpyroit MonoTonnoeTH, onpeflejiaji paemnpenHbie TeeTbi: TaM epaBHHBajineb sHaHenHH 
<J)yHKn;HH na KonenHOM ejioBe n ero npoflOJUKennn.) 

npe/],jio»ceHHe 5.27. PaccMompuM ynueepeaAbHuu mecm t{uj,P). Tozda ecAUHuna 

rp{uj) = mint(ci;,Bp) 

aadaem ynueepeaAbHuu meem p-paapeoKennoemu. 

/JoKaaameAbcmeo. TecT p-pa3pejKennocTH no onpe/iejiennio SBjiaeTea TeeTOM no Mepe Bp. Hc- 
nojib3yji ero MOHOTonnocTb n cpaBHHBaa c ynHBepcajibHbiM, nojiyiaeM, hto jiioGoh TecT pa3pejKeH- 

HOCTH He npeBOCXOflHT Tp (c TOHHOCTbK) flO KOHCTaHTbl) . 

B o6paTHyio CTopoiiy iiyjKiio iiOKa3aTfa, 'ito mhiihmvm b BL.ipa>KeiiHH ^..ih itocTiiiaeTCH ii 'iro 
3Ta dpymnxmi 5iBjiaeTC3 TecTOM p-paspeJKennocTH. IlepeiHCJiHMOCTb CHH3y /(0Ka3biBaeTca c ncnojib- 
soBaHHeM Toro, hto cbohctbo uj ^ uj' saflaeT 34)4)eKTHBHo saMKnyToe noflMHOJKecTBO 94)<J)eKTHBHo 
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KOMnaKTHoro npocTpancTBa x $7 (cp. HHJKe npe/i;jiojKeHHe 7.20). Mohotohhoctb h HepaBencTBo 
fljiH HHTerpajia Henocpe^cTBeHHO cjieflyioT hs onpeflejieHHH. 



OTciofla nojiynaeM KpHTepnii paspejKeHHocTH b TepMHHax tbctob: 

TeopeMa 5.28. IIocjiedoeamejibHocmb jiGASiemcji p-paapeoKeHHOU [nojiyHaemcfi U3 p-cjiynauHOU 
aoMeHou HeKornopux eduHuv, na nyAu) mozda u moMKO mozda, Kozda yHueepcaAbHuu mecm paa- 
peotceHHOcmu rp{Lo) KOHenen. 

PaspejKeHHocTb aKBHBajieHTHa cjiyH;aHH0CTH no neKOTopoMy Kjiaccy Mep. HtoGbi onncaTb 3tot 
Kjiacc, BBe^eM noHHTHe cnapHBaHHH (coupling) Mep. 

Onpe/],ejieHHe 5.29. Uycmh P,Q — dee uepu na O. Eydeu zoeopumb, urno Mcpa P Mootcem 
Sumh cnapena c Q {odoaHaueHue: P ^ Q), ecAU cyw,ecmeyem Mepa R na Q x il,, d^n Komopou: 

(a) nepeaji npoeKyuji R paena P, a emopan paena Q: 

(6) Mepa R v,eAUKOM cocpedomoHena na napax {u),ui'), y Komopux u) ^ co' {eepoHmHocmh amozo 
co6umuM no Mepe R paena 1). 

OTMeTHM, HTO OTHOmeHHe cnapHBaHHH B 9T0M OnpeflejieHHH HeCHMMeTpHq;HO (XOTH H3 naSBaHHfl 

3Toro He BHflHo); 6ojiee narjiH^no 6bijio 6bi roBopHTb "P mojkct 6biTb noMcmena nofl Q", ecjin 



CjieflyiomHit KpHTepnit cnapHBaeivrocTH xopomo nsBecTen h bocxo^ht k [28]; flOKasaTCJibCTBo 

MOJKHO naHTH B [3]. 

IIpefljioxceHHe 5.30. Ceoucmeo P ^ Q paenocuAtno maKOMy: d^n ecMKOu Monomonnou daaucnou 
(fiynKVfUU f eunoAneno nepaeencmeo 



B 9T0M KpHTepHH MOJKHO flOHyCTHTb HpOHSBOJIbHbie MOHOTOHHbie 4)yHKn;HH, HJIH, Hao6opOT, 
OrpaHHHHTCfl XapaKTepHCTHHeCKHMH <J)yHKn;HHMH MHOJKeCTB. 

06o3HaHeHHe 5.31. Tlycmt Sp — KAacc ecex uep P, dASi, Komopux P ^ Bp. 

ITpefljioxceHHe 5.32. KAacc Mep Sp neAHcmc^ a^cKmueno aaMKnymuM {u, CAedoeameAtno, 
a^cKmueno KOMnanmnuM) . 

JJoKaaamcA'bcmeo. KajK^oe h3 nepaBencTB npe^bmymero npefljiojKenHH (fljia KajK^oH 6a3HCHoft 
cj3yHKE;HH /) sap^aefT 34)4)eKTHBHo saMKHyToe mhojkcctbo, h hx nepeceHenne tojkc 6yfleT 94)4)eK- 

THBHO SaMKHyTblM. 

TeopeMa 5.33. YnueepcaAbnuu mecm Vp neAnemcn ynueepcaAtnuM mecmoM dAH KAacca Mep Sp. 

OTCio/i,a BfaiTCKaeT, hto iiocjie/;oBaTejifaHOCTfa HBjiaeTCH p-paapejKeHHoii Tor/;a h tojibko Tor/i,a, 
Kor^a ona paBHOMcpno cjiyHaftna oTHocHTCJibno ncKOTopoH Mepbi h3 Kjiacca Sp. 
^OKasaTCJibCTBo 9T0H TeopcMbi ocHOBano na TaKOM yTBepsK^enHH: 

JleMMa 5.34 (MOHOTOHH3au;HH) . Ilycmt t: Q — > R — 6a3ucnasi <fiyHKu,ufi, u J t{u)) dQ{uj) ^ 1 dAsi 
A'K)6ou Mcpu Q G Sp. OnpedeAUM MOHomoHuyw daaucHym cpyHKi^uK) t(uj) — max^^'^^j i(w): smo 
onpedeACHue KoppcKmuo, man kuk t{ui) aaeucum moAt>KO om kohchhozo hucau no3uv,uu e uj. Tozda 



P^Q. 




J i{ui) dBp{uj) ^ 1. 
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/JoKaaameAbcmeo. HycTb 4)yHKLi,HH t saBHCHT tojibko ot iiepBbix n KoopflHHaT. fljiH Ka>K/(oro 
X G {0, 1}" BbiGepeM x' ^ x, rpfi t{x') flocTHraeT MaKCHMyivia (cpeflH TaKKx x'). IIomhmo paciipe;i;e- 
jieHHH Bp paccMOTpHM pacnpe^ejieHHe Q, b KOTopoM 6epHyjijiHeBa Mepa x nepeHecena na x' (iipn 
3T0M Mepbi H3 pa3jiHHHbix X MoryT 6biTb OTHeceHbi K ojyRomy x' h lovp^Si CKjia/ibiBaioTCH) . Mbi 
onHcajiH noBefleHHe Q na nepBbix n Gniax; cjie^yiomHe Ghtbi floGaBjisKiTca nesaBHCHMo h BepojiT- 
HocTb eflHHHi];bi B Ka^JKflOH no3Hi];HH paBHa p; oTMeTHM TaioKe, hto ^jih MaTeMaTHHecKHx ojKHflaHHii 
4)yHKii;HH t m t Ba>KHbi TOjibKO nepBbie n 6htob. 

Ho nocTpoeHHK) Q ^ Bp (mm no cymecTBy onncajiH Mepy Ha napax), no3TOMy j t{u)) dQiuj) ^ 1. 
Ho 9T0T HHTerpaji paBen j t{u)) dBpiu}). JleMMa flOKasana. 

BepneMCfl k TeopeMe 5.33. 

/JoKoaameAbcmeo. BchkhJI tcct p-pa3pe>KeHH0CTH t HBjiHeTCH tgctom pjin Kjiacca Sp. B ca- 
MOM pfijie, HHTerpaji t no Mepe h3 Kjiacca Sp ne npeBocxo^HT HHTerpajia t no Mepe Bp b cnjiy 

MOHOTOHHOCTH TBCTa H B03M0JKH0CTH CnapHBaHHH. 

B flpyryio CTopony: noKajKeivi, ito fljia jiKiGoro TecTa t fljia Kjiacca Sp cymecTByeT ne MeHb- 
mnii ero TecT p-pa3pejKeHH0CTH. B caMOM flejie, TecT t MOJKeT Ghtb npe^cTaBjien b BH^e npeflejia 
B03pacTaioineH nocjie;],OBaTejibHOCTH 6a3HCHbix cjjyHKi^HH t„. IIpHMeHHB k hhm jieMMy o mohotohh- 
3an;HH, nojiywM B03pacTaioiii;yio nocjieflOBaTCJibnocTb 6a3HCHbix 4)yHKij;HH tn, KOTopbie Bcio^y ne 
Menbme tn n hmbiot HHTerpajibi ne 6ojibme 1 no Mepe Bp. Hx npe^eji h 6yfleT TpeGyeMbiM TecTOM 
p-pa3pejKeHH0CTH. 

5.5 BapnaHTBi onpe/],ejieHHH cjiynaflHOCTH 

Mbi yjKe onpeflejiHjiH paBHOMepnyio cjiyHannocTb nocjie^oBaTejibHocTH oTHocHTejibno npoH3BOJib- 
Hoit (ne o6H3aTejibHo BbinncjinMon) Mepw. O^naKo ecTb n ^pyrne BapnanTbi TaKoro po^a onpe^e- 
jieHHit. 

OpaKyjiBi 

Mbi MOJKeM Hcnojib30BaTb onpeflejienne cjiyHannocTH no MapTHH-JIe4)y, ppSaBiisisi opaKyji, koto- 
pbiit flejiaeT Mepy BbinncjinMoit. A HMenHo, Ha30BeM nocjieflOBaTejibHocTb oj cjiyHaiiHoit othoch- 
TejibHo Mepbi P, ecjiH cymecTByeT opaKyji A, oTHocHTejibno KOToporo P BbiwcjiHMa, h npn stom 
u> cjiyHanna b CMbicjie MapTHH-Jle4)a c opaxyjioM A oTHocHTejibno P. 

(Mbi roBopHM "cymecTByeT opaKyji A, flejiaiomnii Mepy P BbinncjinMon", a ne "flJiH jiioSoro opa- 
Kyjia A, /lejiaioinero P BbmncjiHMoil". nocKOJibKy cpepfi TaKiix opaxyjioB ecTb h opaKyji, ;];ejiaioinnit 
nocjieflOBaTejibHocTb ui BbiiHCJiHMOH. B 3T0M cjiynae ona ne MOJKeT 6biTb cjiyiaHHoft, ecjin TOJibKo 
ne HBjiHeTCfl aTOMOM Mepbi P.) 

0Ka3biBaeTca, hto stot BapnaHT oiipe/i,ejieHHa paBHOCHjien paBHOMepHoil cjiy^aflHOCTH (KaK 
flOKa3ajiH AflaM JJeA h flyK03e(}p Mnjijiep b [6]). /],0Ka3aTejibCTB0 3toh aKBHBajienTHocTH TpeGyeT 
neKOTopbix npHroTOBjiennii. 

IIpejKfle Bcero sa^aflnM ce6e Bonpoc, noneMy nejibSH B3HTb b KanecTBe opaxyjia caMy Me- 
py (KaK 3TO /lejiajiocb ji^jiii cjiynaa 6epHyjijiHeBbix Mep. Kor;];a mm b Ka'^ecTBe opaKyjia 6pajiH 
flBOHq;Hoe pa3Ji0JKeHHe q;HCJia p). Jleno b tom, ^to Bbi6op TaKoro pa3Jio>KeHHH ne 0flH03Ha'qeH 
(0.01111... — 0.10000...). Korfla penb imeT o6 o^hom nncjie p, to 9to ne BajKHo, nocKOJibKy 
Heo/];H03Ha'^HOCTb B03HHKaeT TOjibKO jiJiii pau;HOHajibHbix p. H B 3TOM cjiyiae o6a npe/i;cTaBjieHna 
BbiHHCJiHMbi. OflHaKo fljia Mep 3T0 yjKe He TaK: Mepa 3aflaeTC}i c^cthmm KOJiHiecTBOM fleitcTBH- 

TejIbHbDC HHCejI (cKa^eM, BepOHTHOCTHMH OTflejIbHblX CJIOB, HJIH yCJIOBHblMH BepOHTHOCTHMn) , H 

npoH3BOJi B Bbi6ope npeflCTaBjieHHH MOJKeT ne cBOflHTbCH k KonennoMy hhcjio BapnaHTOB. 



34 



OnpeflejieHHe 5.35. 3a^uKcupyeM HeKomopuu cnoco6 Kodupoeanuji uep na Q, deouumiMU nocjie- 
doeamejibHocrruiMU, mo ecmt euuucjiuMoe omo6paotceHue n MHOotcecmea O e npocmpaHcmeo 

Mep. HanpuMep, mookho paadumb nocjiedoeameAbHocmb tt na cuemHoe hucao uacmeu u KaotcdyK) 

U3 Hux CHumamb deouHHOu aanucbm ycAOGHOu eepoMiriHocmu eduHUVjU nocAe HCKomopozo nana- 
Aa [nauaA moatce CHemnoe hucao). Upu amoM eosnuKaem HeodHOSHaHHOcmb {ecAU eeposimHocmb 
KaKozo-mo nanaAa paena HyAW, mo yc/ioenue eepoHmnocmu noc/ie neeo ne ueparom poAu), ho ona 
u rnaK 6uAa. 

OnpedcAUM rnenepb r-xecT {representation test, rnecrn CAynauHocmu no dannoMy npedcmaeAe- 
HUK) Mcpu) Ka'K nepeHUCAUMyw cHuay Heompuii,ameAbHyH) (pyHKUiUm t{u),TT), dAH Komopou nepa- 
ecHcmeo Jt(a;,7r) ^ 1 eunoAmiemcH npu ecexn. 

KaK Mbi yjKe o6cyjKflajiH, o^na h Ta JKe Mepa P MOJKeT HMeTb mhofo npeflCTaBjieHHii (MOJKeT 
6biTb MHoro paajiH'^iHbix tt. j^jir KOTopbix Rtt — P), vl 3HaHeHHH TecTa fljifl pasjiHHHbix npeflCTaBjie- 

HHH OflHOH H TOH JKe Mepbl MOryT 6bITb paSHblMH. 

KaK o6biHHo, jierKo ^OKasaTb, hto 

(a) BC5iKa,H nepeHHCJiHMaa cHHsy ^yHKn^asi MOJKeT 6biTb 94)<J)eKTHBHO ycenena (cflejiana ne 6ojiee 
HeM B/iBoe npeBocxo/iHmeH r-Tecr). npH stom ecjiH ona yjKe 6bijia r-TecTOM. to ona He H3MeHHTCH; 

(6) cymecTByeT yHHBepcajibHbiii (MaKCHMajibHbiit c TO'^HocTbK) flo KOHCTaHTbi) r-iecT t(w,7r). 

IlpH 4)HKCHpoBaHHOM TT 4)yHKi];iia t(-,7r) coBnaflaeT c yHHBepcajibHbiM 7r-BbiHHCJiHMbiM orpaHH- 
HeHHbiM B cpepfieM TecTOM cny^aiiHOCTH OTHOCHTejibHO Mepbl i?7r- B caMOM p^ejie, ona aBjiaeTca 
TaKHM TecTOM; c flpyroH cTopoHbi, jiK)6oH TaKOH TecT nepeHHCJiJieTCJi cHHsy MauiHHOH c opaKyjioM, 
H 9Ta ManiHHa MOJKeT 6biTb npHMenena k jiK)6oMy opaKyjiy (ho mojkct ne ^abaTb TecTa); mm nojiy- 
HaeM nepeHHCJiHMyK) cHHsy 4)yHKii;HK) t'{uj,TT), KOTopa^H coBna^aeT c hcxoahmm tbctom npn ^aHHOM 
tt; ocTaeTCH npHMeHHTb cbohctbo (a). 

KaK cjie^cTBHe 9Toro npocToro paccy5K/i;eHHH mm nojiy^aeM, wco BejiHHHHa t(a;,7r) KOHe^Ha 
Tor^a H TOJibKo Tor^a, Kor^a nocjie^oBaTejibHocTb uo cjiynaltHa c opaKyjioM tt oTHocHTejibHo MepM 

TeopeMa 5.36 (^eit-Mnjijiep). UocAedoeameAbHocmb oj paenoMepno CAyuauna no uepe P niosda 
u moAbKO mozda, Kozda cym,ecmeyem opanyA tt, deAamvuuu Mepy P buhucaumou, a nocAedoea- 
meAbHocmb ui — CAyuauHou e cMucjie MapmuH-JIecfia no Mcpe P c opanyAOM tt. 
KpoMC mozo, 

t(a;,P)= inf t(a;,7r). 

/^OKoaameAbcmeo. ^OKaxceM yKasaHHoe b TeopeMe paBencTBo. SaMeTHM, hto ecjiH t — paBHo- 
MepHbift TecT, TO t{uj, i?,r) KaK 4)yHKLi;HH OT u) VI TT npeflCTaBjiHeT co6oli r-TecT, h noTOMy Ma^opn- 
pyeTCH yHHBepca.TbHbiM r-TecTOM. 

06paTHoe yTBep>K/i,eHHe necKOJibKO cjioJKHee. HaM Hy>KHO /i,0Ka3aTb, hto 4)yHKLi,HH b iipaBoit 
HacTH nepeHHCJiHMa cHHsy KaK ^yma^viii nocjieflOBaTejibHocTH u; h MepM P. (YcjioBHe na HHTerpaji 
nocjie 3Toro nojiy^aeTca jierKO. nocKOjibKy Mepa P HMeeT xots 6bi opfio npe/];cTaBjieHHe tt.) 3to 
MOJKHo flOKasaTb, Hcnojibsyji ac^c^eKTHBHyKi KOMnaKTHocTb MHOJKecTBa nap {P,tt), p/lsi kotopmx 

P — i?7r- B oGmeM Bime (aJIH npOHSBOJIbHblX KOHCTpyKTHBHMX MBTpHHeCKHX npOCTpaHCTb) 9T0 

yTBepjKfleHHe cocTaBHT coflepjKaHne jicmmm 7.21 na c. 45, h mm ne Sy^eM npHBo^HTb oT^ejibHoro 
flOKasaTejibCTBa ^jih paccMaTpHBaeMoro nacTHoro cjiynaH, nocKOJibKy oho HHHeM ne oTjinnaeTCH 
OT o6iii;ero. 

OcTajiocb oGtHCHHTb, KaK cBHsaHM flOKasaHHoe paBencTBo h cjiynaliHocTb c opaKyjioM. Ecjih 
t{u),P) KOHeHHO. TO no /];oKa3aHHOMy paBencTBy cyn];ecTByeT tt, npn KOTopoM i?^ = P n t(a;,7r) 
KoneHHo. KaK mm Bn^ejin, 3to b cboki oiepeflb osnaiaeT, ito ui cjiyianna no Mepe B^, to ecTb no 
Mepe P, c opaKyjioM tt, kotopmh ^ejiaeT Mepy P bmhhcjihmoh. 
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HanpoTHB, ecjiH t{ui, P) 6ecKOHe^Ho, a opaKyji A ^ejiaeT Mepy P BbiH;HCJiHMOH, to (|)yHKLi;HH 
t{-, P) 6yfleT A-nepe^HCJiHMOH CHHsy, h ee HHTerpaji ne npeBOCxo^HT 1 no Mepe P, t&k hto nocjie- 
flOBaTejibHocTb u) He Sy^eT cjiyHaliHoli c opaKyjioM A no Mepe P. 

CjienciH (6e3opaKyjiBHciH) cjiynaHHOCTb 

MojKHo HcnojibsoBaTb onpe^ejienne scJxJjeKTHBHO nyjieBoro MHoxcecTBa (hjih nepenncjinMoro cnnsy 
TecTa) H B cHTyan;HH HeBbiHHCJiHMoii Mepti. Hpn 3tom MOJKeT ne cymecTBOBaTb MaKCHMajibnoro 
34)4)eKTHBHO nyjieBoro MHOxcecTBa. Hanpniviep, ecjin Mepa P cocpeflOTO^ena na e/inHCTBennoH 
neBbiHHCJiHMOH nocjieflOBaTejibHocTH tt, to Bce nnTepBajibi, ne coflepjKamne tt, 6yAyT 34)4)eKTHBHo 
nyjieBbiMH MHOJKecTBaMH, a nx oGTaeflnnenne (flonojinenne k cnnrjieTony {tt}) TaKOBbiM ne 6yfleT, 
nna^e tt 6bijia 6bi BbiHHCjiHMoil. 

TeM He Menee mm MOJKeM onpe^ejiHTb nomiTHe cjiyHaftHOH nocjieflOBaTejibHocTH KaK nocjieflo- 
BaTejibHocTH, He jiejKameft nu e odnoM acJjcJjeKTHBHo nyjieBOM MHOJKecTBe (hto sKBHBajieHTHo TOMy, 
HTO Bce TecTu iia iiefl KOiie'iiii.i). Ki.ec-Xaiiceii iipe;;.iio>KH.;i iiasMBaTi. TaKvio cjivHaiiHOCTb "rnnno- 
KpaTOBoft" (ccbijiajicb iia jiei'eH;;y o Bpaie FHnnoKpaTe) , ho mm npeflnoiHTaeM roBopHTb o "cjienon" 
(blind) HJIH "GesopaKyjibHoii" cjiyHaitnocTH. 

OnpeflejieHHe 5.37 (cjienbie TecTbi). UepeuucAUMue CHUsy {6e3 opaKyAo) cf)yHKV,uu t{oj), dAH 
Komopux J t{uj) dP{uj) ^ 1, 6ydeM Hoaueamb cjienbiMH, vjiu GesopaKyjibHbiMH, mecmoMU dAM 
Mepu P. nocjiedoeame/ibHocmb co 6ydeM Hoaueamb GesopaKyjibno cjiynaHHOH no Mepe P, ecAU 
t{cu) KoneuHO dAsi ak)6ozo maKozo mecma t. 

KaK MM BTiflfijim, MOJKCT He cymecTBOBaTb MaKCHMajibHoro cjienoro TecTa. 
3to noH5iTHe GesopaKyjibnoft cjiyHaftnocTH mojkho xapaKTepnsoBaTb bo BBeflennbix panee Tep- 
MHHax: 

TeopeMa 5.38. IIocjiedoeamejibHocmb ui neAHemcH OeaopanyAbHO c/iyuauHou omHocumejibHO Mepu 
P moeda u moAbKO moeda, Koeda ona CAyuauna orrmocumeAbHO ak)6ozo a^^eKmueno KOMnaKmnozo 
KAacca Mep, codepofcamezo Mepy P. 

JJoKoaameAbcmeo. HpeflnojioxcHM, hto ui ne cjiynaitHa OTHOCHTejibno neKOToporo 94)(|)eKTHBHo 

KOMnaKTHoro Kjiacca Mep. co/];epjKau];HX Mepy P. Torj^a nepe'^HcnHMbiil CHH3y (6e30 BCHKoro opaKV- 
jia) TecT ;xjm SToro Kjiacca Gy^eT 6e3opaKyjibHbiM lecTOM ^jih P, tslk hto lo ae 6y/i,eT GeaopaxyjibHO 
cjiyHaitnoit. 

C flpyroil CTopoHbi, npe/];nojio>KHM. "^to cynj,ecTByeT HeKOTopbifi 6e3opaKyjibHbiH TecT t p^jia 
Mepbi P, fljiji KOToporo t{Lo) GecKoneHHo. Tor^a mojkho nonpocTy paccMOTpeTb Kjiacc Bcex Mep Q, 

flJIH KOTOpblX t HBJIHeTCH TeCTOM, TO eCTb flJIH KOTOpblX J t{u)) dQ{ui) ^ 1. 9tOT KJiaCC 94)4)eKTHBHO 

saMKHyT, H noTOMy 94)4)eKTHBHO KOMnaKTBH. B caMOM flejie, ecjiH }\}m neKOTopoii MepM Q HHTerpaji 
6ojibme 1, TO yjKe ^jih neKOToporo 6a3HCHoro npnGjiHMceHHH tnTS-t (cHH3y) stot HHTerpaji 6ojibme 1, 
a HocjieflHee cbohctbo sa^aeT 94)4)eKTHBHo OTKpbiToe MHOxcecTBo b iipocTpancTBe Mep. HepeHHCJiHii 

BCe tn H o6'beflHHHH BCe 9TH MHOJKeCTBa, HOJiyHaeM 9<|)4)eKTHBHO OTKpblTOe MHOJKeCTBO. 

H3 oiipe/;ejieHHH (hjih h3 Hocjie/;HeH TeopeMbi) jierKO BbiBecTH, hto h3 paBHOMepHoii cjiyHaii- 
HocTH nocjieflOBaTejibHocTH ui oTHocHTejibHo P cue flyer GesopaKyjibnaa cjiynaHnocTb. 06paTHoe 
yTBepjKfleHHe neBepno: 

TeopeMa 5.39. Cyiu,ecmeyem nocAedoeameAbHocnib uj, 6e3opaKyAbHO CAynauHOJi no neKomopou 
Mepe P, HO He neA^romajicn paenoMepno CAynauHou no amou Mepe. 
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JJoKaaameAbcmeo. SaivieTHM, ito GesopaKyjibHaa cjiy^afiHOCTb He hsmchhtcji, ccjih mm nyTb- 
HyTb H3MeHHM Mcpy P {t&k, HTo6bi Mepa jiio6oro MHOMcecTBa HSMennjiacb ne 6ojiee hbm b 0(1) 
pas). C ^yroH CTopoHbi, c BbiHHCJiHTejibHoli tohkh speHHH HOBaa Mepa MOJKeT 6biTb ropas^o 
CHjibHee. HanpHMep, HanneM c paBHOMepHoil 6epHyjijiHeBOH Mepbi -Bi/2- b KOTopoil Bce HcnbiTa- 
HHa HesaBHCHMbi H HMeioT BeposTHocTb ycnexa 1/2, h BosbMeM neKOTopyio cjiy^aftHyio no Heft 
nocjieflOBaTejibHocTb uj — uj{l)u){2) . . .. 3aTeM paccMOTpHM nyTb cflBHHyTyio Mepy B', b KOTopoft 
BeposTHOCTH ycnexa pasna 1/2 + ijj(l)ei, 1/2 + uj{2)s2, ■ ■ ■■. speech Si nacTOjibKO Majibi h TaK 6bicTpo 
cxoflJiTCJi K Hyjiio, ^To B' 0TjiHHaeTC3 OT B Ha J11060M MHOJKecTBe He 6ojiee neM b KOHCTaHTy pas. 
Tor^a B' co^epjKHT HH4)opMaH;Hio 06 ui, h HecjiojKHo nocTpoHTb paBHOMepHbift TecT t, ^jih KOToporo 
t{uj,B') = 00. 

OflHaKo 6biBaioT neKOTopbie Kjiaccbi Mep, fljia KOTopbix hohhthh paBHOMepnoft h 6e3opaKyjibHoft 
cjiyHaftHocTH coBna^aioT. (B nacTHocTH, TaKOBbi GepnyjijiHeBbi Mepbi.) HtoGm c4)opMyjiHpoBaTb 
flocTaTOHHbie ycjioBHH TaKoro coBnafleHHH, HanneM c onpeflejieHHH. 

Onpe/],ejieHHe 5.40. 06o3HaHUM uepea Randoms(P) MHoofcecmeo noc/iedoeame/ibHocmeu, pae- 
HOMepHO cjiyuauHux omHocume/ibHO uepu P. Haaoeeu kaucc Mep 9<J)(J)eKTHBHo opToronajibHbiM, 
ecAU 

Randoms(P) fl Randoms(Q) — 
dAH AK)6ux deyx paaAUUHUx Mep P u Q U3 amozo KAacca. 

TeopeMa 5.41. Ilycmb C — a^^eKmueno KOMnaKmnuu u acjicfieKmueHO opmoeoHOJibHuu KAacc Mep. 
Tozda dAM ak)6ou Mepu P U3 amozo KAacca nomimuA paenoMepHou u 6e3opaKyAbHou CAyHauHocmu 
omHocumcAbHO P coenadaiom. 

YTBepjK/ieHHe SToft TeopeMbi Bbirjia/iHT iiapa/tOKcajibHo: mm yTBepjK^aeM ne'^TO o cjiy^aftno- 

CTH HO OflHOft Mepe P, a B yCJIOBHH CTOHT BOSMOJKHOCTb BJIOJKHTb P B KJiaCC Mep C HeKOTOpblMH 

CBoftcTBaMH. (Bbijio 6bi ecTecTBeHHo HaftTH Gojiee HBHbie flocTaTOHHbie ycjioBHH na P.) 

H3 9Toft TeopeMbi cjie^yeT, hto nocTpoennaa npn ^oKasaTejibCTBe TeopeMbi 5.39 Mepa ne MOJKeT 
6MTfa B.jiOKCHa B acjjcjjeKTHBHO 3aMKHyTMH sc^Dcj^eKTHBHO opToroHanbHbift K.nacc. 

/(oKaaameAbcmeo. Mm yjKe OTMenajiH, hto b o/i^ay CTopony yxBep^K^eHHe ripHMO cjie^yex h3 
onpeflejieHHH. floKajKeM o6paTHoe. HpeflnojiojKHM, hto nocjieflOBaTejibHocTb cv 6e3opaKyjibHo cjiy- 
Haftna OTHOCHTejHjiio McpM P. Hg TeopcMe 5.38 ona c.jiy^iaflHa OTHOCHTejibHO Kjiacca Mep C. Ciie- 
flOBaTejibHo, ona pasHOMepno cjiy^aftna oTHocHTejibHo neKOTopoft MepM P' h3 Kjiacca C. OcTaeTca 

flOKaSaTb, HTO P — P'. 

IlycTb 9T0 He TaK. noKa,»ceM, ^ito cymecTByeT KOMnaKTHbift Kjiacc Mep C, KOTopbift coflepjKUT P, 
ho He coflepjKHT P'. B caMOM ^ejie, P ^ P' osnanaeT, hto neKOTopoe cjiobo HMeeT pasjiHHHbie Mepbi 

OTHOCHTejibHO P H P', H MOXCHO HaHTH SaMKHyTOe yCJIOBHe Ha Mepy 9TOrO CJIOBa, KOTOpOe OT^ejIHT 
P OT P'. Tenepb paCCMOTpHM 94)4)eKTHBHO KOMHaKTHblft KJiaCC C n C. Oh CO^epJKHT P H HOTOMy 

nocjie/ioBaTejibHOCTb u ^yppr cjiynaftHoft OTHOCHTejibHO 3Toro Kjiacca. Sna'^HT, h b hSm ecTb Mepa 
P", OTHOCHTejibHO KOTopoft HocjECflOBaTejibHocTb (jj paBHOMcpHo cjiyHaftHa. Ho P' 7^ P" (oflHa Mepa 
jiejKHT B C, a ^yraa — hct), TaK hto nojiynacM npoTHBopcHHe c 94)4)eKTHBHoft opToronajibHocTbio 
Kjiacca C. 

SaMenaHHe 5.42. /JoKaaauHasi meopcMa npuMCHUMa, e nacmHocmu, k KAaccy 6epHyAAueeux Mep. 
Moatcem noKasanibCA, umo ee mookho doKasamb npoiu,e: ecAU nocAedoeameAbHocmb u) CAynauHa 
{6e3opaKyAbHO uau mcM 6oAee paenoMepHo) no Mepe Bp, mo npedcA Hacmomu edunuv, e neu paeen 
p u mcM caMUM oh onpedeAJiemcji caMou nocAedoeameAbHocmbJO [u donoAHumejibHuii, opa/KyA dAsi 
p Huuezo Hoeozo ne daem) . 9mo paccyotcdenue, odnaKO, nenpaeuAbHo: xorriA p u onpedcAHemcfi 



37 



nocAedoeame/ibHocmbH), ho ne sieMemcn euuucAUMOu {u/iu xonm 6u Henpepueuou) (fjyHKu,ueu om 
nee. B comom dcAe, HUKaKou HauajibHuu ompeaoK nocAedoeameAbHocmu ne eapaHmupyem, umo ee 
npedcAbHOJi uacmoma 6ydem e aadauHOM UHmepeojie. AnaAozuHHoe paccyotcdenue, odnaKO, mook- 
Ho npuMenumb k nocjiedoeamejibHocmfiM, y Komopux detjieKm CAynauHocmu ospanuHen aapanee 
uaeecmHou KOHcmawmou. [Cm. nodpodnee e [12], ede eeedeno omnocfiineecfi k amouy noHnmue 
nocAOUHOu euHUCAUMOcmu.) B HacmHocmu, mookho noKoaamb, umo ecAU nocAedoeameAbHocmb uj 
6e3opaKyAbHO CAyuauHa no Mepe Bp, mo deouunoe paaAootcenue p euuucAUMO c opanyAOM uj. 

6 HeHTpajiBHaa Mepa 

Cjie^yiomaH TeopeMa, onyGjiHKOBaHHaH b [17] h saieM b [11], yKasbmaeT na napaflOKcajibHoe cboh- 
CTBo paBHOMepHolt cjiynaitHocTH, KOTopaa oTjinnaeT ee ot cjiynaltHocTH c opaKyjioM. 

Onpe;],ejieHHe 6.1. HaaoeeM Mepy na HeiiTpajibHoil, ecAU ecjiKOJi nocAedoeameAbHocmb jigaji- 
emcH paenoMepHo cAyuauHou omHocumeAbHO amou uepu. 

TeopeMa 6.2. Cymecmeyem HeumpaAbHOJi Mepa; 6oAee moeo, cymecmeyem Mepa N, dAn Komopou 

t(a;, N) ^ 1 npu ecex oj G O. 

HpeJKfle ^eM ^OKasbiBaTt s-ry xeopeMy, OTMeTHM, ^to Bce BbiiHCJiHMbie nocjieflOBaTejibHOCTH 
o6H3aHbi 6biTb aTOMaMH HCHTpajibHOH Mcpbi (HMeTb nojiojKHTejibHyio BepojiTHocTb). B caMOM fle- 

Jie, MOJKHO nOCTpOHTb TeCT, KOTOpblH HmeT flJIHHHbie OTpeSKH BblHHCJIHMOH nOCJieflOBaTejIbHOCTH, 

HMCKimHe Majiyio Mepy (sToro mojkho /lOJK/iaTbCH, HMea nocjie^oBaTejibHOCTb h Mepy b KanecTBe 
apryMeHTOb), h npncBaHBaeT hm Gojibuioe sHaienne flecJjeKTa. 

OTciofla cjieflyeT, hto HeliTpajibHaa Mepa ne MOJKeT 6biTb BbiHHCJiHMoli. B caMOM ^ejie, fljin 
BbiHHCjiHMoil Mepbi jierKO nocTpoHTb BbraHCjiHMyio iiocjie;];oBaTejibHOCTb. He SBjiaioinyioca aTOMOM 
(naflo H3 flByx npoflOJiJKeHHH cjioBa BbiGnpaTb to, KOTopoe HMeeT MeHbuiyio — hjih xotji 6bi He 
CHjibHo 66jibmyio — Mepy). AHajiorHHHoe paccyjKfleHHe noKasbmaeT, HeliTpajibHaa Mepa ne 9kbh- 
BajieHTHa HHKaKOMy opaKyjiy (neT opaKyjia, KOTopbifi p^enaji 6bi ee BbiHHCJiHMofi h. iiaiipoTHB, Mor 
6bi 6biTb BoccTaHOBjien no npnGjiHJKeHHHM k Heft). B caMOM ^ejie, ecjiH A — TaKoft opaKyji, to 
(KaK Mbi BHflejin) paBHOMepna^H cjiynaftHocTb paBHocHjibna cjiynaftHocTH c opaKyjioM A, h mojkho 
noBTopHTb TO JKe paccyjKfleHHe. 

HeftTpajibHaa Mepa ne MOJKeT 6biTb TaKJKe nepe'^HC.jiHMOH CBepxy hjih CHHsy. ho npn nameM 
OHpeflejieHHH (Kor^a Mepa Bcero HpocTpancTBa floJiJKHa paBHATbca eflHHHu;e) 3to ne flaeT HHiero 
HOBoro. HeKOTopbie Gojiee ocMbicjieHHbie (h Menee TpHBHajibHbie) BapnaHTbi 9Toro yTBepjKfleHHH 
flOKaaaHbi b [18]. 

JJoKaaameAbcmeo. PaccMOTpHM yHHBepcajibHbift TecT t{uj,P). Mbi yTBepjK/i;aeM, hto cyme- 
CTByeT Mepa N, fljiji KOTopofl t{ui,N) ^ 1 /s^nsi jiio6oft nocjieflOBaTejibHocTH A'^. JXpyruMvi cjiOBaMH, 
fljia Ka^JKfloft nocjieflOBaTejibHocTH u) mh HMeeM ycjioBHe na N, cocToamee b tom, hto t(a;,7V) ^ 1, 
H Ha^o ppKasaTb., hto Bce sth ycjioBHH coBMecTHbi (nepeceHeHHe hx nenycTo). KayKppe ycjioBHe 
saflaeT saMKnyioe MHOJKecTBo b KOMHaKTHOM HpocTpancTBe Bcex Mep (bchomhhm, hto t nepeHHc- 
jiHMo CHH3y, H TeM 6ojiee nojiynenpepbiBHo CHHsy), nosTOMy ^ocTaTOHHo flOKasaTb coBMecTHocTb 
jHo6oro KOHe-qnoro HHCjia ycjioBHft . 

HTaK, BosbMCM k HpoHSBOJibHbix Hocjie^^oBaTejibHocTeft uji, . . . ,Uk- HaM Haflo flOKasaTb, ^to 
cymecTByeT Mepa N, fljiH KOTopoft t{uii, N) ^ 1 npn Bcex i — 1, . . . ,k. 3Ty Mepy mm 6yfleM HCKaTb 
B BHfle BbinyKjioft K0M5HHau;HH Mep, cocpeflOTOHenHbix b uji, . . . ,0)^. TaKHM o5pa30M, HaM na^o 

HOKaSaTb. HTO k SaMKHyTblX HO/lMHOJKeCTB /c-MepHOrO CHMHJieKCa (cOOTBeTCTByKJHtHX k yCJlOBHHM) 

HMeioT oGmyio TOHKy. 3to flejiaeTca c HOMombio HSBecTHoft TonojiorHHecKoft jieMMbi (ncnojibsyeMoft 
B cTaH^apTHOM flOKasaTejibCTBe TeopeMbi Bpayapa o nenoflBHJKHoft TOHKe): 
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JleMMa 6.3. Ilycmb cuMUAeKC c eepmunaMU l,...,n noKpum k aaMKHymuMu MHootcecmea- 
Mu Ai, . . . ,Ak- Uycmb npu amoM eepmuna i eceeda npuHadAeoKum MHOotcecmey Ai, pe6po i-j 
y,eAUKOM AeoK-'urn e o6zeduHeHuu Ai U Aj, u maK dajiee {epaub {ii,...,is) y,eAUKOM Aeotcum e 
Ai^ U . . . U AiJ. Tozda nepeceneHue Ai. . . ,Ak nenycmo. 

YlpaBepfiM p^jiii nojiHOTbi CTaH/];apTHoe /lOKaaaTejibCTBO SToil jieMMbi. PaccMOTpHM CHMnjiHLi;H- 
ajibHoe pasGneHHe flaHHoro cHMnjieKca na MejiKHe cHMnjieKCbi h noMeTHM KajKflyio hx BepuiHHy 
KaKHM-To HHCJioM z OT 1 flo fc, c TeM ycjioBHeM, HTo6bi 9Ta BepniHHa jiejKajia b A^. Bojiee Toro, 
MOJKHO npe;i;nojiaraTb ^^ito BepniHHa i HOMe^ena '^hcjiom i. BepuiHHbi na oxpesKe i-j iioMe^eHbi 
jih6o hhcjiom i, jih6o hhcjiom j, h TaK ^ajiee. KoMGHHaTopnaa jieiviMa LUnepHepa roBopHT. hto 
ecTb cHMnjieKc pasGnenHH, y KOToporo Bce BepniHHbi noMeneHbi no-pasHOMy. YcTpeivijiJifl pasMep 
MaKCHMajibHoro cHMnjieKca pasGneHHH k nyjiio, h BbiGnpaa npe^ejibHyio TOHKy nocjie^oBaTejibHo- 
CTH nojiyHHBuiHxca pa3Hoii;BeTHbix cHMnjieKcoB, naxoffOM HCKOMyio TOHKy b nepecenenHH Bcex Ai. 
JleMMa flOKasana. 

IlpHMeHHM Tenepb flOKaaaHHyio jieMMy. CorjiacHo 3Tolt jieMMe, naM flocTaTOHHo flOKasaTb, 

HTO jiio6aa Tc^iKa Ha rpann CHMnjieKca noKpbmaeTCH oGte/iHReHHeM cooTBeTCTByiomHX MHOJKecTB. 
HycTb, cKajKeM, ecTb TOHKa (Mepa) X, jiBjiJiiomaacji cMecbio BepuiHH wi, W5 vl lot, bto snanHT, hto 
Mepa X cocpe^oTo^eHa b MHoxcecTBe {uji,ui5,u)7}. HaM HyjKHo noKasaTb, hto To^Ka X noKpbiTa 
oGije^tHHeHHeM MHOJKecTB Ai, A^n A7, b nameM cjiynae 3to osnanaeT, hto oflHo h3 HHceji t{uJi,X), 
t(a;3,X) a t{u)7,X) He npeBocxo;i;HT eflHHHu;bi. Ho mm snaeM, hto f t{uj , X) dX (uj) ^ 1 corjiacHO 
onpeflejieHHio TecTa, a 3tot HHTerpaji HBjiaeTCfl BSBemennbiM cpe;;HHx 3thx Tpex BejiH^HH, TaK ito 

XOTH 6bl OflHa H3 HHX He HpeBOCXOflHT 1. 

7 CjiynaftHbie tohkh MexpHHecKoro npocTpancTBa 

BojibmaH HacTb c<J)opMyjiHpoBaHHbix HaMH pesyjibTaTOB o cjiynanHbix nocjie^oBaTejibHocTJix 6htob 
nepenocHTCH na cjiynalt nocjieflOBaTejibHocTelt HaTypajibHbix hhcbji, a nacTo h na 6ojiee o6n];HH 
cjiynaft MeTpHHecKHx npocTpancTB. Mbi celiHac hsjiojkhm TaKHe o6o6n];eHH5i (a TaKJKe h HeKOTopbie 
HOBbie — flajKe h ^jih npocTpancTBa O — pesyjibTaTbi). 

7.1 KoHCTpyKTHBHbie MeTpHHecKoe npocTpancTBa 

OnpeflejiHH KOHCTpyKTHBHbie MeTpHHecKHe npocipaHCTBa h nepenHCJiHMbie cHHsy 4)yHKu,HH na hhx, 
Mbi cjie^eM [11, 13] (cm. TaioKe[7]). 

Onpe/],ejieHHe 7.1. KoHcmpyKmueHoe MempuuecKoe npocrnpaHcrneo X = {X,d,D,a) cocmoum 

U3 noAHOzo cenapa6eAbH020 MempunecKozo npocmpaHcmea (X,d), e KomopoM eudeAeno cuemHoe 
nAoniHoe MHoatcecmeo D u ezo nyMepaVjUH a: N — )• £) {onpedeAeHHan na eceu N). Tpedyemcn, 
Hmo6u paccmonHue d{a{m),a{n)) 6uao 6u a^eKmueno euHUCAUMO (c ak)6ou mpe6yeMou moHHO- 
cmbjo) no m u n. 

OrriKpumue mapu c v,eHmpaMU e mouKax U3 D u payuouaAbHUMU paduycauu 6ydeM Hoaueamb 
SasHCHbiMH mapaMH; MHOotcecmeo ecex manux mapoe o6pa3yem KanoHH^ecKHH 6a3HC monoAozuu 
X KttK MempuuecKoao npocmpaHcmea. 

EydeM naaueamb nocAedoeameAbuocmb si,S2, ■ ■ ■ moncK U3 D CHjibHO c|3yH/];aMeHTajibH0H, ecAU 
d{sm, Sn) ^ 2~™ npu n > m. Uo npednoAOCHceHum npocmpancmeo X noAHO, noamoMy ecHKan ma- 
Kan nocAedoeamcAbHocmb uueem eduHcmecHHUu npedcA, u moHKU npocmpancmea mookho omootc- 
decmeumb c KAaccoMU aKeueaAenmHocmu cuAbHO (fiyndaMenmaAbHux nocAedoeameAbuocmeu. 

HacTo Mbi 6y;i;eM o6o3Ha'^aTb KOHCTpyKTHBHoe MeTpHHecKoe npocTpancTBo X npocTo X (ecjiH 

d, D VL a JICHbl H3 KOHTeKCTa). 
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IIpHMepBi 7.2. 

1. B ducKperriHOM MeTpHiecKOM npocTpancTBe E — {si,S2, ■ ■ ■} paccTOHHHe MejK^y jiio6biMH 

flByMa paSJIHHHblMH TOHKEMH paBHO 1; MHOJKeCTBO D COflCpJKHT BCe TOHKH H a{i) — Si- 

2. MojKHo flo6aBHTb K HaTypajibHbiM HHCJiaM 6ecK0HeHHbili 9jieMeHT, nojiojKHB N = N U {oo}. 
PaccTOHHHe npH 3tom mojkho onpeflejiHTb KaK o6biHHoe paccTOSHHe MeyKpy o6paTHbiMH BejiH'^mHa- 
MH (npH 3T0M, ecTecTBeHHo, l/oo — 0). 3to MCTpHiecKoe npocTpaHCTBo MOJKHo HasBaTb odnomo- 
HCHHOU KOMnaKmu<f)UKav,ueu npocTpancTBa HaTypajibHbix HHceji c ^HCKpeTHoli MeTpHKoli npe^bi- 
flymero npniviepa. 

3. BemecTBeHHaa npjiMaa M c o6biMHbiM paccTOHHHeM d{x,y) — \x — y\ TaioKe HBjiHeTca koh- 

CTpyKTHBHblM MeTpHHeCKHM npOCTpaHCTBOM (c KaKHM-JIH6o eCTeCTBeHHbIM Bbl6opOM MHOXCeCTBa D 

H ero HyMepaii;HH) . To JKe caMoe mojkho CKasaTb o ee nojiojKHTejibHOH nacTH ]R_|_ — [0,oo); mojkho 
floGaBHTb H GecKOHeHHbiit 3jieMeHT +00, ho Tor^a naflo HSMeHHTb MeTpHKy (nanpHMep, nepenecH 
ee c OTpesKa). 

4. Hmesi flBa KOHCTpyKTHBHbix MeTpHHecKHx npocTpancTBa X h Y, mojkho paccMOTpeTb hx 

npoH3Be/];eHHe Z = X x Y c o;^hoh h3 ecTecTBeHHbix mctphk (nanpHAiep, cyMMa paccTOHHHii no 
o6eHM Koop^HHaTaM) ; MHOJKecTBo Dz TaKJKe jiBjiaeTca npoHSBe/tCHHeM £)x x Dy- 

5. IlycTb X — KOHeHHbiii hjih cHeTHbiit aji4)aBHT (c cjDHKCHpoBaHHoft HyMepai^Heft) . Tor^a 
MHOMcecTBO X^, cocTOHmee H3 6ecK0HeHHbix nocjieflOBaTejibHocTefi x = (a;(l), a;(2), . . .) c x{i) £ X, 
npeBpamaeTCH b MeTpHHecKoe npocTpancTBO. ecjiH nojiojKHTb d{x, y) — 2~"', rji^e n — MHHHMajibHbiit 
HHfleKc i, rfle x{i) h y{i) pasjiH'^aioTca. 3to npocTpancTBo HBjiaeTCfl o6o6m,eHHeM paccMOTpeHHoro 

HaMH flBOHHHOrO KaHTOpOBCKOTO npOCTpaHCTBa; mapbl B HCM HBJI5II0TC5I I];HJIHimpaMH: flJIfl flaHHOH 

KOHeHHOH nocjieflOBaTCJibHocTH TOHeK z € X* Mbi 6epeM Bce npoflOJUKeHHH z. 

SaMenaHHe 7.3. Kacncdasi moHKa x KOHcmpyKmueHozo MempuuecKozo npocmpaHcmea X Mootcem 
paccMampueam/bCH KaK "uaccoeaH npo6AeMa" e CMUcjie Medeedeea [21]; no dannoMy pav,uoHajib- 
HOMy e > yKaaamb HOMep mouKU U3 D, npu6AuoicaK)XJU,eu x c noepeiuHocmbw ne 6oAee e. JlezKO 
npoeepumb, umo ama npodACMa aKeueojieHmHa (e cmucac Medeedeea) npod^eMe nepeHucjienuH 
ecex 6a3UCHUx mapoe, codepoKamux mouKy x. 

SaMenaHHe 7.4. KoHcmpyKmueHoe MempunecKoe npocmpaHcmeo RejinemcR nacmHUM cjiynaeM 
6oAee o6iu,eeo {u uacmo noAeanozo) noHnmuH KOHcmpyKmuenozo monoAoeuuecKoeo npocmpaHcmea. 

KoHCTpyKTHBHoe TonojiorHHecKoe npocTpancTBo X — {X, r, v) cocmoum U3 monoAozunecKozo 
npocmpaHcmea X , 6a3uca omKpumux MHOCHcecme t u ezo HyMepai^uu v: smo anaHum, umo r = 
{1^(1), z/(2), . . .} u umo omKpumuMU MHOotcecmeauu e X mA^mmcH o6seduHeHUH MHoamecme U3 

T. 

EcAU Z ^eAHemcH nenycmuM nodMuooKecmeoM a^^eKmuenoeo monoAozunecKozo npocmpaH- 
cmea, mo OHO caMO cmanoeumcR 9(fi(fieKmueHUM monoAozunecKUM npocmpancmeou: mu nepece- 
KacM ece 6a3UCHue MHOotcecmea c Z, hc mchhsi ux HyMcpai^wio. B amoM cocmoum eaotcHoe npe- 
UMymecmeo nonnmuH KOHcmpyKmuenozo monoAozunecKozo npocmpaHcmea {no cpaeneHUK) c koh- 
cmpyKmueHUMU McmpuuecKUMU npocmpancmeaMu) : mau mu mochccm nepenecmu Mcmpuny na 
noduHootcecmeo, ho HUKaKozo ecmecmecHHOzo cnoco6a eudcAumb e hcm cnemnoe nAomnoe mho- 
otcecmeo c HyMepav,ueu ne eudno. 

B amou cmambe mu, odnaKO, ne 6ydeM cmapambca o6o6w,um,h ho/uiu pe3yAbmamu na koh- 
cmpyKmuenue monoAozunecKue npocmpancmea {dAJi nezo nyMCHO 6uao 6u ccfiopMyAupoeamb mon- 
Ho, KaKoii KAacc KOHcmpyKmuenux monoAozuuecKux npocmpancme mu xomuM paccMampueamb) , 
a e Kauecmee KOMnpoMucca ozpanuHUMcn nodMHOotcecmeaMU MempunecKux npocmpancme. 

OnpeflejiHB CTpyKTypy KOHCTpyKTHBHoro TonojiornnecKoro npocTpancTBa, mm mojkgm Tenepb 
onpe;i,ejiHTb neKOTopbie acjjcjaeKTHBHbie BapnaHTbi TonojiornnecKHX noHHTHH (flJifl KOHCTpyKTHBHbix 
MeTpHHecKHx npocTpaHCTb) : 
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OnpeflejieHHe 7.5. OmKpumoe nodMHootcecmeo U KOHcmpyKmuenozo MempuuecKoeo npocmpan- 
cmea X naaueaemcn 34)4)eKTHBHO oTKpbiTfaiM, ecAU oho neAnemcn o6^eduHeHueM nepeuua/iuMoeo 
ceMeucmea daaucHux uiapoe. JJonoAHCHUJi a^eKmueno oniKpumux MHOOKecme mu HoaueacM 

acjjcjjeKTHBHO SaMKHyTblMH. 

Uycmh A — neKomopoe nodMHOotcecmeo X. Bydeu zoeopumh, umo MHOotcecmeo U Q X oTKpbi- 
To Ha A, ecAU Haudemcn a^^eKmueno orriKpumoe e X MHOOKecmeo V , dAH Komopozo U r\A — Vr\A. 

OTMeTHM, HTo B HocjieflHeM onpeAejicHHH U He o6H3aHo 6biTb HacTbK) A, HO peajibHO HrpaeT 
pojib jiHinb nepeceneHHe U c A. 

Tenepb MOJKHO Onpe^ejIHTb BblHHCJIHMOCTb B TepMHnaX 34)<J)eKTHBHO OTKpblTblX MHOJKeCTB. 

Onpe/i,ejieHHe 7.6 (BbiHHCjiHMbie cjjyHKi^HH). Ilycmb f : X ^ Y — omo6pacHceHue MempunecKux 
npocmpaHcme, onpedejieuHoe na eceu X. 0yHKV,ufi f nenpepbiBna mozda u moAbKO mozda, Kozda 
npoo6pa3 ak6ozo daaucHozo orriKpumozo uiapa B C Y neAsiemcH orriKpumuM nodMHOotcecmeoM 
X; HoaoeeM ^yHKUfWrn f BbiHHCJiHMoli, ecAU amom npoo6pa3 neA^emcn a^eKmueno orriKpumuM 
MHOotcecrneoM (paenoMepHO no B). 

HacrnuHHaM (j)yHKV,vji f U3 X e Y , o6Aacmb onpedeAenuH Komopou codepotcum neKomopoe nod- 
MHOotcecmeo A G X, BbiHHCJiHMa na A, ecAU npoo6pa3 ak6ozo 6a3UCHOzo orriKpumozo mapa B 
ReARemcR 3cjxj!ieKmueH0 omnpumuM na A {paenoMepHO no B) . Ha smozo onpedcACHUJi eudno, umo 
noeedenue ^yHKV,uu ene A na euHUCAUMOcmb {na A) ne eAVJiem. 

HacmnuM CAynaeu euuucAUMOcmu ^yHKV,uu mookho cuumamb euHUCAUMOcmb moucK: mou- 
Ky X & X 6ydeM naaueamb euuucAUMOu, ecAU ^yHKy,vji na odHoaAeMenmHOM npocmpancmee 
/: {0} — )• X c /(O) — X euHUCAUMa. 

EcAU (fiyHKVfUH f, onpedejieHHCui e eduncmeeHHOu moHKe xq & X u npuHUMammaM anaHenue 
yo S y, euHUCAUMa na ceoeu odAacmu onpedeAeniiH, mo mu zoeopuM, umo yo = f{xo) neAnemcM 
XQ-BbraHCjiHMbiM. EcAU cfiyHKUjUJi f : Y X Z ^ Y , onpedeACHHan na X x {zq}, euHUCAUMa na ceoeu 
o6Aacmu onpedeAenuH, mu nasueaeM ^yHKi^uK) g: X ^Y, omodpaoKamiMfym x e g{x) — f{x,zo), 

^O-BblHHCJIHMOii, UAU BbnHCJIHMOH OTHOCHTejIbHO Zq. 

HecjioxcHo iipoBepHTb, ^ro name oiipeAejieHHe BbiHHCJiHMolt tohkh sKBHBajieHTHo 6ojiee npn- 

BblHHblM: 

npe/];jio»ceHHe 7.7. CAedymmue ceoucmea mouKU x KOHcmpynmueHozo MempuuecKozo npocmpan- 
cmea X — {X, d,D,a) paenocuAbHu: 

(i) X euHUCAUMa; 

(ii) MHOOKecmeo 6a3UCHUx mapoe, codepatcaiu,ux x, nepenucjiuMo; 

(iii) cymecmeyem euHucjiuMasi uocAcdoeameAbHocmb zi,Z2,--- aACMenmoe D {aadauHux ceou- 
Mu a-HOMepaMu), dAM Komopou d{x,Zn) ^ 2"" npu ecex n. 

Cue/iyiomee npefljiojKeHHe ^aeT 6ojiee npHBbiHHyio nepe4)opMyjiHpoBKy onpeflejieHHH bkhhcjih- 
mocth: 

ITpe^jiojKeHHe 7.8. Ilycmb f : X ^ Y — omo6pacHceHue McmpunecKux npocmpancme. <PyHK'u,ufi 
f euHUCAUMa mozda u moAbKO mozda, Kozda cyiu,ecmeyem euuucAUMoe npeo6pa3oeaHue {sadaea- 
CMoe MatuuHou c opanyAOM), Komopoe nepeeodum Awdyw cuAbuo ^yHdoMeHmojibHyw nocAedoea- 
mcAbHocArib moHCK U3 Dyi c npedejioM x e cuAbHO ^yHdoMeHmaAbHyro nocAedoeamcAbHocmb moucK 
U3 Dy c npedcAOM f{x). 

EcAU f — HacmuHHan (fiyHKii,UH c odAacmbw onpedeAenun Z C X u anaHeHUHMU e Y, mo ee eu- 
HucjiuMocmb Ha Z paenocuAbHa cymecmeoeanuTO euuucAUMOzo npeo6pa3oeaHun, Komopoe npuMe- 
HUMO K AH)6ou cuAbHO cfiyHdaMeHmaAbHou nocAcdoeamcAbHocmu c npedcAOM x € Z u npeodpaayem 
ee e cuAbuo cfiyHdaMeHmaAbHym nocAedoeamcAbHocmb c npedcAOM f{x). 
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SaMenaHHe 7.9. B neKomopoM cmucac XQ-eunucjiuMocmh anaAozuHHa euHUCAUMOcmu c opaKy- 
AOM {u e KaHmopoecKOM npocmpaHcmee coenadaem c neu), ho e o6meM cjiynae nado UMemt e eudy, 
Hmo onpedeACHue UMeem 6oAee CAOOKnym npupody: e amoM onpedeACHUu Mauiuna UMeem docmyn 
K HeKomopou nocAedoeameAbHocmu si, S2, . . ., cxodMmeucM k xq, ho ama nocAedoeameAbHocmb ne 

(pUKCupoeana. 

OnpeflejieHHe 7.10 (nepeHHCJiHMocTb cHHsy). Uycmb dano KOHcmpyKmuenoe MempuuecKoe npo- 
cmpaHcmeo X = {X,d,D,a). OyrnVfUH f: X ^ [—00,00] nojiynenpepbiBHa CHHsy, ecAU mhookc- 
cmea {x \ f{x) > r} orriKpumu npu AiodoM paii,uoHaAbHOM r {omcwda CAedyem, umo ohu orriKpumu 
npu ATodoM r, ne o6H3ameAbHO pav,uoHaAbHOM) . Ona Haaueaemcn nepewcjiHMoit CHHsy, ecAU amu 
MHOofcecmea a^^eKmueno orriKpumu npu ak)6om pav,uoHaAbHOM r {paenoMepHO no r) . ^acmun- 
Hon ^yHKViVJi f U3 X e Y, onpedeACHHOJi {no Kpauneu Mcpe) na HCKomopoM nodMuootcecmee A 
npocmpaHcmea X , HaaueaemcR nepe'^HCjiHMoii CHHsy na A, ecAU MHOOfcecmea {x \ f{x) > r} 
dcfkfieKmueHO omnpumu na A paenoMepno no r. 

AnoAoeuHHO onpedeAnemc^ u nepeuucAUMOcmb ceepxy; ona paenocuAbHa nepeuucAUMOcmu chu- 
3y (fiyHKVfUU —f. 

JlerKo npoBepHTb, hto 4)yHKi];iiH /: X — > K BbiHHCJiHMa Tor^a h tojibko Tor^a, Kor^a ona 

nepeHHC.nHMa CBepxy h CHH3y. 

KaK H paHfaiiie, mojkho ;xsLTb SKBHBajieHTHoe oiipe/i,ejieHHe iiepe^HCJiHMOCTH CHHsy c iiomoiii,e>k) 

6a3HCHbIX <J)yHKI];HH. 

Onpe/];ejieHHe 7.11 (6a3HCHbie ^ywKsxvca b KOHCTpyKTHBHOM MeTpH^ecKOM npocTpancTBe). Onpe- 

dcAUM cuernHoe MHOotcecmeo 6a3HCHbix (j3ynKV,uu £ = {ei,e2, . . .} e KOHcmpyKmueHOM Mernpuue- 
CKOM npocmpaHcmee X — {X,d,D,a) CAedymmuM o6pa30M. /Jam Kaotcdou mouKU d & D u Oah 
Awdux noAOOKumcAbHux paVfUonaAbHux hucca rue onpedcAUM (pyHKii^um gd,r,e' anaueHue e 
moHKC X onpedcAHemcH paccmonnueM om x do d u paeno 1, ecAU amo paccmonnue ne 6oAbuie r, 
paeno HyAto, ecAu paccmosmue ne MCHbrne r + e, u auhcuho McmiemcM, Koeda paccmonnue npo6e- 
eaem [r,r + e]. Cm. puc. 1. 

3ameM mu paccuampueacM ece (fiyHKU,uu, noAynacMue U3 ceueucmea gd,r,s aaMUKanucM om- 
HocurneAhHO pa/u/uoHaMMUx auhcuhux K0At6uHa'u,uu u onepai^uu MancuMyMa u MUHUMyMa. Mho- 
otcecmeo maKux (pyHK%uu u odoanauaemcH £; ohu UMcmm ecmecmeeHHyio HyMepau,uio. 




r r + e 



Figure 1: <DyHKij;HH, h3 KOTopbix cTpoHTCH 6a3HCHbie. 

IIpefljioxceHHe 7.12. 0yHKU,uji f: X ^ [0, +00], onpedeACHHaA na KOHcmpynmuenoM uempune- 

CKOM npocmpaHcmee, nepenucAUMa CHuay mozda u moAbKO mozda, Kozda ona jieAJiemcsi nomoueu- 
HUM npedcAOM Hey6ueaK)w,eu euuucAUMOu nocAcdoeamcAbHocmu 6a3UCHUx (j)yHKU,uu. 



42 



ECJIH B 3T0M npeflJIOJKeHHH OTKaaaTbCfl OT Tpe60BaHH3 BbltlHCJlHMOCTH, TO BMeCTO nepeHHCJIH- 
MOCTH CHH3y HOJiyHHTCH nOJiyHClipepfalBHOCTb CHHSy. 

Onpe/i,ejieHHe 7.13. Ahoaozuhhum o6pa30M onpedeMemcn nepeuucAUMOcmb CHuay OTHOCHTejib- 
Ho TOHKH zq HeKomopoeo MempuuecKozo npocmpaHcmea {kuk nepeuucAUMOcmb CHuay na npouaee- 
denuu o6Aacmu onpedejienvji u {zq}). 

Bbl6op MBTpHKH B KOHCTpyKTHBHOM MeTpHHeCKOM npOCTpEHCTBe MRCTO He BJlHSeT HR HOHJITHe 
BbllHCJIHMOCTH. B H;aCTHOCTH, Mbl MOJKeM He paSJIHHaTb 3KBHBajieHTHbie MeTpHKH B CMblCJie cjie- 

flyiomero onpe^ejieRHJi (KOHCTpyKTHBHbiii BapnanT paBHOMepnoH nenpepbiBHocTH TOJKflecTBeHHoro 
OTo6pajKeHH5i npocTpancTBa b ceSsi c flpyrolt MeTpHKoli): 

Onpe/],ejieHHe 7.14 (paBHOMepHaa HeupepbiBHOCTt, SKBHBajieHTHOCTb) . Ilycmh X uY — koh- 
cmpyKmuenue MempunecKue npocmpaHcmea, a f: X ^ Y — euuucAUMan (pyHKi^uH. Mu zoeopuM, 
umo f paBHOMepHo neiipepbiBHa, ecAU dAM Aiodoeo pav^uoHaAhHozo £ > cymecmeyem panuonaAt- 
Hoe S > 0, Bah Komopozo d-}^{xi,X2) ^ 5 zapanmupyem dY{f{xi),f{x2)) ^ £■ Mu zoeopvM, umo f 
9<J)4)eKTHBHo paBHOMepHo HenpepbiBHa, ecAU no e mookho a^^cKmueno naumu coomeemcmeywinee 
S. 

/fee MempuKU na oBhom u moM otce npocmpancmee HoaueammcM (94)4)eKTHBHo) sKBHBajieHT- 

HbiMH, ecAU moMcdccmecHHafi cfiyHKyusi, paccMampueacMaR kuk omo6pacHceHue npocmpancmea c 
odnou McmpuKou e npocmpancmeo c dpyzou McmpuKou, {a^cKmueno) paenoMcpno Hcnpepuena 
(e o6e cmopoHu). 

HanpHMep, b M? eBKjiimoBa MeipHKa h Li-MeTpHKa 94)4)eKTHBHo sKBHBajieHTHbi. 

HoHHTHe 34)4)eKTHBHoit KOMHaKTHocTH (onpeflejieHHe 5.4) oHeBHflHo nepenocHTCH na npoHs- 
BOjibHbie KOHCTpyKTHBHbie MeTpHHecKHe npocTpancTBa. EcTb 34)4)eKTHBHbiH anajior h y 6ojiee 
cjiaGoro nonaTHH jiOKajibHofi KOMiiaKTHOCTH. 

Onpeflejienne 7.15 (34)4)eKTHBHaa KoivinaKTHocTb h jioKajibnaa KOMnaKTHocTb b MeTpn^ecKHx 
npocTpancTBax). KoMnanmHoe noduHootcecmeo C a^cKmuenozo MempunecKozo npocmpancmea X 
HaaueaemcR scjjcjjeKTHBHo KOMiiaKTHbiM, ecAu mookho nepcHUCAJimb ece Konennue ezo noKpumun 
6a3UCHUMU MHOotcecmeoMU npocmpancmea X. 

TIodMnooicecmeo C McmpuuecKozo npocmpancmea naaueaemcsi jioKajibHo KOMnaKTHbiM, ccau 
ezo MOOKHO noKpumb tuapoMU B, y Komopux nepeceuenvji B DC KOJunaKmnu. {3decb B — aa- 
MUKanue luapa B.) UodMnootcecmeo C 6ydeM naaueamt 9(|)4)eKTHBHo jioxajibHo KOMnaKTHbiM, 
ecAU cymecmeyem euHUCAUMan nocAedoeamcAhnocmt daaoeux mapoe B^, noKpueammux C, Oah 
Komopux Bf-DC a^^cKmueno KOMnanmnu paenouepno no k. 

IIpHMepBi 7.16. 

1. KoHeHHoe flHCKpeTHoe npocTpancTBo KOMnaKTHo, a SecKone^Hoe — jioKajibHo KOMnaKTHo. 

2. OTpeaOK [0, 1] HBJiaeTCa ScjjcjjeKTHBHO KOMnaKTHbiM. ITpHMail K HBJIHeTCH 94)4)eKTHBHO 
JIOKajIbHO KOMnaKTHbiM HpOCTpaHCTBOM. 

3. fljiH KOHeHHoro aji<J)aBHTa X npocTpancTBo 6ecK0HeHHbix nocjie^oBaTejibHocTeli HBJIJieT- 
ca scjjcjDeKTHBHo KOMnaKTHbiM. (^JiH 6ecKOHeHHoro aji4)aBHTa 9to npocTpancTBo ne Sy^eT jioKajibHo 

KOMIiaKTHfalM.) 

4. riycTb a G [0, 1] — nepenncjinMoe cnnsy fleitcTBHTejibnoe hhcjio, ne HBjiaiomeecH Bbinncjin- 
MbiM. (TaKiie HHCJia cymecTByioT; nanpHMep, hhcjio ^2~^^^^) HBjiaeTca TaKOBbiM.) PaccMOTpnM 
OTpesoK [0, a] KaK KOHCTpyKTiiBHoe MeTpii'^ecKoe npocTpancTBo: nepeHHCjiiiMOCTb a cnnsy no3- 
BOJiaeT nepenyMepoBaTb pau;HOHajibHbie mcjia, Menbuine a. 3to KoncTpyKTHBHoe MeTpniecKoe 
npocTpancTBo 6yfleT KOMnaKTHbiM, no ne 94)<J)eKTHBHo KOMnaKTHbiM. 

Cjie/iyioinee npe;n,jio>KeHHe j^am: nojiesHbili KpnTepHii 94)4)eKTHBHoli KOMnaKTHOCTH b KOHCTpyK- 

THBHblX MeTpHHeCKHX HpOCTpaHCTBaX. 
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npe/i,jio:aceHHe 7.17. (a) KoMnaKmnoe nodMHOotcecmeo C KOHcmpyKmueHozo MempunecKozo npo- 
cmpaHcmea X d^^eKmueno KOMnaKuiHO moeda u moAbKO moeda, Kozda no AK)6oMy paii,uoHaAbHOMy 
e > MOOKHO a^eKmueno yKoaamb KoneuHoe noKpumue MHOOKecmea C 6a3UCHUMU mapoMU pa- 

duyca e. 

(6) Ilycmb C — 3(fi(fieKmueH0 KOMnaKmnoe nodMHOotcecmeo KOHcmpyKmuenozo MempuuecKozo 
npocmpaHcmea. Toeda U3 ak)6ozo nepeuucAUMOzo ceMeucmea daaucHux mapoe, noKpueammux C, 
MOOKHO 9(fi(fieKmueH0 eu6pamb KoneuHoe noKpumue. 

JJoKaaameAbcmeo. IlycTb fljiH KEUKfloro e mm yivieeM yKasHBaTb KoneHHoe noKpbiTHe mho- 
jKecTBa C mapaMH paj^viyca e. BMecTe c TaKHM noKpbiTHeM 6yf\eM nepeHHCjiHTb h Bce noKpbiTHH 
zapaHmupoeaHHO GojibuiHMH mapaMH (sto snaiHT, ito fljia KajKfloro mapa B[x, e) hs noKpbiTHii S^- 
B 9T0M HOBOM noKpbiTHH HaflfleTCJi map B{y,(T) c a > e + d{x,y)). KoMnaKTHocTb C rapaHTHpyeT, 
HTO npH 3TOM (ecjiH cfl^ejiaTb 3TO p^jiR Bcex e) 6y/],yT iiepe'^HCjieHbi Bce noKpbiTHH C. (B caMOM pfi- 
jie, ecjiH ecTb KaKoe-To noKpbiTHe S', KOTopoe b nepeHHCjieHHe He nonaflCT, to p,ji5i KajK^oro s ecTb 
oflHH H3 mapoB noKpbiTH5i Ss, KOTopbiii He nona^aeT rapanTHpoBaHHO BHyipb o^Horo H3 mapoB 
noKpbiTHH S'. IlpHMeHHB KOMHaKTHocTb H B35IB HpeflejibHyio TOHKy u;eHTpoB 9THX Henonaflaiom;Hx 
mapoB. nojiy^HM npoTHBopeMHe.) 

OcTajibHbie yTBepjKfleHHfl flOKasbiBaioTCfl coBceM iipocTO. 

Cjie^iom;ee npe^jioxceHHe o6o6m;aeT npefljiojKeHHe 5.5 h ^oKasbiBaeTCH aHajiorHHHbiM paccyjK- 

flenneM. 

npe/],jio»ceHHe 7.18. Bchkoc d^eKmueno aaMKnymoe nodMHOofcecmeo a^^eKmueno KounaKm- 
Hozo MHOOKecmea rjcfjcfjenmueHO KOMnanmHO. 

(BcnoMHHafl onpeflejieHHa, 3to yTBepjKfleHHe mojkho nepe4)opMyjiHpoBaTb Tax: nepeceneHHe 

94)4)eKTHBHO KOMnaKTHOrO MHOJKeCTBa B npOCTpaHCTBe X C 34)<J)eKTHBHO SaMKHyTbIM HOflMHOJKe- 
CTBOM npOCTpaHCTBa X HBJIHeTCH 94)4)eKTHBHO KOMHaKTHblM.) 

KaK H paHbme, Bepno h oGpaTHoe: bchkoc 94)4)eKTHBHO KOMnaKTHoe no^MHOxcecTBO KOHCTpyK- 

THBHOrO MeTpHHeCKOrO IipOCTpaHCTBa 94)4)eKTHBHO SaMKHyTO. B CaMOM flejie, mm MOJKeM paCCMOT- 

peTb BceB03M0JKHbie noKpbiTHfl sToro MHOJKecTBa 6a3HCHbiMH mapaMH, a TaioKe mapbi, saBe^oMo 
(ho cooTHomeHHK) paccTOSHHS H pa/iHycoB) He HepeceKaioHi;HecH c MHOJKecTBaMH hokpmthh. Bce 
TaKHe mapbi BMecTe b oGT^eflnHenHH fla^yT flOHOJineHne namero 34)4)eKTHBHo KOMHaKTHoro MHOJKe- 

CTBa. 

06pa3 KOMHaKTHoro npocTpancTBa iipn nenpepbiBHOM OTo6pa>KeHHH KOMHaKTen. 3to yTBep- 
jKfleHHe HMeeT 34)4)eKTHBHbiH anajior (c anajiorn^HbiM ^oKasaTejibCTBOM) : 

npe/],jio»ceHHe 7.19. Ilycmb C — otptfjcKmueHO KOMnaKmnoe nodMHOOKCcmeo KoncmpyKmuenozo 
McmpuHCCKOzo npocmpancmea X, a f — buhucaumoc na C omoOpaoKcnue C e dpyzoe KoncmpyK- 
muenoe McmpunecKoe npocmpancmeo. Tozda f{C) o^^cKmueno KOMnanmno. 

yTBepjKfleHHe o tom, ^to HOJiyHeHpepbrnna^Ji cHHsy 4)yHKH;HJi na KOMHaKTHOM MHOJKecTBe flo- 
CTHraeT MHHHMyMa, TOJKe HMeeT BbiHHCJiHMbili anajior (mh npHBe^eM cpasy HapaMeTpHHecKHii Ba- 
pnaHT): 

IIpeflJio^eHHe 7.20 (MHHHMyM c HapaMexpoM). Ilycmb Y,Z — KoncmpyKmuenue McmpuuecKue 
npocmpancmea, / : y x Z ^ [0, oo] — nepcHUCAUMOJi cnuay (fiynKUfUH, a C — a^^cKmueno KOM- 
naKmnoe nodMnooKccmeo Y x Z. Tozda (fiynKV,vji 

9{y) = ^ , inf f{y,z) 

{z\{y,z)eC} 
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(g(?e inf MOOKHO aoMeHumb na min e cu/iy KOMnaKmnocmu, moAhKO nado CHumamb, umo muhumi/m 
nycmoeo MuooKecmea paeen +00) nepeuucAUMa CHuay. 

BMecrno rjcfxpeKmuenou KOMnaKmnocmu C docmamonno npednoAaeamb, umo npoeKy,vji Cy — 

{y I 3z {y, z) G C} acfjcfieKmueHO aaMKnyma u noKpuma guhucjiumou nocAedoeamem>nocmbio luapoe 
Bk, djin Kornopux (Bk x Z) D C acficfieKmuGHO KOMnaKmno paeHOMepHO no k. 

Hocjie^Hee ycjioBHe saBeflOMo BbinojiHsieTCJi, ecjiH Y acJxj^eKTHBHo jioKajibHo KOMnaKTHo, a Z 

94)4)eKTHBHO KOMnaKTHO. 

JJoKoaamcAbcmeo. ^jih Hanajia BocnpoHSBe^eM KjiaccHnecKoe flOKasaTejibCTBO iiojiynenpepbiB- 
HOCTH CHH3y. HaM napp npoBepHTb. mto p^jia jiio6oro r MHOJKecTBO {y \ r < g{y)} OTKpbiTO. 3to 
MHOJKecTBo MOJKHo npeflCTaBHTb B BVLflfi oG'beflHHeHHa, saMeTHB, 1T0 ycjioBHe r < g{y) paBHocHjibHo 

yCJIOBHK) 

(3r'>r)V^ [{y,z)eC^ f{y,z)>r'], 

H flOCTaTOHHO npOBepHTb, HTO MHOJKeCTBO 

U^{y\\/z [{y,z)&C^f{y,z)>r']} 

OTKpblTO. MHOJKeCTBO U MOJKHO lipe/(CTaBHTb B Ba/\e 

U^{Y\CY)u\J{BknU). 

k 

MHOJKeCTBO Y \ Cy OTKpblTO HO yCJIOBHK), n03T0My flOCTaTOHHO nOKaSaTb, 1T0 KaJKflOe H3 MHO- 

jKecTB BhOU OTKpblTO. HojiojKHM — Bf. X Z; no npeflnojio^Kennro, F^DC KOMnaKTHo. YcjioBne 
f{y, z) > r' B cHjiy nojiynenpepbiBHocTH sa^aeT neKOTopoe oTKpbiToe MHOJKecTBo nap V, cjieflOBa- 
TejibHo, F^n C \ V — saMKHyToe no^MHOJKecTBo KOMnaKTHoro MHOJKecTBa n noTOMy KOMnaKTHo. 
HosTOMy ero iipoeKu;H5i 

{yeBk\3z{y,z)eFknC\V} 

HBjiJieTCH nenpepbiBHbiM o6pa30M KOMnaKTHoro MHOJKecTBa n noTOMy KOMnaKTna (tcm caMbiM sa- 
MKHyTa) , a ee /lonojiHeHHe b B^ (to ecTb B^ n U) OTKpbiTO. 

Tenepb naflo nepebecTH 3to paccyjKflenne na ac^c^eKTHBHbili sismk. IIpejKfle Bcero saivieTHM, hto 
MOJKHo orpaHHHHTbCH pan;HOHajibHbiMH r H r'. 3aTeM na^o saMeTHTb, hto MHOJKecTBo V 94)4)eK- 
THBHo OTKpblTO (paBHOMepHo no r') , a MHOJKecTBa FhnC\V paBHOMepno acJ^cjjeKTHBHo saMKnyTbi 
(h 6y^HH no/iMHOJKecTBaMH acjacjaeKTHBHO KOMnaKTHoro MHOJKecTBa, 9(|)4)eKTHBHO KOMnaKTHbi). 
HosTOMy Hx npoeKii,HH (xaK oGpasbi) 34)4)eKTHBHO KOMnaKTHbi n 94)4)eKTHBHO saMKHyTbi, a flonoji- 

neHHH 94)4)eKTHBHO OTKpblTbl. 

Cjie/(CTBHeM 9Toro iipe/(jiojKeHHa 5iBjiaeTC5i TaKaji jieMMa: 

JleMMa 7.21. Uycmb X, Z, Z' — MempmecKue npocmpancmea, npuueu X AOKUAbno KOMnanmno, 
a Z KOMnaKmno. Uycmb f:Z^Z' — nenpepuenoji ^ynKV,un, Mnootcecmeo anauenuu Komopou 
coenadaem c Z' , a t: X x Z ^ [0, +00] — noAynenpepuenan cnuay (fiynKv^usi. Tozda ^ynKV,un 
tf. X X Z' ^ [0, +cxd], onpedcAennan ^opMyAou 

tf(x,z') = inf t(x,z), 

HeAHcmcH noAynenpepuenou cnusy. 

EcAU X, Z, Z' — KoncmpyKmuenue McmpuuecKue npocmpancmea, X a^cKmueno AOKOJib- 
HO KOMnaKmno, Z acficpeKmueHO KOMnaKmno, (j}ynKV,uji f euHUCAUMa, a ^ynKV,uji t nepeuucAUMa 
cnuay, mo ^ynKV^UH tj nepeuucAUMa cnusy. 
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/(oKaaarneA'bcmeo. HpHBefleM paccyjKfleHHe cpasy fljia 3(|)(|)eKTHBHoro BapHama. IIpHMeHHM 
npeflbiflymee iipefljiojKeHHe c Y — X x Z' vl 

C^Xx{{f{z),z)\zeZ}. 

Tor^a 

tf(x, z') — inf t(x, z). 

■^^ (x,z',z)€C 

MHOJKeCTBO Y 94)4)eKTHBHO JIOKajIbHO KOMnaKTHO KaK npOHSBeflCHHe 34)4)eKTHBHO JIOKajIbHO KOM- 

naKTHoro h 34)4)eKTHBHo KOMnaKTHO ro MHOJKecTB. npoeKLi;HH C Ha y coBnaflaeT co BceM Y h 
noTOMy saMKHyTa. IlosTOMy mojkho npHMeHHTb iipeflfaiflymee iipefljiojKeHHe. 



7.2 Mepbi Ha kohctpykthbhom MeTpHHecKOM npocTpancTBe 

B MerpHHecKOM iipocTpancTBe BbiflejiaioTCJi GopejieBCKHe MHOJKecTBa (MHHHMajibnaa (j-ajire6pa, 
co^ep^KamaH OTKptiTbie MHOJKecTBa), h moxcho roBopHTb o Mepax na 6opejieBCKHx MHOJKecTBax. 
Ohh o6jiaflaK)T cjieflyromHM cbohctbom pezyAHpHocmu: 

IIpefljioxceHHe 7.22 (peryjiapnocTb). Uycmb P — Mepa na uoahom cenapa6eAbH0M Mempune- 
CKOM npocmpaHcmee. Tozda AH)6oe u3MepuMoe MHOotcecmeo A mookho npu6AU3umb 6oAbiuuMU 
oniKpumuMU MHOotcecmeoMu: 

PiA) = inf P(G), 

zde G orriKpumo. 

Ha Mepax mojkho BBecTH paccTOHHHe: 

Onpe/],ejieHHe 7.23 (paccTOHHne IlpoxopoBa). OnpedeAUM paccmonwue orn mouKU x do mhookc- 
cmea A e MempuHecKOM npocmpaHcmee kuk d{x,A) — miy^Ad{x,y). OnpedcAUM e-OKpecmnocmb 
MHOMcecmea A Kan A^ — {x\ d{x, A) < e}. 

PaccTOHHHe HpoxopoBa p{P, Q) Mcotcdy deyuH Mcpauu P uQ onpedcAHcmcH kuk mouHJin huok- 
HMsi gpaub mex £■ > 0, Bah Komopux P{A) ^ Q{A^) + e, a manotce Q{A) ^ P[A^) + e, npu ecex 
GopcAeecKux A. 

HsBecTHo, HTo onpeflejieHHaH TaKHM o6pa30M 4)yHKi];HH paccTOJiHHii ^eiicTBHTejibHo aBjiHeTCJi 
MeTpHKoli; TeM caMbiM na MHOJKecTBe Bcex BepoHTHocTHbrx Mep b MeTpn^ecKOM npocTpancTBe bo3- 
HHKaeT cTpyKTypa MeTpHHecKoro npocTpancTBa. Ectb h flpyrne cnoco6bi BBecTH paccTosHHe na 

npocTpancTBe Mep, j^snomyie SKBHsajieHTHfaie MexpHKH (b tom CMbicjie. "^to TOJKflecTBeHHoe OTo6pa- 
jKeHHe CO CMeHoii mctphkh paBHOMepno neiipepfaiBHO b o6e CTopoHbi). 

OnpeflejieHHB 7.24 (iipocTpancTBO Mep). Uycmb X — KOHcmpyKmuenoe McmpunecKoe npocmpan- 
cmeo. BeedcM e npocmpaHcmee Mcp na hcm cmpynmypy KOHcmpynmuenozo McmpuuecKozo npo- 
cmpancmea M — j'W(X). B Kauecmee cuemnoeo ecmdy nAomnozo MHOotcecmea Dm eoabueu 
MHOMcecmeo Mep, cocpedomoHennux na ueKomopoM kohchhom nodMuocHcecmee MH0Mcecm,ea D^, 
u npuHUMawujfUX paViUonaAbHue SHaHcnuH. Tukuc Mcpu UMcmm ecmecmecHHoe onucanue kuk koh- 
cmpyKmuenue od^cKmu, nyotcHO ynaaamb noMcpa aACMenmoe amoeo Koneunoeo nodMuooKccmea u 
ux Mcpu. TaKUM o6pa30M mu noAyuacM HyMepav,UK q;m moucK e -Dm- 

BuHUCAUMue moHKU amozo KoncmpyKmuenozo McmpuuecKozo npocmpancmea Hoaueaiom bh- 

HHCJIHMblMH MepOMU Ha X. 
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Oiipe^ejieHHoe tekhm oGpasoM nonaTHe bmihcjimmocth HBjiJieTCH o6o6iii;eHHeM BBe^eHHoro na- 
MH panee nomiTHH bmhhcjihmoh Mepbi na KaHTopoBCKOM npocTpancTBe (a TaKxce ecTecTBeHHoro 
noHHTHH BbiHHCJiHMOH Mepbi Ha 69poBCKOM npocTpaHCTBe nocjieflOBaTejibHocTelt HaTypajibHbix hh- 

ce.n) . 

HMeeT MecTo anajior npefljiojKeHHa 4.17: HHTerpaji / f{uj,P)dP{u!) GasHCHoit 4)yHKij;HH / no 
Mepe P HBjiaeTCH BbiHHCJiHMoli <J)yHKi];HeH ot P h /. 
BoT eme oflHH po^cTBeHHbiH pesyjibTaT: 

IIpe^jiojKeHHe 7.25. Uycmb f — oepaHUHeHHOJi a^eKmueno paenoMepHO nenpepueuafi ^yuK- 
ViUR. Tozda ee unmespaA no Mepe P, paccMampueacMUU kqk (pyHKV,un om uepu P, KeAHemcH 
dcfkjieKmueHO paenoMepHO Henpepuenou ^yHK%ueu. 

JJoKoaamejibcmeo. Bes orpaHHneHHH o6ii];hocth mojkho cHHTaTb, hto / HeoTpHi];aTejibHa (flo- 
6aBHM KOHCTaHTy). ITycTb Mepbi P ti P' 6jih3kh. Tor^a P'{A) ^ P{Ae) + s, r^e oSosHanaeT 
e-OKpecTHocTb MHOJKecTBa A. Torfla 

J fdP' ^ J f,dP + e, 

rfle fe{x) ecTb TOHHaa BepxHHH rpanb / na £-0KpecTH0CTH tohkh x. (HnTerpaji HeoTpni^aTejibHoli 
4)yHKLi;HH g oupeji^ejiaeTCH MepaMii wiio>KecTB Gt ~ {x \ g{x) ^ t}, coiMiaciio TeopeMe Oy6HHH 06 
HSMeHeHHH nopflflKa HHTerpHpoBaniia 3Ty Mepy KaK 4)yHKij,Hio ot t naflo npoHHTerpHpoBaTb no 

t. IlpH 9T0M eCJIH f{x) ^ t, TO /^{x) t B E-OKpeCTHOCTH TOHKH X.) OcTaeTCH BOCnOJIbSOBaTbCfl 
34)4)eKTHBHOH paBHOMepHOH HenpepblBHOCTbK) 4)yHKn;HH /, HT06bI ySHaTb, C KaKOH TOHHOCTbK) HaflO 

saflaBaTb Mepy, htoSh nojiynnTb ^aHHyio TonnocTb b HHTerpajie. 

C flpyroH CTopoHbi, Mepa P{B) GasHcnoro mapa ne oGasana Gmtb Bbi'^HCJiHMoli, ho ona nepe- 
HHCjiHMa CHHsy (paBHOMepHO 110 B). KaK noKaaano b [13]. sto cbohctbo (paBHOMepnaa nepeHHC- 

JlHMOCTb CHHSy) TaK>Ke HBJiaeTCH KpHTepHCM BblHHCJIHMOCTH MCpbl P. 

HsBecTHo, HTo fljiH KOMnaKTHoro cenapa6ejibHoro MeTpnHecKoro npocTpancTBa X npocTpaHCTBo 
Mep Ha X c onncaHHoil mbtphkoh TaK>Ke KOMiiaKTiio. 3to yTBepxc^eHHe HMeeT KOHCTpyKTHBHbiH 
BapnaHT, KOTopbin flOKasbiBaeTCH CTaimapTHbiM oGpasoM: 

npe/],jio»ceHHe 7.26. Ecau KOHcmpyKmuenoe MempunecKoe npocmpaHcmeo X scpcfjeKmueHO kom- 
naKinno, mo u npocmpaHcmeo Ai{X) eeponmHocmnux Mcp na X acfjcfieKmueHO KOMnanmno. 

JXnsi iipocTpaHCTBa Q, bio ynoMnnajiocb b npe^jiojKeHHH 5.5. 

ITpHMepti 7.27. 

BecKoneHHoe ^HCKpeTHoe MeTpHHecKoe npocTpancTBo (N) ne KOMnaKTHo, n MHOJKecTBo Mep 
Ha neM (xoTopoe moxcho OToxmecTBHTb c MHOJKecTBOM 4)yHKu;HH P: N [0,1], A-ns KOTopbix 

P(i) — 1) TOJKe He KOMnaKTHo. C flpyroit CTopoHbi, ecjin nepeliTH k nojiyMepaM, saMenHB 
ycjioBHe Ha P{i) ^ 1, to b ecTecTBenHoli MeTpHKe nojiynHTCH KOMnaKTHoe npocTpancTBo. B 
caMOM pfijie., B OTjiH^ne ot paBCHCTBa HepaBCHCTBa /locTaTOHHO npoBcpsTb p^jin Konc^Hbix cyMM, 
H KajKfloe nepaBCHCTBo sa^aeT saMKnyToe mho^kcctbo b KOMnaKTHOM nponsBeflennn [0, 1]^, tslk 
HTo nepeceneHHe TaKHx MHOJKecTB TOJKe Gy^eT KOMnaKTHbiM. JlerKo noHHTb, hto oho 6yfleT h 

St^DcJiCKTHBHO KOMIiaKTHfalM. 

Hepexo/t k iiojiyMepe cooTBeTCTByeT K0MnaKTH4)HKau;HH npocTpancTBa N: ne^ocTaiomafl ^acTb 
cyMMbi pa^a iiepeHocHTCH na 6ecKOHeHHyio TOHKy. 
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7.3 CjiyHEiiiHocTt. b MeTpHHecKOM npocTpaHCTBe 

B npocTpancTBe O mm onpe^ejiHjiH 

• cjiyHaiiHocTb oTHocHTejibHo BbiHHCJiHMbix Mep (b cMbicjie MapTHH-JIe<J)a; cm. onpe^ejieHHe 2.9 
Ha ji3biKe TecTOb); 

• paBHOMepHyio cjiy^afiHOCTb OTHOCHTejibHO iipoH3BOJibHbix Mep (TecT HBjiHeTCH <J)yHKi];Heli no- 
cjie^oBaTejibHocTH h Mepbi, onpe^ejieHHe 5.2); 

• cjiynaltHocTb oTHocHTejibHo 9<J)4)eKTHBHo KOMnaKTHoro Kjiacca Mep, onpe^ejieHHe 5.22; 

• cjienyio (6e3opaKyjibHyio) cjiynaltHocTb, onpe^ejieHHe 5.37. 

Bee 9TH nOHHTHH C HeGojIbniHMH HSMeHeHHHMH nepeHOCHTCfl Ha npOH3BOJIbHOe KOHCTpyKTHBHOe 

MeTpHHecKoe npocTpancTBo. B 9tom pas^ejie mm o6cyflHM 9th o6o6iii;eHHH h hx CBoitcTBa, a saieM 
Gojiee noflpoGno paccMOTpHM cjiyHaitnocTb OTHOcnTe.;ibHO opToroHanbHbix KjiaccoB Mep. 

JJnsi BbiHHCJiHMbix Mep TecT onpeflejifleTca Kax iiepeHHCJiHMaa CHHsy 4)yHKLi;Hfl Ha MeTpH^ecKOM 
HpocTpaHCTBe, HHTerpaji ot KOTopoli ne npeBocxoflHT 1. CpeflH TaKHx tcctob cymecTByeT MaKCH- 
MajibHbiil c TC^HOCTbio ji^o KOHCTaHTbi. KaK H paHbme, 3to /i;oKa3biBaeTca c noMombio yceneHHa: 
Mbi nepeiHCJiaeM Bce nepeiHCJiHMbie cHHsy <J)yHKn;HH, npHHyflHTejibHo npeBpaHi;aa hx b TecTbi hjih 

HOHTH TeCTM, H 3aTeM CKJiaflblBaeM HX C K09<J)4)HH;HeHTaMH, o6pa3yiOn];HMH CXOflHmHHCH pHfl. 

9to flejiaeTCH KaK h panbnie, npn 9tom mm paccMaipHBaeM HepenncJiHMMe CHHsy 4)yHKH;HH KaK 
BOspacTaromne Hpe^ejiM 6a3HCHbix. BaacHo, hto HHTerpaji ot GasHCHoii ^ymniavi ho bmhhcjihmoh 
Mepe BbiHHCJiHM. Bojiee Toro, HHTerpaji ot 6a3HCHOH 4)yHKH;HH ho hpohsbojibhoh Mepe bmhhcjihmo 

SaBHCHT OT 9T0H <J)yHKH;HH H OT 3T0H Mepbl. JllLSl 6a3HCHbIX TOHeK B HpOCTpaHCTBe Mep 9T0 HCHO, 

flajiee naflo BocHOJibsoBaTbCH npefljiojKeHHeM 7.25. 

JlerKO oGoGmHTb Ha cjiy^aft KOHCTpyKTHBHbix MeTpHHecKHX npocTpancTB h iiOHHTHe paBHOMep- 
Horo TecTa (cm. onpeflejieHHc 5.2 fljia cjiynaa KaHTopoBCKoro npocTpancTBa) . TaKoit tcct npefl- 
CTaBjiHCT C060H HepeHHCJiHMyio cHH3y (|)yHKn;Hio flByx apryMCHTOB t{x,P), r^e x — TOHKa namero 
MCTpHHCCKoro HpocTpaiiCTBa. a P — Mcpa na 3tom npocTpancTBC. Ycjiobhc na HHTerpaji, KaK h 
paHbHie, HMecT bh/( j t(x, P) dP{x) ^ 1. 

KaK H paHbme, cymecTByex yHHBepcajibHbiit tcct, h 9to mojkho flOKasaTb c HOMombio tcxhhkh 
yceneHHa: 

TeopeMa 7.28 (ycencHHe b mctphhcckhx npocTpancTBax). Ilycmb u{x, P) — nepeHUCAUMan CHuay 
^yHKVfUJi, nepeuu apzyMenm Kornopou — moHKa KOHcmpyKmuenozo MempunecKOZO npocmpaHcmea, 
a emopou — uepa na arnoM npocmpaHcmee. Tozda cymecmeyern paenoMepHUU mecm t{x,P), dAJi 
Komopozo u{x,Q) ^ 2t{x,Q) npu ecex Q, Oah Komopux (pyHKi^uH uq: x u{x,Q) neAiiemcH 
mecmoM no Mepe Q, mo ecmt J u{x, Q) dQ{x) ^ 1. 

floKasaTCJibCTBo HOBTopacT paccyjKfleHHc h3 TeopcMM 5.7, npn 9tom HCHOJibsycTCii tot 4)aKT, 
HTO f\3m 6a3HCHOH 4)yHKu;HH h{x, P) na npoH3Be/teHHH iipocTpancTB HHTerpaji /" P) dP{x) hbjih- 
CTCfl BbiHHCjiHMOH (HenpepbiBHoit) (|)yHKu;HeH ot P (hto ^oKasMBacTCJi anajiorHHHo HpHBCflCHHOMy 
HaMH paccy>KfleHHio npo BbiHHCJiHMOCTb HHTcrpajia). 

yHHBepcajibHbiii tcct mm Gy^cM oGosnanaTb t{x,P). Boo6iLi;e-To pjisi KajK^oro KOHCTpyKTHB- 
Horo MCTpHHecKoro npocTpancTBa oh CBoit, ho o6biHHO hohhtho, KaKoe npocTpancTBO hmcctch b 
BHfly, TaK 1T0 B o6o3HaieHHe oho hc bxo^ht. 

IIOMHMO CymeCTBOBaHHH yHHBCpCajIbHOrO TeCTa, H3 B03M0JKH0CTH yCeHCHHSI CJie^CT B03M0JK- 

HOCTb "yHHcjDopMHsai^HH" B cjie/iyioineM CMbicjie. Onpe/iejiHM tcct OTHOCHTejibHO MepM P (ne 0651- 

3aTej[bH0 bmhhcjihmoh) na KOHCTpyKTHBHOM MCTpHHCCKOM HpOCTpaHCTBC X: 
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OnpeflejieHHe 7.29. Ilycmb X — {X,d,D,a) — KOHcmpyKmueHoe MempuuecKoe npocmpaHcmeo, 
a P Mepa na hcm. HasoecM P-TecTOM cjiynaiiHOCTH cfiyHKi^uH) /: X — )• [0, +00], ecAU ona 
nepeuucAUMa CHuay omHocumeAtHO P u ecAU J f{x) dP{x) ^ 1. 

B 3T0M onpeflejieHHH 4)HrypHpyeT tojibko Mepa P. 5Icho, hto h3 paBHOMepnoro TecTa mojkho 
nojiyqHTb TecT oTHocHTejibHo P. OKasbmaeTCH, hto (c TOHHocTbio pp KOHCTaHTbi) TaK nojiynaioTCJi 

Bce TecTbi OTHOCHTejibHO P: 

TeopeMa 7.30 (yHH(J)opMH3ai];HH). Ilycmb P — neKomopasi Mepa na KOHcmpyKmueHOM uempu- 
uecKOM npocmpaHcmee X, u dan HCKomopuu P-mecm tp{x). Tozda cyvu,ecmeyem paenoMepHuu 
mecm t'{-, ■), dAH Komopoeo tp{x) ^ 2t'{x, P). 

JJoKoaameAbcmeo. H3 onpeflejieHHH nepeHHCJiHMoli cHHsy oTHocHTejibHo P 4)yHKi];HH cpasy JKe 
cjie/tyeT. hto ona HBjmeTca cyjKeHHeM HeKOTopofl nepe'^HCjiHMoil CHHsy 4)yHKi];HH ffByx apryMeHTOB. 
OcTaeTC3 npHMeHHTb npeflbiflyiuyio TeopeMy k 3T0My npoflOJiJKeHHio. 

MnorHe peayjibTaTbi (nanpHMep. TeopeMa 5.36) o6o6inaioTca na npoH3BOjibHbie MeTpH'^ecKHe 
npocTpaHCTBa. Bot eme o^hh npHMep TaKoro o6o6iii,eHHH (paBHOMepHbift BapnaHT Tax HasbiBaeMofl; 
"cjiy^aHHocTH no Kypny", Kurtz randomness): 

npe/],jio»ceHHe 7.31. Ilycmb X — KOHcmpyKmuenoe McmpunecKoe npocmpancmeo, a S ~ 356- 
(fieKrnueHo omKpumoe noduHOMcecmeo npocmpancmea X x JVI[X). Ecau MHOofcecmeo Sp — {x \ 
{x, P) G S} UMcem P-uepy 1 dAA HCKomopou Mcpu P e M{X), mo Sp codepotcum ece paenoMepHO 

P-CAynauHue moHKU. 

/(oKasamcAbcmeo. XapaKTepHCTHHecKaji <J)yHKu;Ha 15(0;, P) MHOJKecTBa S, paBHaa eflHHHu;e 
BHyTpn MHOJKecTBa h nyjiio CHapyjKH, nepe^cjiHMa cHHsy h noTOMy HBjiJieTCH npe^ejioM bbi- 
HHCJiHMOH BospacTaiomeli nocjie/iOBaTejibHOCTH GaaoBbix 4)yHKij;HH gn(x,P) c ^ gn{x,P) ^ 1. 
ITocjieflOBaTejibHOCTb cjjyHKLtHH Gn- P ^ j 9n{x,P) dP{x) iipeflCTaBjiHeT C060H HeyGbiBaiomyio 
nocjieflOBaTejibHOCTb nenpepbiBKbix BbimcjiHMbix (paBHOMepno no n) 4)yHKu;HH. Ho reopeMe o 

MOHOTOHHOH CXOflHMOCTH 3HaHeHHH G„(P) CTpeMHTCH K eflHHHn;e flJIH TeX Mep P, flJIH KOTOpblX 

P{Sp) — 1. Onpe;i;ejiHM K&yKpfm Mepbi P "^Hcjia nk{P) ksk MHHHMajibHbie SHa^eHHa n. jxjia 
KOTopbix Gn{P) > 1 — . 3th iHCJia nepeHHCJiHMbi cBepxy KaK 4)yHKn;HH ot P (b ecTecTBeHHOM 
CMbicjie; saMeTHM, hto fljia Mep P, npn KOTopbix P{Sp) < 1, neKOTopbie h3 nk{P) 6ecK0HeHHbi) . 
CooTBeTCTBeHHo 4)yHKu;HH 1 — g^^f^p^{x, P) KaK (j3yHKij,HH OT a; H P (TaKyio 4)yHKu;Hio mbi cHHTaeM 
nyjieM npn 6ecKOHeHHOM nk{P), neaaBHCHMO ot x) iiepeHHCjiHMbi cnnsy, paBHOMepno no k. Uo- 
jioxcHM Tenepb t{x,P) — — 9n},{P){^ t P)) ■ ^^a 4)yHKu,H5i HBjiHeTCH paBHOMepnbiM TecTOM, 

nocKOJibKy iipn /i,aHHOM P ee k-e cjiaraeMoe paBiio nyjiio, ecjin nk{P) 6ecK0HeHH0, n HMeeT nnTerpaji 
no Mepe P ne Gojibuie 2"*^ npn KoneHHOM nk{P)- 

B ycjioBHH TeopeMbi roBopnTca o Mepe P, fljia KOTopon P{Sp) — 1. Tor^a Bce nk{P) Konembi, 
a gnf.{p){x,P) — fljiH jiioGoro x Bne Sp. ITosTOMy Bce cjiaraeMbie b cyMMe, o6pa3yion];elt TecT, 
paBHbi e;i,HHHii,e, h x ne HBjiaeTca paBHOMepno P-cjiyHannon tohkoh. Cjie^OBaTejibno, Sp BKjnonaeT 
B ce6a Bce paBHOMepno P-cjiynaHnbie tohkh. 

7.4 AnpHopnaa BepoHTHocTb c opcUcyjioM 

B pas/iejie 5.2 mm onpe/iejinjin anpnopnyio BepoaTHOCTb c ycjioBneM, pojib KOToporo nrpajia Mepa na 
Q. Tenepb, BBe^a nonaTne KoncTpyKTHBnoro MeTpniecKoro npocTpancTBa, mm MOJKeM saMeTHTb, 
HTO 9T0 onpeflejienne ecTecTBenno o6o6n];aeTCH na jiio6oe npocTpancTBo X: mm paccMaipHBaeM 
neoTpHu;aTejibHbie nepenncjinMbie cnnsy <J)yHKn;HH m : N x X — )■ [0, +00] , fljia KOTopMX m{i,x) ^ 
1 npn JI1060M X G X. 
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CpeflH TEKHx c|3yHKLi;Hit cymecTByeT MaKCHMajifaiiaji c TOHHOCTbio /(o KOHCTaHTbi. 3to ^OKasbi- 
BaeTCH MeTOflOM yce^eHHH: mm He 6yfleM noBTopaTb paccy>KfleHHe noflpoGno, oTMeTHM jinmb, hto 
nepeHHCJiHMyio cHHsy <J)yHKi];Hio m{i, x) mojkho nojiyHHTb KaK cyMMy pa^a h3 5a3HCHbix ^yaKsiwa, 

Ka>K;];aH H3 KOTOpblX OTJlHHHa OT HyjlH TOJlbKO JlJIil o/iHoro i. 

MaKCHMajibHyio hs TaKHx 4)yHKLi;HH 6yfleM HasbmaTb anpuopnou eepoHmHocmbK) c ycAoeueM x 
H o6o3HaHaTb m(i|a;). 

Ml>i CHHTajiH iiepBbiH apryMeHT HaTypajibHbiM "qHCjioM, ho sto He cyuj,ecTBeHHo: mojkho pac- 
CMaTpHBaTb cjioBa (hjih jiio6bie flpyrne flHCKpeTHbie KOHCTpyKTHBHbie oGi^eKTbi) . HacTHbiM cjiyna- 
eM 9Toro onpeflejieHHH HBjiHeTCH onpe^ejieHHe anpHopnoH BepojiTHocTH oTHocHTejibHo Mepbi (pas- 
fleji 5.2), a TaKxce CTaH^apTHbie hohhthh anpHopHoli BepoHTHocTH c opaKyjioM (hto cooTBeTCTByeT 
X = 0) H ycnoBHoil anpHopnoH BepoHTHOCTH ("^to cooTBeTCTByeT X = N). 

no anajiorHH c TeopeMoii /],eH-MHjijiepa, mojkho BbipasHTb aiipHopHyio BepoHTHOCTb c ycjiOBH- 
eM B npoH3BOJibHOM 34)4)eKTHBHo KOMHaKTHOM MeTpHHecKOM npocTpaHCTBe X Hepes anpHopnyio 
BepOHTHOCTb c opaKyjioM. 

IIpeflJio«eHHe 7.32. Uycmb F: ft ^ X — euuucjiuMoe omo6paotceHue, odpaaoM Komopozo m- 
A^emcM ece npocmpaHcmeo X. Tozda 

n\{i\x) — min m(i|7r). 

{7r|F(7r)=a;} 

JJoKaaameAbcmeo. Paccy>K;;aeM KaK b ;;0Ka3aTejibCTBe xeopeMbi 5.36. <I)yHKu;Ha (i,7r) 
m{i\F{iT)) HBjiHeTCfl nepe'^HCJiHMOH cHHsy na N x fi, oTKy^a nojiy^aeTca <-HepaBeHCTBo. 

HtoGbi nojiyHHTb o6paTHoe HepaBeHCTBo, mm nojibsyeMCH jieMMoft 7.21 h saMenaeM, hto 4)yHK- 
Ti^asi B npaBOH nacTH KoppeKTHo onpeflejiena (MHHHMyM flocTHraeTCH) h nepeHHCJiHMa cHHsy. 

SaMeTHM, HTO anpHopna^H BepoaTHocTb m(i|7r) b npaBolt nacTH npefljiojKeHHH 7.32 MOJKeT 6biTb 

BbipajKena "^epea npecjjHKCHyio cuojKHOCTb (c opaKynoAi). fl^JiR cjiy^aa ycjioBHil b MeTpH'^ecKHX 
npocTpaHCTBax He acHo, KaK onpeflejiaTb npec^HKCHyio cjiojKHocTb c TaKHM ycjioBHeM (mojkho ro- 

BOpHTb O 4)yHKU;HHX C nepeHHCJIHMMM OTHOCHTejIbHO TOHKH X Tp&^WKOM, HO HeHCHO, KaK HCKaTb 

cpeflH HHx yHHBepcajibHyio). Mojkho <J)opMajibHo onpe^ejiHTb KP{i\x) KaK max^^^p^^j^^^^y KP{i\'K), 
Tor/ia KP{i\x) = — log m(i|,T), ho Bpa/i; jih sto mojkho CHHTaTb y/];oBjieTBopHTejibHbiM onpep^ejie- 
HHeM Hpe4)HKCH0H cjiojKHocTH (cKajKeM, oGbiHHbie paccyjKfleHHa, rfle HCHOJibsyeTca caMoorpaHH- 
HeHHocTb nporpaMMM, npn TaKOM onpeflejieHHH yjKe ne npHMeHHMbi, xoTa MHorne pesyjibTaTbi 

ocTaroTca BepHbiMH; nanpHMep, <J)opMyjiy KP{i,j\x) < KP{i\x) + KP{j\x) mojkho ^OKasaTb, ne 
HpHHHCbiBaa ppyr k ppyry caMoorpaHH^ennbie nporpaMMbi, a paccyjK^aa c BepoaTHOCTaMn) — 
HecTHee npocTO roBopHTb o jiorapnc^Me anpHopHoii BepoaTHOCTH. 

SaMenaHHe 7.33. Ahojiozuhhum o6pa30M mookho do6aeAHmb mouKU KOHcmpyKmuenux Mem- 
puuecKux npocmpaHcme e Kauecmee ycAoeuu u e dpyzue naiuu onpedejienuH. Hanpujuep, mookho 
paccMampueamb paenoMepnue mecmu naflc ycAoeuHMU e npouseoAbHOM KOHcmpyKmueHOM Mem- 

puHecKOM npocmpaHcmee X: smo 6ydym nepenucjiuMue CHuay cpyHKUjUU t{uj,P,x), djifi Komopux 
J t{u), P,x) dP{u)) ^ 1 npu ecex x. Mookho maKotce cjiuKcupoeamb euHUCAUMym uepy P, nanpu- 
Mep, paeHOMepHyro, u onpedeAumb mecmu omnocumejibHO amou uepu c ycAoeuMMU e X. 

8 Kjiaccbi opToroHajibHbix Mep 

KaK H B cjiynae npocTpancTBa O, fljia Mep b hpohsbojibhom MeTpHHecKOM npocTpancTBe mojk- 
ho onpe^ejiHTb nonaTHe 9<J)4)eKTHBHo KOMnaKTHoro Kjiacca h yHHBepcajibHoro TecTa cjiyHaliHocTH 
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OTHocHTejibHo 3Toro Kjiacca. CoxpaHflCTCH (c tcm jkc ;i,0Ka3aTejibCTB0M) h (|)opMyjia ^jia yHHBep- 
cajibHoro TecTa oTHocHTejibHO Kjiacca (TeopeMa 5.23). 

Kjiacc 6epHyjijiHeBbix Mep (xaK h MHorne ppyme nacTo HcnojibsyeMbie Kjiaccbi) o6jia,ii;aeT BajK- 
HbiM cbohctbom: cjiynailHaH no opfioA h3 Mep SToro Kjiacca nocjie/ioBaTejibHOCTb o/];H03HaHHO onpe- 
flejiaeT Mepy, no KOTopon ona cjiyianna. Hivienno 3to oGcTOJiTejibCTBo no cymecTBy Gbijio ncnojib- 
30BaHo B TeopeMe 5.41. B 3tom pa3flejie mh paccMOTpnM tot jKe Bonpoc b 6ojiee o6m,eA cHTyan;HH, 
Koi'/ta peHfa H;i,eT o Mepax na KoncTpyKTHBiiOM MeTpn-qecKOM npocTpancTBe X = (X, d, D, a). 

3to o6o6ui;eHHe BKjno^aeT b ceGsi ecTecTBennbie npHMepbi: Konennbie n GecKonennbie MapKOB- 
CKHe u;enH, cTan;HOHapHbie aproflnnecKne npou;eccbi (cm. nnjKe). 

CnaHajia nprnBep^eu onpeflejienne opToronajibHocTH Mep, KOTopoe mojkho cHHTaTb KjiaccHHecKHM 
anajioroM 94)4)eKTHBHoit opToronajibHocTH (onpe^ejieHHe 5.40). 

Onpe/],ejieHHe 8.1. Ilycmb P,Q — dee Mepu na {X,A), zde X — Henomopoe npocmpaHcmeo, 
a A — HCKomopaH a-aAze6pa nodMHOOKecme X. Foeopfim, umo uepu P u Q opToronajibHbi, 
ecjiu npocmpaHcmeo mookho paadumh na dea nenepeceKatomuxcn MHOotcecmea U uV U3 A, Oa^ 
Komopux P{V) = Q{U) — 0. 

FoGopjim, umo kaucc C siGAJiemcsi opToroiia.iibHbiM, ecAU cyuificmeyem U3MepuMCUi ^yHKV,un 
ip: X — > C, dAA Komopou P{(f^^{P)) — 1 Sam Am6ou Mepu P Q C. 

Kor^a Mbi roBopHM o6 H3MepHM0CTH (|)yHKu;HH ip, HMeeTCJi B BHfly, HTo B MeTpn^ecKOM npo- 
CTpancTBe A4{X) onpeflejienbi GopejieBCKne MHOJKecTBa. 

IIpHMepbi 8.2. 

1. B opToroHajibHOM Kjiacce Mep jiio6bie ^Be (pasjinnnbie) Mepbi P m Q opToronajibHbi. B ca- 
MOM flejie, MHOJKecTBa {P} n {Q} GopejieBCKne (3aMKHyTbie) , n noTOMy nx npoo6pa3fai H3MepHMbi 
(h, oHCBHflHo, He nepeceKaioTCH) . 06paTHoe yTBepjKflenne neBepno: Kjiacc C nonapno opToro- 
najibHbix Mep ne o6H3aH 6biTb opToronajibHbiM. j^ayKe ecjin on acjjcjjeKTHBHO KOMnaKTen. IlycTb 
A — paBHOMepnaa Mepa na 0Tpe3Ke [0,1]. fl^jisi KajKflon toikh x e [0,1] paccMOTpnM Mepy 6x, 
cocpeflOTo^ennyio b tohkc x. Tor^a Kjiacc {A} U {6x | a; G [0, 1]} 94)4)eKTHBHo KOMnaKTen, h ero 
3jieMeiiTL.i iioiiapiio opToronajifaiifai. O/tnaKO on iie iiBjiaeTca opTOi'onajifaHfaiM KjiaccoM: ycjiOBne 
opToronajibnocTH TpeGyeT, "^ToGfai Mepa 5x 6bijia 3Ha^eHHeM <^ na x, a Tor^a (p~^{X) 6yfleT nycTbiM. 

2. IlycTb P n Q — flne Mepti. Ecjih Randoms(P) h Randoms((5) ne nepeceKaioTCH, to 9th 
Mepbi opToroHajibHbi (b KanecTBe U n V MOJKno B3HTb, CKa^JKCM, cjiyiaflnBie h necjiyHaliHbie no 
Mepe P nocjie/iOBaTejibnocTH) . 06paTHoe, BOo6n];e roBopa, neBepno: Mepbi X a opToronajibnbi, 
no MnojKecTBa cjiyiannbix nocjie^oBaTejibnocTen nepecexaioTca, ecjin x B3aTb cjiynannbiM no Mepe 
A. 

B KanecTBe npHMepa paccMOTpnM cTan;HOHapHbie aproflnnecKHe npon;eccbi. 

Onpe/],ejieHHe 8.3. PaccMompuM na npocmpaHcmee Cl decKoneuHux deouHHUx nocAedoeameAb- 
Hocmeu npeo6pa3oeaHue Aceoeo edema: 

T: w(l)w(2) . . . h^. w(2)w(3) . . . . 

PacnpedeACHue eepoHnmocmeu P naCl Hasoeeu cTai;HOHapHbiM, ecAU 

P{T-\A)) ^ P{A) 

dAn AK)6ozo 6opeAeecKoeo MHOotcecmea A. JlezKO npoeepumt, Hmo amo aKeueaAeHirmo mpedoeaHUTO 

P{x) = P{Ox) + P{lx) 
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dAM ecex CAoe x. 

BopeAeecKoe MHOotcecmeo A GO, HoaoeeM HHsapHaHTHbiM omHocumeAbHO edema, ea/iu T{A) c 
A. HanpuMep, MHOotcecmeo nocAedoeameAbHocmeu, e Komopux uacmoma eduHuv, cmpeMumcn k 
1/2, jiGAjiemcM UHeapuanmHUM. CmaVjUOHapHoe pacnpedeACHue HaaueaemcH apro^HHecKHM, ecAU 
AK)6oe uHeapuanmHoe GopcAeecKoe MHocHcecmeo UMeem uepy uau 1. 

BoT npHMep CTaii,HOHapHoro npoLi;ecca. 

IIpHMep 8.4. Uycmb Zi,Z2,... — nocAedoeamejibHocmb neaaeucuMux odunaKoeo pacnpedeACH- 
Hux CAyuauHux ecAUHun, npuHUMamiUiUX SHaneHUH m 1 c eepo^mHocnuiMU coomeemcmeeHHO 0.9 
u 0.1. OnpedeAUM Xq, Xi, X2. . . . rna/K: Xq np'tmuMaem auaneHUH 0, 1, 2 c paenuMU eepomnHocmn- 
Mu u HeaaeucuMa om ecex Zi, X„ = Xq + '}2i=\'^ mod 3. HaKOHev,, nycrrib K„ = npu X„ = 
uYn — 1 npu Xn 7^ 0. JlezKO eudemb, umo npov,ecc Yq,Yi,... neAHemcH cmav,uoHapHUMu; mookho 
doKoaamb, umo oh apeoduuecKuu. IIocKOAbKy oh neAnemcji (pyHKV,ueu M(ipK06CK0U V^CTIU X^, eSO 
Hoaueaiom cKpbiToli MapKOBCKoli i];enbio {hidden Markov chain). 

Cjie^yiomee yTBepjK^eHHe hejihstch cjie^CTBHeM apro^HHecKoit TeopeMbi BHpKro4)a o noTOHen- 
Hoit cxo/iHMOCTH. Hepes 6y;n;eM o6o3HaHaTb HimHKaTop coSmthh x C. ui, to ecTb QxioS) paBHO 1 
npH a; C w H B iipoTHBHOM cjiynae. 

npe/i,jio>KeHHe 8.5. Uycmb P — cmaVjUOHapHoe pacnpedcACHue eepoHmHocmeu na npocmpaHcmee 

n. 

(a) JJah noumu ecex no Mcpe P nocjiedoeamcAbHocmeu oo nocAedoeamcAbHocmb 

^x,n(w) = ^(5x(w) + 9x{Tuj) + ...+ 

cxodumcH. 

(6) fl,An apzoduHCCKOzo npoy,ecca amom npedcA paeen P{x). 
{JXim HeaproflH^ecKHx npoii;eccoB npe^eji MOJKeT saBHceTb ot oj.) 

06inaa TeopeMa BnpKrocjja KacaeTca npoH3BOjibHbix npocTpancTB h coxpaHHioiUHX Mepy npe- 
oGpasoBaHHH, a b KanecTBe gx mojkho bshtb npoHSBOJibnyio HHTerpHpyeMyio 4)yHKij;Hio, h rapan- 
THpoBaTb noTOHeHHyio cxoflHMocTb (b aproflHHecKOM cjiynae — k MaTeMaTHHecKOMy ojKHflaHHio). 

YTBepjK/ieHHe (6) iioKasbiBaeT. hto KJiacc C 3pro/],HHecKHX Mep SBjiaeTca opToroHajibHbiM. B 
caMOM flfijie, GyflfiM nasbmaTb nocjieflOBaTejibHocTb w "cTaGHjibHoit", ecjiH a/lsi nee cymecTByioT iipe- 
flejibi H3 n. (a) npn J11060M x. JlerKo noHHTb, hto b 9tom cjiynae 9th npe^ejibi saflaioT HeKOTopyro 
Mepy Qtj. Onpe^ejiHM 4)yHKii;Hio (p: O — > C, hojiomchb (p{uj) = Qi^, ecjiH Mepa Qi^ HBjiJieTCfl aproflH- 
HecKOH, H Bbi6paB B KanecTBe 3HaHeHHH npoH3BOjibHyio 3pro;];HHecKyio Mepy. ecjiH He HBjiaeTca 
3proflHq;ecKOH hjih uj He sBjiaeTCH cTaGHjibHoft. IlyHKT (6) rapaHTHpyeT, ^to P{ip~^{P)) — 1 fljia 
jiio6oli aproflHHecKOH Mepw P. 

TyT Hcnojib3yeTca. "^to MHOJKecTBO CTaGnjibKbix nocjie/ioBaTejibHOCTeil 6opejieBCKoe. SaMeTHM, 
^To Kjiacc 3pro/(HHecKHx Mep He3aMKHyT, ho 3to b oiipe/tejienHH He npe/tnojiai-aeTca. 

Mbi BHflejiH (npHMep 8.2.2), hto flBe Mepbi MoryT 6biTb opToroHajibHbi, ho HMeTb oGmne cjiy- 
HaHHbie nocjieflOBaTejibHocTH. OflnaKo ^jih BbiHHCJiHMbix Mep, KaK mm celiHac flOKajKeM, 9to neBos- 

MOXCHO. 

By^eM roBopHTb, hto ^Be Mepbi 9(|)4)eKTHBHo opToroHajibHbi, ecjiH Kjiaccbi paBHOMepno cjiy- 
HaiiHbix OTHOCHTejibHO HHx nocjieflOBaTejibHOCTeft ne nepeceKaiOTCH. (9to nosBOJiHeT nepe4)opMy- 
jiHpoBaTb onpe^ejieHHe 5.40 TaK: Kjiacc Mep 94)4)eKTHBHo opToroHajien, ecjiH jiio5bie ^Be Mepbi b 

9T0M KJiaCCe 94)(|)eKTHBH0 OpTOrOHajIbHbl.) 

TeopeMa 8.6. J^ee guhucaumuc Mcpu na KOHcmpyKmuenoM MempunecKOM npocmpancmee opmo- 
eoHUAbHU mozda u moAbKO mozda, Kozda ohu acjkfieKmueHO opmozonoAbHU. 



52 



JJoKaaameAbcmeo. Kax mbi y>Ke roBopHjiH, b o;;Hy CTopony 3to Bepno fljia jiio6bix Mep. JJp- 
KajKCM oGpaTHoe yiBep^KfleHHe. HycTb flanbi ^Be Bbi^HCJiHMbie opToroHajibHbie Mepbi P,Q; no 
oiipe;;ejieiiHio opToronajibHOCTH cymecTByeT HSMepHMoe MHOJKecTBO A, fljiH KOToporo P{A) = 1, 
Q{A) = 0. B CH.jiy pery.napHOCTH (npe;];.nojKeHHe 7.22) HaftfleTCH nocjieflOBaTCJibHOCTb OTKpbiTbix 

MHOJKeCTB Gn, COAepJKaiIl,HX A, flJIH KOTOpblX Q{Gn) < 2""". HoCKOJIbKy Gn COflepJKHT A, TO 

P{Gn) — 1- MnojKecTBo Gn OTKpbiTo, no9TOMy HaftfleTca KoneHHoe oGT^e^HHeHne C Gn 6a3Hc- 

Hbix mapoB, KOToporo P{Hn) > 1 — 2~": p^na Hn Mepa Q TO>Ke Menbuie 2"". HepeGopoM mo>kho 
HaHTH BbiHHCJiHMyio HocjieflOBaTejibHocTb MHOJKecTB Hn c TaKHMH cBOHCTBaMH (P-Mepa Gojibuiaji, 
Q-Mepa MajieHbKaa). 

PaCCMOTpHM Tenepb limSUpi?„, to eCTb MHOJKeCTBO Hm ^^^^ ^"i — ^n>m^n- CorjiacHo 

npe/];jiojKeHHio 7.31, KajK/];oe h3 MHOJKecTB Um, a 3Ha^HT, h hx nepece'^eHHe. co/];epjKHT Bce P- 
cjiynattHbie tohkh. C /ipyroii CTopoHbi, ivmojKecTBa J7„ oGpasyiOT TecT b CMbicjie MapTHH-Jlecjja 
OTHocHTejibHo Mepbi Q, no9TOMy 9T0 nepeceneHHe ne coflepjKHT hh oflHoft Q-cjiyHaftHoft tohkh. 

Mbi BHflejiH, 1T0 aproflHiecKHe Mepbi oGpasyioT opToroHajibHbift Kjiacc. Bojiee fleTajibHbifl; 
anajiHs noKasbiBaeT, hto ohh 94)<J)eKTHBHo opToroHajibHbi. 

TeopeMa 8.7. dpzodunecKue Mepu na KanmopoecKOM npocmpancmee odpaaymrn acficjieKmueHO op- 
moeoHOJibHuu KAacc. 

JJoKoaameAbcmeo. B cTaTbe [29] npHBefleno flOKasaTejibCTBo 34)4)eKTHBHOH aproflHHecKolt Teo- 
peMbi, H3 KOToporo cjieflyeT, hto 

(a) PaBHOMepHo cjiynaitHbie nocjie^oBaTejibHocTH no cTai^HonapHofl; Mepe cTaGnjibHbi (b tom 
CMbicjie, HTo pflsi HHx cymecTByeT yKa3aHHbiit Bbime iipeAeji nacTOT); 

(6) Jlffisi paBHOMepHO cjiynaftHbix no aproflnnecKOH Mepe nocjieflOBaTejibnocTeli 9tot npe^eji 
coBna/iaeT c Mepon P{x). 

OnnmeM KopoTKo cxeMy flOKa3aTejibCTBa. JXjir jhoGmx pau,HOHajibHbix mceji < a < /3 pac- 
CMOTpHM nepeHHCJiHMyio cHH3y 4)yHKn;Hio oj criuj, a, KOTopaii cHHTaeT, cKOJibKo pa3 Bejinnnna 
Ax.ni'^) c pocTOM n nepecBKjia npoMejKyTOK {a,j3) cjieBa naupaBO (6bi.jia Menbrne a h CTajia Gojib- 
me /3). SaTBM mojkho ;i;oKa3aTb, ^to (1 + a~^)(/? — a) j cr{(jj,a, (5) dP{u)) ^ 1, to ecTb 4)yHKu;Ha 
(1 + a~^)(/3 — a)a{a,f3) aBjiHeTCH orpannHennbiM b cpe^neM TecTOM. CjieAOBaTejibno, fljiH paB- 
HOMepno cjiynaftHbix (h ^ajKe ^jih 6e3opaKyjibHo cjiynaftHbix) nocjieflOBaTejibnocTeli hhcjio TaKHx 
nepeceHennil HHTepBajia KoneMHO. 

HtoGm flOKa3aTb (6), ecjin (a) yjKe rapanTHpoBano, ;],ocTaTo^Ho fljia KajKfloro x ycTanoBHTb, 

HTO 

liminf Aj;„(w) < P{x) < limsup Aa;,n(a;) 
" n 

fljiH Bcex cjiyHaHHbix oj. PaccMOTpHM, nanpHMep, nepBoe nepaBencTBo (BTopoe anajiornHHo). ^o- 
CTaTOHHo noKa3aTb ^jih jno5bix A; n m, hto 

inf A^,n{<^)^P{x) + 2-^ 

fljiH cjiy^aitHoii oj. MnojKecTBo 

{{lo, P) I (3n ^ m)A^,i{uj) < P{x) + 2"'=} 

HBjiHeTca 94)<|)eKTHBHo oTKpbiTbiM, H no TeopeMe BHpKro4)a MHOJKecTBo Sx,k,m{P) — {x I {x,P) € 
Sx,k,m} HMeeT P-Mepy 1, ecjin Mepa P aproflnnecKaa. npefljiojKenne 7.31 rapanTnpyeT, hto mho- 
jKecTBo Sx,k,m{P) coflepjKHT Bce paBHOMepno P-cjiy^aitHbie to^kh. 
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/]|pyroit no/i^ofl, k flOKasaTejibCTBy coctoht b tom, itoGm ycTanoBHTb cxoahmoctb ^acTOT k 
P{x) PfTLsi cjiynaitHbix no MapTHH-JIecJ^y nocjieflOBaTejiBHocTefi oTHocHTejibHO BbiHHCJiHMbix apro- 
flHHecKHx Mep (npH 9tom flOKaaaTejibCTBO ^ojijkho BbmepjKHBaTb pejiHTHBH3aii;Hio), ne Hcnojibsya 
jiBHoro TecTa, KaK sto cj^ejiano b [2]. Hocjie 3Toro mojkho cocjiaTbCH na TeopeMy 5.36 h nojiyHHTb 
cxoflHMocTb fljia paBHOMepHo cjiyqaHHbix nocjieflOBaTejibHocTeit. 

pa6oTbi c opToroHajibHbiMH KjiaccaMH Mep nojieano noHSTHe cenapaTopa. B stom onpe/iejie- 
HHH, roBopH 06 HSMepHMocTH 4)yHKLi;HH, Mbi HMeeM B BHfly Hx HSMepHMocTb HO Bopejiio (npooGpas 
6opejieBCKoro MHOJKecTBa HBjiaeTCH 6opejieBCKHM); Mepbi mh TOJKe cHHTaeM onpeflejieHHbiMH na 
6opejieBCKHx MHOJKecTBax. 

Onpe/],ejieHHe 8.8 (4)yHKij;iM-cenapaTop). Uycmb C — KAacc Mep na KOHcmpyKmueHOM uempu- 
uecKOM npocmpaHcmee X. MaMepuMyw (fiyHKUfUJO 

s: X X M{X) [0,+oo] 

HoaoeeM cenaparopoM dnn KAacca C, ecjiu J s{x, P) dP{x) < 1 Bah ak6ou uepu P, a dAn ak6ux 
deyx pasAUHHUx uep P,Q £C u Bah ak)6ou tuohku x xonw 6u odno U3 aHaueHuu s{x, P) u s{x, Q) 
6ecK0HeHH0. 

Cenapamop Haaueaemcn TecTOM-ceiiapaTopoM, ecAU oh nepenucAUM CHuay kuk cpyHKi^iLH x u P. 

B onpeflejieHHH cenapaTopa mm TpeGyeM j s{x, P) dP{x) ^ 1 fljia Bcex Mep (a He tojibko fljia 
Mep H3 Kjiacca P) , ho sto He onenb cymecTBenno, nocKOJibKy k TecT-cenapaTopy mojkho npHMeHHTb 
yceneime. 

Cjie/tyiomaH TeopeMa CBH3biBaeT noHSTHe opToronajibHoro Kjiacca Mep c cenapaTopaMH. a TaK- 
jKe ycTanaBjiHBaeT, hto fljia cjiy^aa acJx^eKTHBHo opToronajibHoro Kjiacca KajK^aa Mepa MoxceT 
6biTb BoccTaHOBjiena no cjiyHannoli (no 3toh Mepe) nocjie^oBaTejibnocTH. 

TeopeMa 8.9. Ilycmb C — kamcc Mep na KOHcmpyKmueHOM MempuuecKOM npocrnpaHcmee. 

(a) EcAu 6opeAeecKuu KAacc uep C opmoeoHOAeH, mo dAsi nezo cymecmeyern cenapamop. 

(6) KAacc C ABAAcmcH a^^eKmueno opmozoHOJihHUM mozda u moAtno mozda, Kozda cymecmey- 
ern mecrn- cenapamop. 

(Hto KacaeTC3 oGpaTHoro k (a) yTBepjK^eHHH, to asTopbi ne 3HaioT, Bepno jih oho.) 
/^OKoaameAbcmeo. ^OKajKeM cna^ajia (a). IlycTb (p{x) — 4)yHKH;H3, KOTopaa fljia Kaxcfloro 
x € X yKasbiBaeT Mepy b cooTBeTCTBHH c oiipe^ejieHHeM opToronajibHOCTH. Ho npeflnojioxceHHio 

3Ta 4)yHKD;HH 6ope.neBCKaH. hostomv (cm. [15]) ee rpa4)HK HB.naeTCH 6ope.neBCKHM MHOJKecTBOM. 
riojioJKHM s{x,P) = 1 iipH P ^ C, a TaKJKe npn P G C h (p{x) — P, 11 iiojiojkhm s{x,P) = 00 iipn 
P e C H (p{x) ^ P. 

JXoKayKeu Teiiept yTBepjK/ieHHe (6). Ecjm Kjiacc C scjjcjjeKTHBHO opToronajien, to yHHBepcajib- 
Hbiit paBHOMepHbifi TecT h 6yfleT TecT-cenapaiopoM fljia Kjiacca C. C flpyrofl; CTopoHbi, nycTb 
HMeeTCH TecT-cenapaTop ^jiji Kjiacca C. IlycTb P ta Q — ^Be pasjinnnbie Mepw pflsi Kjiacca C, n 
TOHKa X paBHOMepHo cjiynaHHa no o6eHM MepaM. IlocKOJibKy s HBjiHeTCH paBHOMepnbiM tbctom 
cjiyHannocTH, to s{x,P) h s{x,Q) Konennbi, hto npoTHBopennT onpe^ejieHHio TecTa-cenapaTopa. 

CjieflyiomHH pesyjibTaT Menee ojKH^aeM; on noKasbiBaeT, hto ^jih cjiynaa 94)4)eKTHBHo kom- 
naKTHoro Kjiacca Mep h3 cymecTBOBannH nojiynenpepbiBHoro cnnsy cenapaTopa cjie^eT cymecTBo- 
Banne n nepenncjinMoro cnnsy cenapaTopa (to ecTb TecTa-cenapaTopa). 

TeopeMa 8.10. Uycmb Baa acpcfieKmuGHO KOMnanmnozo KAacca Mcp cymecmeyern noAynenpepue- 
Huu CHuey cenapamop s{x,P). Tozda amom KAacc acp^eKmueHO opmozonaAen. 
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/foKaaameA'bcmeo. HycTb C — acJjcjseKTHBHo KOMnaKTHbiii Kjiacc Mep na KOHCTpyKTHBHOM mbt- 
pHHecKOM iipocTpaHCTBe. Mbi flpjDKHbi HOKasaTb, HTo B npeflnojioxceHHJix TeopeMbi ^jih jiio6bix 
flBjoc pasjiHHHbix Mep P\,P2&C MHOJKecTBa cjiynaltHbix nocjieflOBaTejibHocTeli ne nepeceKaioTCJi: 

Randoms(Pi) H Randoms(P2) = 0. 

BosbMeM B iipocTpancTBe Mep jxaa. HenepeceKaiomHxcji 6a3HCHfaix saMKHyTbix mapa Bi n B2, coflep- 
jKamHx Mepfai Pi a P2, a paccMOTpHM Kjiaccbi Mep Ci — CCiBi h C2 = CnB2- 3to HenepeceKaiomHecfl 
9<J)4)eKTHBHo KOMnaKTHbie Kjiaccbi Mep, coflepjKamne Pi h P2. PaccMOTpHM Tenepb 4)yHKi];HH 

Uix) — inf s(x, P). 
^ ' PeCi ^ ' 

^jia jiio6oro x xots 6bi ojx^o h3 SHa^eHHil txix) m t2{x) GecKone'^HO. OyHKi^HH ti h ^2 nojiyiieiipe- 
pbiBHbi cHHsy (nepBaa nacTb flOKasaTejibCTBa npefljiojKeHHJi 7.20) h jibjuiiotcji Ci- h C2-TecTaMH. 

Tenepb mm MOJKeM npHMennTb paccyjKfleHHe, anajiorH^Hoe ^oKasaTejibCTBy npefljiojKeHHH 7.31. 
IlycTb A; > 1 — ij;ejioe hhcjio. PaccMOTpHM oTKpbiToe MHOJKecTBo Sk ~ {x \ ti{x) > 2^}. IIocKOJib- 
Ky ti HBjiaeTCH Ci-tbctom, to P{Sk) < 2~^ /;.jih Bcex P € Ci. C /ipyroii CTopoHbi, nocKOjibKy 
;i,jiH Ka>Kfloro X oflHo h3 sHa^eHHH ti{x) H t2{x) GecKOHe^Ho, to P{Sk) = 1 A-Jia Bcex P G C2. 
XapaKTepHCTHHecKa^H (JjyHKi^HH MHOJKecTBa Sk nojiynenpepbiBHa cnnsy, h noTOMy MOJKeT 6biTb 
npe/tCTaBjiena KaK noTO'^e'^Hbiil npe/];eji HeyGbmaioineH nocjie/ioBaTejibHOCTH (ne oGasaTejibHO bm- 
hhcjihmoh!) 6a3HCHbix 4)yHKij;HH gk^n- PaccyjKflaa KaK b npefljiojKeHHH 7.31, mm saKjiioiaeM, ito 
Hafl^eTCH n — nk{P), npn KOTopoM J g^^ndP > 1 — 2~*^ ^jih jiio6oro P G €2- 34)4)eKTHBHaH 
KOMnaKTHocTb Kjiacca C2 nosBOJiHeT BbiSpaTb n o6iii;hm ^jih Bcex P € 62- 

3a<J)HKCHpyeM flocTHrnyToe: ^jih bchkoto k naitfleTCH GasHCHaa 4)yHKi];HH hk, ajih KOTopoli 

J hkdP < 2~^ npH Bcex P e Ci; 

j hkdP> 1- 2~^ npn Bcex P e C2. 

TaKyio 4)yHKi];Hio moxcho HaliTH 94)4)eKTHBHo no k nepe6opoM. 
Tenepb mojkho nocTpoHTb nepenncjinMyio cnnsy <J)yHKn;Hio 

k 

Ona HBjiHeTCH TeCTOM fljia Kjiacca Ci. OyHKn;HH t'2{x) — X^j.(l — hk{x)) no anajiornHnbiM npHnnnaM 

6y/i;eT tbctom pflu Kjiacca C2. 3th tbctm /iojijkhm 6biTb KOHe^Hbi pflu cjiynaftHbix no MepaM Pi n 
P2 iiocjie/toBaTejibHocTefi, a oflHOBpeMeHHo fljia o6ohx tcctob 3to 6biTb ne mojkct. 

Cmmcji BBe;];eHHoro naMH noHHTHH TecTa-cenapaTopa mojkho noacHHTb cjie/iyiomHM o6pa30M. 
yHHBepcajibHMH TccT t{(jj , P) B cHjiy 34)4)eKTHBHOH opToroHajibHocTH nosBOJiHCT pasflCJiHTb no- 
cjieflOBaTejibHocTH, cjiynanHbie no paanbiM MepaM h3 Kjiacca C: rjia^H na nocjieflOBaTejibnocTb uj, 
paBHOMepHO cjiyHaiiHyio no ojxaovi h3 Mep SToro Kjiacca (=cjiyHaHHyio OTHOCHTejibHO Kjiacca C), 
MM Hni;eM P G C, fl^jia KOToporo t{u!, P) Konenno. TaKaa Mepa P b Kjiacce C eflnHCTBenna (corjiacno 
onpeflejieHHK) scJxJjeKTHBHolt opToronajibnocTn). 

Hocjieflnee, o^naKo, MoxceT BbinojiHHTbCH h pjiR neynnBepcajibnoro TecTa, n TaKne tbctm mm na- 
SBajiH TecTaMH-cenapaTopaMH. HeynnBepcajibHbra tbct Menee TpeGoBaTejien k T^p^ee cjiyHannocTH, 
H oiiHCbiBaeT ee, laK CKasaib, b nepBOM npnGjiHJKeHHH: MOJKeT oKasaTbca, nio Ta nocjieflOBaTejib- 
HocTb, KOTopyio OH cHHTaeT cjiyHaHHOH (na KOTopon snaHenne t{ijj, P) Konenno), 6ojiee cepbesnbin 
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TecT yjKe 0T6paKyeT. (OGpaTHoe HeBOSMOJKHo, Tax KaK yHHBepcajibHbiH TecT MaKCHMajien.) BajK- 
HO TOJibKO, HTo6bi y»ce 9Ta npeflBapHTejibHaH rpySaa 0T6paK0BKa nosBOJiHjia pasflejiHTb Mepbi h3 
Kjiacca C, TO ecTb HTo6bi hh o^Ha nocjie^oBaTejibHocTb He Kasajiacb "b nepBOM npnGjHUKenHH cjiy- 
HaliHoli" cpasy no AByM MepaM. 

OnpeflejieHHe 8.11. /I^ah damozo mecm-cenapamopa s{x,P) 6ydeM nasueamb dAeMenm x cjiy- 
^aiiHbiM B nepBOM npH6jiiDKeHHH oTHocHTejibHo P, ecjiu ananeHue amozo mecm-cenapamopa kohch- 
Ho: s{x, P) < oo. 

B KanecTBe npniviepa paccMOTpHM Kjiacc GepnyjijiHeBbix Mep. B Ka^ecTBe TaKoro "lecTa b nep- 

BOM npnGjIHJKeHHH" MOJKHO BCnOMHHTb CJIOBa 4)0H Mnseca, KOTOpblft CaMbIM nepBbiM cbohctbom 

cjiyHaiiHoit nocjie^oBaTejibHocTH {KOAJicKmuea, KaK oh roBopnji) nasbiBaji ycToliHHBocTb nacTOT. 

CbOHCTBO yCTOHHHBOCTH ^aCTOT (yCHJieHHblit SaKOH 60JIbmHX HHCejI B COBpeMeHHOlt TepMHHOJIO- 
THh) COCTOHT B TOM, HTO Sn{oj)/n — )• p. S^eCb Sn{oj) — KOJIHHeCTBO eflHHHH; B HanajIbHOM OTpeSKe 

iiocjie/toBaTejibHocTH oj pjmsbi n, a, p — napaivieTp 5epHyjijiHeBoli Mepbi Bp. 

MojKHO nbiTaTbca Hcnojib30BaTb 3to cbohctbo ^jih nocTpoeniui cenapaTopa pasHbiMH cnoco6a- 

MH, BOT HeCKOJIbKO BOSMOJKHblX TpeGoBaHHH: 

(1) Sn{ui)/n p C HeKOTOpOH (JjHKCHpOBaHHOii CKOpOCTbK) CXOflHMOCTH. 

(2) Sn{uj)/n — > p 6e3 yKaaanHH KOHKpeTHOH CKopocTH cxo/];hmocth. 

(3) MojKHo BcnoMHHTb flOKasaTejibCTBo TeopeMbi 8.7 p,jisi Kjiacca Bcex 3pro/(HHecKHx cTaij;Ho- 
HapHbix Mep Ha h nojiy^HTb TecT, rapaHTHpyiomHit cxoflHMocTb Bcex nacTOT A^^ni^) k cooTBeT- 

CTBVlOmHM BepOHTHOCTHM P{x). 

HaH6ojiee npocToe h ecTecTBCHHoe (c MaTeMaTHMecKoil to^kh speHHs) Tpe6oBaHHe (2) He sann- 
cbiBaeTca b BH^e nepe'=iHCJiHMoro cHHsy TecTa, ho itoGbi nonpaBHTb ^ejio, mojkho nepeftTH k (1) 

H 4)HKCHpOBaTb CKOpOCTb CXOflHMOCTH. BoT OflHH H3 B03M0JKHbIX BapHaHTOB. (^JIH HpOCTOTbl Mbl 

6y;;eM Hcnojib30BaTb TOjibKO HepaBencTBO He6bimeBa. h nojiy^HM cxo;];HMOCTb nacTOT He na Bcex 
OTpesKax, a tojibko ho cTeneHsiM abohkh. Bojiee aKKypaTnaa ou;eHKa HosBOJiHjia 6bi HOJiyHHTb 

CXOflHMOCTb HaCTOT HO BCeM HaHajIbHbIM OTpeSKaM.) 

HepaBeHCTBo He6bimeBa rapaHTHpyeT, hto 



Sflecb Sn{x) — HacTOTa eflHHHu; b cjioBe fljiHHbi n. HocKOJibKy p{l —p) ^ 1/4, oTcio^a cjie^yeT, ^to 



HojiojKHB, cKajKeM, A — nP'^ (h onycKa^H MHOJKHTejib 1/2, hto jinnib ocjia6ji5ieT yTBep»y];eHHe), 
HOJiynaeM 



Bp{{x e W 



n 



Sn{x) - np\ > Ani/2(p(l -p))V2}) ^ A'^. 



Bp{{x e B": \Sn{x) - np\ > ^ X'^. 



Bp{{x € B" : \Snix) - np\ > n"'^}) ^ n 
HtoGbi pjifl cxoflHjicji, orpaHHHHMCJi jiHuib HjienaMH BHfla n = 2*^: 



-0.2 



Bp{{x e B^* : \S2k{x) - 2''p\ > 2°-<^''}) ^ 2 



-0.2k 



Tenepb pflsi GecKOHeHHoli HocjieflOBaTejibHocTH cj h ^jia p € [0, 1] hojiojkhm 



giuj,Bp) = sup{/e: \S2k{uj) - 2>| > 2"'*''^}. 



IlpH 9T0M 




k 



,-0.2fc 



— C < OO 
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H noflejiHB Ha c, nojiy^aeivi xecT. 3to TecT-ceiiapaTop, laK KaK gioj, Bp) < oo Bjie^eT cxoflHMocTb 
nocjieflOBaTejibHOCTH 2~^S2k (w) k p m fljia flByx pasHbix p TaKoro cjiyiHTbCH ne MOxceT. 

TeopeMa 5.41 o6o6ii];aeTC5i na cjiynali npoHSBOJibHoro MeTpHHecKoro npocTpancTBa (flOKasa- 
TejibCTBO ocTaeTCH npaKTHHecKH tbm jKe. naji^o Hcnojib30BaTb 6a3HCHbie mapbi BMecTO HanajibHbix 
OTpesKOB): fljia bcjikofo 34)4)eKTHBHo KOMnaKTHoro 34)45eKTHBHo opToroHajibHoro Kjiacca Mep h 
BcaKOH Mepbi B 3T0M Kjiacce cjienafl (GeaopaKyjibnaa) cjiynaliHocTb paBHocHjibna paBHOMepnoli 
cjiy^iafiHOCTH. B CBa3H c sthm ecTecTBeHHO ciipocHTb, Hejib3H jiH iipoH3BOjibHyio 3pro;i;HHecKyio 
Mepy noMecTHTb b neKOTopbiH acJjcjjeKTHBHo KOMnaKTHbiit Kjiacc. OKasbmaeTCJi, ^to iier. 

TeopeMa 8.12. PaccMompuM cmaVjUOHapHue {uHeapuanmHue orriHocumeAbHO edema) Mepu na 
npocmpaHcmee fl. Cpedu hux cyiu,ecmeyem apzoduuecKan uepa, ne codepatcainaficH hu e kukom 
a^eKmueno KOMnaKmnoM KAacce cmav,uoHapHux apzodunecKux Mep. 

IIpejK/te HeM /toKasbiBaTb 9Ty TeopeMy, npwBepfiM HCKOTopbie BcnoMoraTejibHbie yTBep>K/teHH5i. 

HpefljiOKeHHe 8.13. Kuk apzoduuecKue, muK u HeapzoduuecKue Mepu nAomnu e KAUcce cmav,u- 
OHapHux Mep. 

JJ^OKaaarneA'bcmeo . JX-iia nanajia iioKa>KeM, hto BCHKyio CTaii,HOHapHyio Mepy mojkho iipH6jiH3HTb 
aproflHHecKOH. Bes orpaHHHeHHH o6iii;hocth mojkho cHHTaTb, hto BepoHTHocTb P(x) noaBjieniui 
jiio6oi'o cjioBa x no SToil Mepe CTporo nojiojKHTejibna. (Ec.jih nei, mojkho no/iMemaTb HCMHoro 
paBHOMepHOH Mepbi.) (pHKCHpyeM KaKoe-jinGo n h paccMOTpHM snaienHJi Mepbi P{x) na cTpoKax 
fljiHHbi He 6ojiee n. CymecTByeT MapKOBCKHH npoii;ecc c TaKHM jkc pacnpe^ejieHHeM BepoHTHocTeii, 
B KOTopoM BeposTHOCTb cjie/(yioiii;ero 6HTa onpe^ejiHeTCH n—1 npeflbi^ymnMH GnTaiviH: fljia jiioGoro 
jiio6bix 6htob b,b' BepoHTHOCTb nepexo^a ot bx k xb' paBHa Pibxb') / P{bx). B stom 
npoii,ecce Bce bcpohthocth nepexo^a nojiojKHTejibHbi, h nosTOMy oh HBjiHeTCH sproflH^ecKHM. C 
pocTOM n OH cTpeMHTCH K HcxoflHOH CTaujHOHapHOH Mepe. 

C flpyroil CTopoHbi, BCSKyio CTai^HonapHyio Mepy P mojkho npH6jiH3HTb h nespro/iH'^ecKoil Me- 
poH. OHeBHflHo, flocTaTo^Ho paccMOTpeTb cjiy^aft, Kor^a caMa Mepa P aproflHiecKaa. Tor^a, 
corjiacHo aproflHHecKOH TeopeMe, mojkho naftTH nocjie^oBaTejibHocTb, b KOTopoft npe^ejibHbie na- 
CTOTbi Bcex noflCJiOB cooTBeTCTByiOT Mepe. (IIo'ith Bce — b CMBicie stoh MepBi — iioc.jie;;oBaTejib- 

HOCTH TaKOBbl.) B3HB flJIHHHblH KyCOK 3T0H nOCJie^OBaTejTbHOCTH H Sai^HKJIHB erO, MOJKHO HailTH 

nepHOflHHecKyio nocjieflOBaTejibHocTb, b KOTopoli nacTOTbi cjiob fljiHHbi ne 6ojibme n oTjinnaioTCH ot 
Mepbi P He Sojiee neM na e (ajih jiio6bix ^annbix n h £ > 0). (Hpn sai^HKjiHBaHHH oGpasyioTCH HOBbie 

cjioBa Ha MecTe CKjieiiKH, ho npH Gojibuioil pjiwae 3to He nrpaeT pojiH.) Tenepb mojkho paccMOT- 
peTb Mepy, cooTBeTCTByKimyio cjiyiaftHbiM cflBHraM 3toh nocjieflOBaTejibHocTH (ona cocpeflOTo^eHa 

Ha KOHeHHOM MHOJKeCTBe HOCJieflOBaTejIbHOCTelt — HX CTOJIbKO, KaKOB MHHHMajIbHblii HepHOfl). 3Ta 

Mepa He aproflHHHa, ho 6jiH3Ka k P. 

HaM HOHafloGHTCfl eme o^ho yTBepjK^eHHe: 

IIpefljioxceHHe 8.14. MHOoicecmeo apzodunecKux Mep o6pa3yem Gs-nodMHOotcecmeo e Mempune- 
CKOM npocmpaHcmee ecex Mep na 0. 

JJoKaaameAhcmeo. Mbi MoxceM orpaHHHHTbCH (saMKHyTbiM) MHoxcecTBOM cTaH;HOHapHbix Mep. 

PaCCMOTpHM 4)yHKH;HIO Ax^n Ha O, lIOJIO>KHB SHaneHHe A^^ni^) paBHbIM flpjie BXOJKfleHHit CJIOBa x 

cpeflH HepBbix n bosmojkhbix no3Hu;HH (mm npHKjiaflbiBaeM x kuj, HanHHa^H c nepBoll, BTopoft,. . . , n- 
OH no3Hn;HH h cmotphm ^ojiio coBnafleHHit) . 3proflHHecKaa TeopeMa rapaHTHpyeT, ^to npn KajK/i;oM 
X HocjieflOBaTejibHocTb 4)yHKn;HH A^^i, Ax,2, ■ ■ ■ cxoahtch b cMbicjie Li (na caMOM flejie HMeeT MecTo 
flajKe H cxo;n;HMOCTb hohth Bcio;n;y) . IIpH stom CTaLi;HOHapHaH Mepa P 6y;^eT 3proflHHecKOH Tor^a h 
TOJibKo Torfla, Korfla npe^ejioM 3toh nocjieflOBaTejibHocTH 6yfleT KOHCTanTa P(x). 
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B CHjiy cymecTBOBaHna npe^ejia ^. ih ciai^HOHapHbix Mep ^ocTaTOHHO iipoBepaTb, m;to KOHCTaHTa 
P{x) sBjiHeTCH npe^ejibHOH tohkoh. fl^jia jiio6bix x, N vi e MHoxcecTBo Sx,N,e Tex P, ^jia KOToptix 
cymecTByeT N c 

J \A^,n{uj)-P{x)\dP{uj)<e, 

HBjifleTCH oTKpbiTbiM, a nepeceHeHHe 3thx MHOJKecTB no BceM x,N,e h ^aeT yKasanHbiii Bbime 
KpHTepnii aproflHHHocTH cTai^HonapHoli Mepbi. 

Tenepb mh MOMceM ^oKasaTb Teopeiviy 8.12. 

JJoKaaameA'bcmeo. OG be^mieHHe Bcex 3<J)4)eKTHBHo KOMnaKTHbix KjiaccoB spro^HHecKHX Mep 
jiBjiaeTCH Fcr-MHOJKecTBOM. Hpe/tnojiojKHM, HTO OHO BKjiioHaeT B ce6H Bce 3pro/];HHecKHe Mepbi. 
Torfla MHOJKecTBo He3proflHq;ecKHx Mep flBjiaeTCfl G^-MHOJKecTBOM, KOTopoe iijiotho b cHjiy iipefl- 
jiojKeHHH 8.13. C flpyroH cTopoHbi, KaK mh BH^ejiH B npefljiojKeHHHx 8.14 h 8.13, MHOJKecTBo neap- 
roflHHecKHX Mep TaKxe HBjiaeTCH iijiothmm G^-MHOJKecTBOM. Ho nepece'^eHHe sthx flByx MHOJKecTB 
nycTo, ^To npoTHBopeHHT TeopeMe Bapa o KaTeropHH. TeopeMa 8.12 flOKasana. 

TeM He Menee Bonpoc, c KOToporo mm na'^ajiH. ocTaeTca OTKpbiTbiM: 

Bonpoc. CymecTByeT jih aproflHHecKaji Mepa, flflsi KOTopoit nomiTiia paBHOMepHoft h cjienoit 
(6e3opaKy.jifaHOH) cjiynaHHOCTH He coBna^aiOT? 

Bo3Bpam;aacb k npoHSBOjibiibiM 3(|)(|)eKTHBH0 KOMnaKTHbiM 3(|)(|)eKTHBH0 opToroHajibHfaiM Kjiac- 
caM, Mbi MOxceM CBHsaTb yHHBepcajibHbie TecTbi c TecTaMH pflsi Kjiacca (cm. TeopeMy 5.23) h 
TecTaMH-cenapaTopaMH. 

TeopeMa 8.15. Uycmb C — a^eKmueno KOMnaKmnuu KAacc a^^eKmueno opmozonaAbHux uep. 
Uycmb tc{x) — yHueepcaAbHuu mecm cjiynauHocmu Oah amozo KAacca, a s{x,P) — Henomopuu 
mecm-cenapamop dAfi C. Tozda ynueepcaAbHuu paenoMepHuu mecm t{x, P) dAH Mep amoeo KAacca 
MootcHO eupaaumb maK: 

t{x, P) = max(tc(a;), s{x, P)) 

Bah ecex P £C u Bah ecex x. 

JJoKoaamcAbcmeo. 3aMeTHM npejK^e Bcero, ^to tc(;r) ii s{x, P) iie npeBocxo^JiT yHHBepcajibHoro 
paBHOMepHoro TecTa t(a;, P) (hto cjie^yeT h3 eio yHMBepcajibHocTn). 

C flpyroil CTopoHbi, noKajKeM, hto ecjiH tc{x) a s{x,P) KonenHbi, to t{x,P) He npeBocxo/iHT 
HanGojibHiero hs hhx (c ToiHocTbio flo KOHCTaHTbi). KoHeiHocTb HepBoro TecTa rapaHTHpyei, ito 
minggc t(a;, Q) KOHeneH: 3tot MHHHMyM paBen tc{x) c tohhoctbio flo KOHCTaHTbi. Ecjih 3tot 
MHHHMyM /locTHrajica 6bi na KaKoil-TO Mepe Q ^ P , to o6a snsnenvm Q) h six, P) 6bijiH 6bi 
KOHeHHbi, HTo HpoTHBopeHHT oHpeflejieHHK) ceHapaTopa. (SaMeTHM, HTo Mbi flOKasajiH lyTb 6ojiee 
CHjibHoe yTBepjK^eHHe, neM o6en];ajiH: bmccto "HaH6ojibmero h3 hhx" mojkho HanncaTb "nepBoro h3 
HHX, eCJIH BTOpOH KOHeHen".) 

yTBepjKfleHHe 9toh TeopeMbi HosBOJiaeT pasGnTb npoBepKy cjiy^aftHocTH ho neKOTopoH Mepe 
P H3 Kjiacca C Ha ^Be nacTH (yKasbmaeT ^Be BosMOJKHbie HpHHHHbi HecjiyHaiiHocTH). Bo-nepBbix, 
Mbi /lojiJKHbi y6e;];HTbCH, hto x cjiyHaiiHO OTHOCHTejibHO Kjiacca C. HanpHMep, b cjiynae Mepbi 
Bp H3 Kjiacca B GepnyjijineBbix Mep mm Bnaiajie aojijkhm yGeflHTbca, ito tg(w) KOHeH;Ho. Ilocjie 
9Toro Mbi 3HaeM, hto Hama HocjieflOBaTejibHocTb GepnyjijineBa h flocTaTonno KaKoli-To npocTOH 
HpoBepKH THna aaKona GojibuiHX HHceji, "^toGm BbiacHHTb, no KaKoii hmchho 6epHyjijiHeB0H Mepe 
ona cjiyHaftna: Bp hjih KaKOH-To flpyroft. Biopyio lacTb mojkho paccMaTpHBaTb KaK anajiornHnyio 
napaMeTpHHecKOMy TecTHpoBannio b cTaTHCTHKe. 
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C KOJiH^ecTBeHHOH TOHKH spcHiia (ecjiH Hac HHTepecyeT He npocTo cjiyqaiiHocTb h iiecjiynaH- 
HocTb, HO H sHaneHHe TecTa) BTopa,H nacTb TecTHpoBaHHH ne Ba,»:Ha: npo cenapaiop naivi naflo 
3HaTb jiHinb, KOHeHHo HjiH 6ecKOHeHHo ero sHaneHHe. 

9 PaBHOMepHbie TecTbi: cjinniKOM CHjibHbie 
Tpe6oBaHHH? 

9.1 MOHOTOHHOCTI. H KBaSH-BbinyKJIOCTI. 

C HHTyHTHBHOH TOHKH speHHH paBHOMepHbie TecTbi cjiyHaHHocTH (b HanGojiee oGmeli (Jjopivie cm. 

onpe^^ejieHHe 7.29) MoryT KaaaTbCH chhuikom CHjibHbiMH, ecjiH Mepa P He BbiHHCjiHMa. H ji^em- 

CTBHTejIbHO, OHH He oGjiaflaiOT HeKOTOpblMH HHTyHTHBHO JKejiaTejIbHblMH CBOHCTBaMH, KOTOpblMH 

o6jia,ii;aeT noHHTHe cjiynaltHocTH oTHocHTejibHo BbiHHCJiHMbix Mep (b cMbicjie MapTHH-JTe4)a hjih 

paBHOMepHOe — PJISl BblHHCJIHMblX Mep 9T0 OflHO H TO yKe). OflHHM H3 TaKHX CBOHCTB JIBJIHeTCfl 

MOHOTOHHocTb: 6ojibmaH (c TOHHocTbK) flp KOHCTaHTbi) Mepa HMeeT Sojibme cjiyHaHHbix o6'beKTOB. 

npe/i,jio>KeHHe 9.1. Uycmb P u Q — dee euuucAUMue Mepu, a X > — pay,uoHajibHoe hucjio, 
npuHCM AP(A) ^ Q{A) dAH ecex A. Tozda 

m(A) • A-t(x,Q) <t{x,P). 

3decb m(-) — ducKpemnaji anpuopHon eeponmHocmb paVfUonaAhHozo Hucjia A; KOHcmaHma e < 
onpedeAJiemc^ cjiootcHocmtK) napu npoepoMM, aadammux P u Q. 

JJoKoaameAbcmeo. <l)yHKu;Hfl At(-,Q) HBjiHeTCH P-TecTOM, TaK KaK 

J Xt{x,Q)dP{x) < J t{x,Q)dQ{x) < 1. 
Hcnojibsyji yceneHHe, mh saKjiioHaeM, hto cyMMa 

J2 m(A)-A-t(a;,Q) 

{X\\-ft{x,Q)dP(x)<2} 

C TOHHOCTblO flO KOHCTaHTbi flBJiaCTCa P-TCCTOM, H HOTOMy HC HpCBOCXOflHT t{x,P). TcM GojICC 

3T0 BepHo H flflu Bcex HjicHOB 9Tolt cyMMbi. (YnoMaHyTaa KoncTanTa o6paTHo nponopu;HOHajibHa 
m{P,Q).) 

HHTyHTHBHa,H MOTHBHpOBKa CBOHCTBa MOHOTOHHOCTH TaKOBa: CCJIH CCTb ffBa, yCTpOHCTBa C BHyT- 

peHHHMH ;],aTHHKaMH cjiynaitHocTH, renepHpyiomHe oGtcKTbi c Bbixo^HbiM pacnpe^ejieHHeM P vl Q, 
H AP ^ Q, TO MOJKHo npeflCTaBHTb ce6e, ^to c BepoaTHocTbio A BTopoe ycTpoltcTBo Mo^ejinpyeT 
nepBoe, a b ocTajibHbix cjiyna^ax ^ejiaeT ^to-to cboc. Tor^a bcjikhh o6T>eKT, KOTopbiit c HHTyHTHB- 

HOH TOHKH SpCHHH HpaBflOnOfloGcH Ha BblXOflC HCpBOrO yCTpOHCTBa, flOJCKCH CHHTaTbCH HpaBflOHO- 

flo6HbiM H Ha Bbixo/ie BToporo: sppyr OHO-TaKH npoMO/iejiHpoBajio nepBoe? (HncjieHHoe ana^eHHe 

fle4)eKTa, KOHCIHO, MOJKCT 6bITb HCMHOFO GojIbUie, Tax KaK mm flOHOJIHHTCJIbHO flOJIJKHbl nOBCpHTb, 
HTO npOH30mjIO C06bITHe C BepOHTHOCTblO A.) 

Jlnsi paBHOMepHoit cjiynaitHocTH, yBbi, sto cbohctbo hc BbiHOJiHCHo: ccjih Mepa Q Gojibme, 

HO BblHHCJIHTejIbHO CJIOJKHee, TO TeCTbl CJiynaHHOCTH OTHOCHTCJIbHO Q MOryT HCHOJIbSOBaTb 9Ty 

flonojiHHTejibHyio HH4)opMai;Hio, q;To6bi cflCJiaTb HecjiynaltHbiMH ncKOTopbie oGtcKTbi, KOTopwe ot- 

HOCHTCJIbHO P 6bIJIH CJiyHaHHblMH (cM. flOKaSaTCJIbCTBO TeOpCMbl 5.39). HmCHHO B 9T0M npHHHHa 
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paBHOMepHOH cjiy^aHHOCTH OT cjienoit (GesopaKyjibHoit) , fljia KOTopoft anajiorH^Hoe cboh- 

CTBO BbinOJIHeHO no OHeBH^HblM npHHHHaM. 

^pyra^H cHTyai];Ka, b KOTopofi y nac ecTb HeKOTopaa HHTyni^HH cjiynaliHocTH — 9to cMecb (bm- 
nyKjiaa KOM6HHaLi;Ha) Mep. ITpe^cTaBHM ce6e ppa ycTpoftcTBa c Bbixo/iHbiMH MepaMH P m Q, vl 
BHeuiHioio o6ojioiKy, KOTopaa c KaKHMH-To BepoaTHocTHMH A H 1 — A sanycKaeT oflHo hs hhx. B 
i];ejioM Mbi nojiynaeM cHCTeMy, Bbixofl KOTopoli pacnpeflejien no Mepe \P + (1 — X)Q. Ilpo KaKne 
oGteKTbi Mbi roTOBbi noBepHTb, "qTO ohh cnyqaiiHO nonyqenbi b pesyjibTaTe TaKoro SKCiiepHMeHTa? 
5ICH0, HTo 3T0 floJiJKHbi 6biTb cjiy^aHHbie no Mepe P oGi^eKTbi, a TaKJKe cjiynannbie no Mepe Q oGtj- 
eKTbi (npn 3tom ecjin K094)4)Hn;HeHT Maji, to ^ojixcho ^oSaBjiHTbCH ^onojinnTejibnoe yflBBjienne, no 
KoneHHoe). H ^pyrnx o6'beKTOB 6biTb ne ^ojukho. Kojin^ecTBennoe yTOHHenne 3Toro pesyjibTaTa 
(KOTopbiii B Oflny CTopony c.ne/];yeT h3 mohotohhocth) ^aeTCH b cjieflyion];eM npefljiosKennn. 

npe/i,jTO}KeHHe 9.2. Ilycmb P u Q — dee eunucjiuMue Mepu. 
(a) m(A) • t(a;, AP + (1 - A)Q) < max(t(x, P),t{x, Q)); 
(6) t(x, AP + (1 - A)Q) > min(t(a;, P),t{x, Q)). 

B nepeoM ymeepotcdeHuu A — pav,uoHaAbHoe hucao e (0, 1), a ni(A) — eeo ducKpemnaji anpu- 
opnasi eeposimHocmb. Bo emopoM ymeepotcdeHuu A MOMcem 6umb ak)6um. KoHcmaHmu e < ne 

aaeucum om A (onpedeAsmmcji CAOCHCHOcmbto napu Mep P u Q). 

IlepBoe yTBep>K/i,eHHe mo>kho HasBaxb Keaau-eunyKAOcmbio TecTOB cjiy^afiHOCTH (c TOHHOCTbKi 
flo KOHCTaHTbi). ^JiH TecTOB, o6jiaflaion];Hx cbohctbom KBasn-BbinyKjiocTH b yTOHnennoM BapnanTe, 
6e3 yMHOJKeHHH Ha KOHCTaHTy, mojkho nocTpoHTb HeiiTpajibHyio nepeMHCjiHMyio cimsy iiojiyMepy 
(b neKOTopoM tohhom cMbicjie aioro cjioBa, npn nafljiexameM oGoGmennn nonaTHa TecTa na iiojiy- 
Mepbi, CM. [17, 9]). 

BTopoe yTBepxcflenne momcho nasBaib Keaau-eosHymocmbK); oho noKasbiBaeT, hto HHKaKHx no- 
Bbix cjiy^anHbix o6'beKTOB OTHOCHTejibno CMecn P n Q ne noHBjiHeTca. 

JJ,OKa3amejibcmeo. IlepBoe yTBep>K;;eHHe HBjiHeTca ocjiaSjienneM npefljiojKenHH 9.1. Ecjih A ^ 
1/2, TO H3 9Toro npefljiojKeHHH cjieflyeT, hto m(A) • t(x, AP + (1 — A)(3) < t{x, P) (MHOJKHTejib 1/2 
MOJKHO BKjiioHHTb B <). HpH A ^ 1/2 Bepiio anajiorHHHoe nepabencTBo m(l — A) • t(a;, AP + (1 — 
X)Q) < t{x, Q): iipH 3T0M m(l — A) = m(A). 

BTopoe yTBepjKflenne cjie^yeT ns Toro, ^to npaBa^i nacTb (KaK 4)yHKii,HH ot x) aBjiaeTCH TecTOM 
OTHocHTejibHo jno6oli cmcch Mep P vi Q, vi mojkho BocnojibsoBaTbCH ycenenneM, HTo6bi c^ejiaTb ee 
paBHOMepnbiM tcctom. 

JlerKo noHHTb, hto Bce 3th yTBepjKflemiH cyn^ecTBenno ncnojibsyioT BbiHHCJiHMocTb Mep h ko- 
34)4)Hn;HeHTOB b CMecn. CooTBeTCTByion^He KOHTpnpnMepbi jierKO nocTpoHTb, ecjin ocosnaTb, hto 
CMecb Mep MOJKeT 6biTb KaK 6ojiee cnjibHbiM c BbinncjiHTejibHoit tohkh spenna opaxyjioM, neM KajK- 
flaa H3 HHX (ecjiH nponopn;HH cMeniHBaHHa neBbiHHCJiHMbi) , TaK h naoSopoT. HanpHMep, pa3flejiHM 
0Tpe30K [0, 1] Ha ppe nojioBHHbi h paccMOTpHM ppe Mepbi P m Q, paBHOMepno pacnpe/iejieHHbie na 
3THX nojioBHHax. Hx cMecb c K034)45Hu;HeHTaMH A H 1 — A flejiaeT ihcjio A 3aBeflOMo necjiyiaftHbiM 
(nocKOJibKy OHO mojkct 6biTb BbiHHCJieno oTHocHTejibno 9Tolt Mepbi), xoTa no oflnolt h3 Mep oho 
BHOJine MOJKeT 6biTb cjiy^ailHbiM. (B3aB BMecTO P h Q hx CMecH, CKaJKeM, c K094)<J)Hn;HeHTaMH 1/3 
npoTHB 2/3 H Hao6opoT, mojkho c^ejiaTb A cjiynaHHbiM no oGenM MepaM.) 

B 3T0M npHMepe cMecb coflepjKHT Gojibme HH4)opMau,HH, neM KajK^a^a h3 Mep. MojKeT 6biTb 
H naoGopoT: cBepneM 0Tpe30K [0, 1] c paBHOMepnoft Mepoft b oKpyjKHocTb h pa3o6beM ero na ^Be 
nojiyoKpyjKHOCTH TOHKaMH p VI p + 1/2. Tor/];a paBHOMepnbie Mepbi na 3thx nojiyoKpyjKHOCTax 
flejiaioT p Bbi^HCJiHMbiM oTHocHTejibHo HHX H HOTOMy HecjiyHaHHbiM , a cpeflnee 3thx Mep ecTb 
paBHOMepnaa Mepa na oKpyjKHocTH, oTHocHTejibno KOTopoft p Bnojine mojkct 6biTb cjiynaftHbiM. 

SaMeTHM, "^To p^jia cjienoH (6e3opaKyjibHOH) cjiyqailHOCTH mm mo^kcm 6e30 BcaKHX orpaHH'^eHHH 
rapaHTHpoBaTb, hto MHOJKecTBo cjiyHaHHbix oTHocHTejibno cMecn P vlQ ToneK 6yfleT oGTaeflnnenneM 
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MHOJKeCTB TOHeK, CJly^aHHblX OTHOCHTejIbHO P H OTHOCHTejIbHO Q. (B O^Hy CTOpOHy 3T0 cjie^eT 

H3 MOHOTOHHOCTH, KOTopyio Mbi yjKe oTMeHajiH. B flpyryio: ecjiH TOHKa ne cjiynaliHa OTHOCHTejibHo 
P H He cjiynaHHa oTHocHTejibHo Q, to ecTb ^Ba TecTa, 9to flOKasbmaiomHx, h hx MHHHMyM 6yfleT 
nepeHHCjiHMbiM CHHsy tbctom. /lOKaabiBaiomHM ee HecjiynaHHOCTb OTHOCHTejibHO cmbch.) Bbijio 

6bl HHTepeCHO MOflH4)HLi;HpOBaTb nOHHTHe TeCTa CJiynaHHOCTH, IToGm BOCCTanOBHTb 3TH CBOHCTBa, 

coxpaHHB flpyrne jKejiaTejibHbie cBolicTBa (cKajKeM, cymecTBOBaHHe yHHBepcajibHoro TecTa h TeM 
caMbiM noHHTHe p^e^eKTa cjiynaliHocTH). HeKOTopbie npe^jiojKeHHH TaKoro po^a HMeioTCH b [17, 9, 
18]. 

9.2 JIoKajifaHOCTi. 

IlpeflCTaBHM ce6e, hto nocjieflOBaTejibHocTb a; cjiynaHHa no paBHOMepHoft Mepe h HanHHaeTca c 
Hyjia. Teiiepb H3MeHHM STy Mepy Ha nocjie/tOBaTejibHOCTHX, na'iHHaiomHXCH c eflfiHimf,!. MojKeT 
0Ka3aTbC3, HTo nocjieflOBaTejibHocTb iiepecTaneT 6biTb cjiyHaiiHOH, Tax KaK sHanenHJi Mepbi Tenepb 
MoryT 6biTb HcnojibsoBaHbi KaK opaKyji (nanpHMep, nocjie^oBaTejibHocTb MoaceT cTaTb BbiHHCJiHMoft 

OTHOCHTejIbHO HOBOft Mepbl). Ho 9T0 BbirjIHflHT CTpaHHbIM, TaK KaK H3MeHeHHe Mepbl HpOHCXOflHT 

He B Toil HacTH, rj^e jicjkht Hama noc.ne/];oBaTejibHOCTb. 

fljm cjienoft (GesopaKyjibHoii) cjiynaHHocTH KOHKpeTHo 3tot npHMep, KaK jierKo BHfleTb, neBos- 
MOJKen (TecT mojkho npHnyflHTejibHo o6HyjiHTb na HocjieflOBaTejibHocTax, HanHHaromnxcH c e^HHH- 
n;bi), HO B npHHu;Hne noHSTHe TecTa 3aBHCHT ot Mepbi He TOjibKO B/to.jib HocjieflOBaTejibHOCTH (ne 
TOJibKo OT BepojiTHocTH H03BjieHHJi HyjiH H eflHHHu;bi Hocjie ec Haiaji). 

OnjiTb yKe ^jih BbiHHCJiHMbix Mep cHTyaH;HJi jiy^me. 

IIpefljioxceHHe 9.3 (HpeKBeHn;HajibHoe cbohctbo). Ilycmb P u Q dee euuucAUMue Mepu na 
npocmpaHcmee Q 6ecK0HeHHUx nocAedoeameAbHocmeu uyAeu u eduHuv,, coenadammue na ecex na- 
HttAax HeKomopou nocjiedoeameAbHocmu u). Tozda ama nocjiedoeameAhHocmh odnoepeMeHHO CAy- 
Hauna uau ne CAynauHa no MepuM P u Q. 

JJoKaaameAbcmeo. 3to neiviefljieHHo cjie^yeT hs KpHTepnji cjiyHaHHocTH b TepMHHax cjiojkho- 
CTH HanajibHbix oTpesKOB (TeopeMa JleBHHa-IIlHoppa) b jik)6om h3 ero BapnanTOB (TeopeMa 2.24, 
Hpe^jioxceHHe 2.30 h cjieflCTBHe 2.32). 

Jinn HeBbiHHCJiHMbix Mep 9T0 (KaK HOKasbiBaroT HpHMepbi, aHajiorHHHbie paccMOTpennbiM b 
npep,bipym,eM pas^ejie) nebepno. 

B cjiynae Bbi^HCJiHMbix Mep b npoHSBOJibHOM npocTpancTBe HMeeT MecTo anajiorHHHoe yTBep- 
jKfleHHe, npaBfla, c 6ojiee cHjibHbiM Tpe6oBaHHeM: mbi npe^nojiaraeM, ^to Mepw coBna^aroT na 
jiK)6bix MHOJKecTBax, coflepjKamnxcH b neKOTopoli oKpecTHocTH nocjie^oBaTejibHocTH uo. (B 3tom 
cjiynae mojkho yMHOJKHTb tbct na GasHCHyro 4)yHKi];HK), He HSMeHHB ero b a; h c^ejiaB nyjieBbiM Bne 

OKpeCTHOCTH COBnafleHHS.) 

BoT eme oflHH cnoco6, nosBOJiHromnit nojiy^HTb sabe^oMo npeKBeni^HajibHoe onpe^ejienHJi cjiy- 
HaiiHOCTH, B KOTopoM /lecjjeKT cjiy^aiiHOCTH aBjiaeTCH cJ^ynKi^Heii ot caMofl iiocjie^OBaTejii^iiocTH 
H OT Mep ee HanajibHbix OTpesKOB. Jlnsi flaHHoft nocjieAOBaTejifaHOCTH oj a ;;jiH ;;aHHOH iiocjieflo- 
BaTejibHOCTH {q{i)} fleitcTBHTejibHbix nnceji, fljiJi KOTopbix 1 — q{0) ^ q{l) ^ q{2) ^ ... ^ 0, 

nOJIOJKHM 

t'(w,g) = inft(a;,P), 

r^e MHHHMyM 6epeTCH ho bcbm MepaM P, p^na KOTopbix P{uj{l : n)) = q{n). CooTBeTCTByro- 
mne MHOJKecTBa (fljia cjiy^ait flBOHiHbix HocjieflOBaTejibHocTeit) sc^c^ckthbho KOMHaKTHbi, TaK ito 
3T0T MHHHMyM 6yfleT HepeHHCJiHMOH cHH3y 4)yHKu;HeH OT a; H HocjieflOBaTejibHocTH q. Ecjih ^jih 
Hocjie/iOBaTejibHOCTH u) H Mep q{i) ee na'^ajibHbix OTpesKOB snaneHHe t'{uj,q) kohchho, to Hocjie^o- 
BaTejibHocTb OJ MOJKHO HasBaTb npeKeenVfUaAbHO CAyuauHou. 
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JIpyramvL cjiOBaMH, iiocjie/(OBaTejifaHOCTb u! npeKBeHu;HajibHO cjiyiaiiHa no Mepe P, ecjm cyme- 
cTByeT (BooGme roBop3, flpyraa) Mepa Q, oTHOCHTejitHO KOTopofi oj cjiynaliHa h KOTopaH coBnaflaeT 
c P Ha Bcex HanajibRbix oTpesKax ui. 

Tpe6oBaHHe npeKBeHLi;HajibHOCTH CBHsano c nonbiTKaMH nepenecTH noHHTHS TeopHH BepoHTHO- 
CTeft H cTaTHCTHKH B cHTyaij;Hio nocjieflOBaTejibHbix ripeflCKasaHHit HjienoB nocjie^oBaTejibHocTH, 
cp. [5, 27]. PaccMOTpHM, nanpHMep, npornoa noroflbi, b KOTopoM u){n) osHanaeT, hto b ^enb n 
H/],eT fl^oyKflf). MeTeo6iopo nepe/i; KayKp^biu pfieu yKasbmaeT -qHCjio p{n)., KOTopoe oho naabmaeT 
BepojiTHocTbio flOJKfla B flCHfa n. (HpH 3T0M na cjieflyiomHe ^hh HHKaKoro pacnpe^ejienHJi Bepo- 
HTHocTefi He yKasbiBaeTca. JJpyraMvi cjioBaMH, BMecTo rjio6ajibHoro pacnpeflejieHHH BeposiTHocTeli 
6iopo nporH030B yKasbiBaeT jinnib ycjioBHbie BepoHTHocTH B^ojib nyTH, cooTBeTCTByiomero 4)aKTH- 
HecKOH Horo/];e.) 

Mo>KHO jiH OH,eHHTb KaHecTBO iiporHoaa? KajKexca, hto b neKOTopbix CHTyaH,HHx /i,a: ecjm, CKa- 
jKeM, Bce npeflCKasaHHH 6jih3kh k nyjiio (cKa^eM, MeHbme 10%), a SojibniHHCTBo flHelt (cKa^eM, 
6oj[ee 90%) 6bijiH /lOJK/iJiHBbie. (FoBopaT. "^to TaKoil npornoa njioxo KaAu6poeaH.) Ho, ecTecTBen- 

HO, BOSMOJKHbl H KaKHe-TO flpyPHe BHflbl HeCOOTBeTCTBHH, He TOJIbKO HaCTOTHbie: o6mHH BOHpOC 
COCTOHT B TOM, MOMCHO JIH BOCHpHHHMaTb flaHHyiO HOCJieflOBaTejIbHOCTb KaK HOJiyHeHHyiO CJiyHaHHO 

c npeflCKasaHHbiMH BeposiTHocTHMH. (^pyra,H CHTyaH;HH, r^e BosHHKaeT TaKoii Bonpoc, 9to OH;eHKa 
KanecTBa flaTHHKa cjiynanHbix 6htob, KOTopbifi BbmaeT 6ht c saKasannbiM pacHpe^ejieHHeM, na 
K&yKflpM mare cbohm.) 

^onojiHHTejibHbiM o6cT05iTejibCTBOM npH oii;eHKe KanecTBa npeflCKasaHHH HBjuieTCH to, hto 
npe/];cKa3aTejib mojkbt Hcnojib30BaTb pa3Hoo6pa3Hyio HHcjjopMai^Hio. /locTynnyio na mombht npe/i;- 
CKa3aHH5i (cKajKeM, Benep npeflbmymero flHsi), a ne TOJibKo npeflbiflymne Hjienbi nocjieflOBaTejibHo- 
CTH u). HajiHHHe TaKOH HH4)opMai];HH floJiJKHo yHHTbiBaTbca H npH oii;eHKe Ka^ecTBa npeflCKa3aHH}i. 

B CTaTi^e [27] o6cy>K4aiOTCH uop^oGnme Bonpocbi ii iipe4.,iaiaiOTCH pasjiiriiiijie BapiiaiiTi,! oiipe;;e- 
jieHHH, B ^acTHocTH, cBfl3aHHbie c noHSTHeM MapTHHrajia, h flOKa3biBaeTCfl aKBHBajieHTHocTb neKo- 
Topbix H3 HHx. HHTepecHo 6bijio 6bi ycTanoBHTb cbhsb h c paBHOMepHbiMH TecTaMH cjiynaitHocTH 
B flyxe npHBe^eHHoro Bbime npeKBeHi];HajibHoro onpe^ejieHiiH fle<J)eKTa (npaB^a, BMecTo BepoHTHo- 
CTeit HanajibHbix oTpe3KOB TyT B03HHKaioT ycjioBHbie BepoHTHocTH, HTO He coBceM TO JKe caMoe, 
ecjiH OHH He OTflejieHbi ot nyjia). 

10 Bonpocbi 

Mbi yjKe oTMeiajiH neKOTopbie Bonpocbi, KOTopbie (na Ham B3rjiflfl) 6bijio 6bi HHTepecHo H3yHHTb. 
B 9T0M pa3flejie mm co6pajiH em;e necKOJibKo TaKHx BonpocoB. 

1. PaccMOTpHM cjieflyiom;Hit MeTOfl nopo>K;],eHHa nocjieflOBaTejibHocTH ^ G Q, pacnpeflejieHHolt b 
cooTBeTCTBHH c flaHHbiM pacnpe^ejieHHeM P na f2, npH KOTopoM BepoHTHocTH Bcex cjiob HenyjieBbie. 
Bo3bMeM cjiyHaliHyio nocjieflOBaTejibHocTb p nesaBHCHMbix paBHOMepiio paciipeflejieHHbix na [0, 1] 
cjiyHaHHbix HHceji. Ilocjie Toro KaK ^(1 : n — 1) yjKe nocTpoena, mh nojiaraeM ^(n) = 1 Tor^a h 
TOJIbKO Tor^a, Kor^a 

p(n)<P(e(l:n-l)l)/P(e(l:n-l)). 

EcjiH paccMaTpHBaTb 3to KaK BepoHTHocTHbift npou;ecc, to BbixoflHoe pacnpeflejieHne 6yfleT b tohho- 
CTH p. CnpamHBaeTCH, KaKHe nocjieflOBaTejibHocTH mojkho nojiyHHTb na Bbrxo^e, ecjm HannHaTb co 
cjiynaftHbix no MapTHH-Jle4)y nocjieflOBaTejibHOCTeli fleltcTBHTejibHbix HHcej[. (Mo>kho npoBepHTb, 

HTO flJEJI BblHHCJIHMbDC Mep P nOJiyiaiOTCH B TOHHOCTH CJiyHaHRbie no MapTHH-JIecjjy OTHOCHTejIbHO 

P nocjieflOBaTejibHocTH.) 
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2. BcnoMHHM (|)opMyjiy fljia flfidj^eKTa cjiyM;aHHOCTH no BbiHHCJiHMoli Mepe: 



t(a;,P) = ^ 



m(a;) 



xC.u> 



P{x) ' 



06e HacTH hmbiot cmhcji npn npoHSBOJiBHOM P, ho ohh MoryT 6biTb pasjiHHHbi. IlpHHHHy 9Toro 

Mbi yjKe o6cyjK/];ajiH: neGojibuioe wsmeaemie Mepbi hohth He BjinaeT na npaByio ^acTb, ho mojkgt 
HSMeHHTb ee BbiHHCJiHTejifaHyio CHjiy KaK opaKyjia h cymecTBeHHo HSMeHHTb jieByio. 

06o3HaHHM HpaByio nacTb sToro paBencTBa nepes P). Mojkct 6biTb, HMeeT cmhcji cHHTaTb 
KOHe'^HOCTb t' onpe/iejieHHeM cjiy^aiiHOCTH no HeBbinHCjiHMbiM MepaM? Ho KpaiiHeil Mepe ona 6y- 

flCT MOHOTOHHOH (oT yBejIH^eHHJI MCpbl CJiyHaHHOCTb GyflCT TOJIbKO paCTH). OTHOCHTCJIbHO CMCCH 

Mep ona Sy^cT KBasH-BbinyKjioit, 6ojiee Toro, b [8] flOKasano, hto l/t'{u!,P) HBjiHeTCH BornyToli 
4)yHKi];HeH ot P. 

^pyroe B03MOJKHoe onpeflejienne fle4)eKTa cjiy^aiiHocTH ^jih 6ecK0HeHH0H nocjie^oBaTejibHocTH 
uj no Mepe P TaKOBo: logsup^^^^[a.{x) / P{x)]. fljia BbrancjiHMbix Mep mm bhobb nojiynacM onpe- 
flejicHHe, paBHocHjibHoe CTaH^apTHOMy onpeflejienHio MapTHH-Jle4)a. B pa6oTe [11] noKasano, hto 
onpe/];ejiennbie TaKHM o6pa30M TecTbi cjiy^ailnocTH (a TaKJKe anajiornnnbie. Hcnojib3yion];He mo- 
HOTonnyio cjioJKnocTb bmccto anpnopnon BepoHTnocTn) ne oGjiaflaiOT ncKOTopbiM ecTecTBennbiM 
CBOHCTBOM {coxpaHCHUfi c/iyHauHocmu) — B oTjiHHHe OT paBHOMepHbDc TecTOB. B [8] noKasano, 
HTO. c 4pyi'OH CToponM. 'iTO ecjiH B onpeflejieHHH t' a npaBon ^acTH paccMOTpeTB cyMMv no bccm 
BbinncjiHMbiM c|3ynKn,HflM c KonennbiM hhcjiom pan;HOHajibHbix snanennn, a ne TOJibKO xapaKTcpn- 
CTHHecKHe 4)ynKn,nH mhoskcctb xQ, to cbohctbo coxpaHeHHH HH4)opMan;HH BbinojiHJieTCH. 

3. MojKHo jiH pasyMHo onpeflCJiHTb fle4)eKT cjiynaHHocTH nocjieflOBaTCJibHocTH oTHocHTCJib- 
no npon3BOjibnbix Mep, /];o6nBmncb ero mohotohhocth (b KaK0M-HH6yflb ecTecTBCHHOM CMbicjie)? 
HanpHMep, MOJKno 6bijio 6bi noTpeGoBaib 



(OTMCTHM B KaHCCTBC MOTHBHpOBKH, HTO HpaBaH HaCTb npHBefleHHOlt BblUIC 4)0pMyjIbI flJIH fl^e^eKTa, 

oGjiaflaeT 3TnM cbohctbom). Mo>Kno jin paccnnTbiBaTb npn 3tom na cbohctbo KBasH-BbinyKjiocTH? 
HcKOTopbie noHbiTKH TaKoro pofla npcflnpHnaTbi b [17, 9], a TaioKc b [18] 

Cbohctbo KBasn-BornyTocTH, bh^hmo, o6ecHeHHTb Tpy^Hee (b stoh cHTyaH;HH npHBeflenHbie 
KOHTpnpHMepbi Bbirjia/];aT 6ojiee ycTonnnEbiMn) . 

4. CTanflapTHOH npou;eflypoH b Teopnn BbinncjiHMocTH aBjiacTCJi peji3THBH3au;Ha: ncKOTopoe 
MHOJKecTBo A oGiaJiBjiaeTCJi paspeniHMbiM no onpeflCJieHHio, h ajiropHTMaM paspemacTCH ncnojib- 
30BaTb "opaKyji" ^jih sToro MHOxcecTBa (oTBenaKimnii na Bonpocbi o npHnafljiexcHOCTH CMy). 9to 
yBejinnHBacT Kjiacc BbinncjiHMbix 4)ynKn;HH, no GojibmnncTBO peayjibTaTOB Teopnn BbinncjinMOCTn 
ocTaioTca BepnbiMn. Bojiee cjiojKnaa cnTyan,na BosnnKacT, Kor^a mm oGMBjiacM ncKOTopoe mho- 
jKecTBo E nepeHHCJiHMMM no onpeflejiennio. HpoGjicMa TyT b tom, hto ero mojkho nepenncjiHTb b 
paanoM nopa/iKe, n paanbie nepenncjiaioni;ne ero "opaKyjibi" MoryT p^aiTb paanbie peayjibTaTM. Tcm 
ne Menee cymecTBycT ecTccTBcnnoe nonsTne nepenucAUMoeo omHocumejibHO E MnojKccTBa (KaK 
en];e roBopsT, MHOJKecTBa, ceodMneeoc^ no nepeuucAUMOcmu k E). HpHBefleM cooTBCTCTByion^ee 
onpeflejienne. IlycTb W ecTb neKOTopoe mhoxcbctbo nap BH^a {x, S), r^e x — naTypajibnoe hhcjio, a 
S — KoncHHoe mho^kbctbo naTypajibnbix hhcbji. By^eM cHHTaTb, hto mho^kcctbo W nepenncjinMo. 
Torfla fljiH jiio6oro MnoxcecTBa E moxcho paccMOTpcTb mhoxccctbo S{E, W), cocT03ni;ee h3 bccx x, 
npn KOTopbix {x, S) £W npn ncKOTopoM S C E. (He<J)opMajibHO roBopa, napa {x, S) noHHMacTCH 
KaK nncTpyKn;na: Bbi/];aBaTb na bmxo/i; x, o6napyjKnB b nepenncjiennn E see 3jieMenTbi n3 cnncKa 
S.) floGaBjienne cTan^apTnoro paspemaiomero opaKyjia fljia MnojKccTBa A mojkho paccMaTpnBaTb 
KaK HacTHbiii cjiynan TaKoli cbo^hmocth, hojiojkhb E — {2n | n G A} U {2n + 1 | n ^ A}. 



P ^c Q^ t{cu,P) ^ t{u;,Q)/c. 
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B HeKOTopbix cHTyaii,iuix mojkho nbiTaTbca oGoHTHCfa laKoi o po/;a opaKyjioM. CKajKeM, Biiojme 
MOxcHo roBopHTb o nepeHHCJiHMOH cHH3y oTHocHTejibHo E 4)yHKLi;HH, nocKOJibKy ee MOMCHo onpefle- 

JIHTb B TepMHHaX nepeHHCJIHMbDC MHOJKeCTB. Ho He OHeBHflHO, HTO OnpeflejieHHbie TaKHM o6pa30M 

nOHHTHH o6jia/];aiOT npHBblHHblMH J^JIii HaC CBOftCTBaMH. 

MojKHo jiH yTBepjK;],aTb (fljia npoHSBOJibHoro E) , ito cymecTByei MaKCHMajibnaa nepeiHCJiHiviaa 
CHHsy oTHocHTejibHo E nojiyMepa? Mojkho jih onpe^ejiHTb npe4)HKCHyio cjiojKHocTb c opaKyjioM E 
H 6ypfiT jiH OHa coBna/iaTb c jiorapHcjjMOM MaKCHMajibHofi nojiyMepbi (ecjm TaKOBaa cymecTByeT)? 
Hto 6yfleT, ecjiH flonojiHHTejibHo npeflnojiojKHTb, ^to E ecTb MHo>KecTBo Bcex GasHCHbix mapoB b 

KOHCTpyKTHBHOM MeTpHHeCKOM npOCTpaHCTBe, COflepJKamHX HeKOTOpyK) TOHKy? 

{JlfflSl CpaBHeHHH HanOMHHM, HTO MOXCHO OnpeflejIHTb £'-BbIHHCJIHMyiO 4)yHKI];HK) KaK (|)yHK- 
LtHIO. rpacjjHK KOTOpOH E'-nepe'^HC.nHM. ITpH 3T0M BbinOJlHHIOTCH HeKOTOpbie SHaKOMbie CBOHCTBa, 
HaiipHMep, K0MII03HU,HH fXHy^X. iJ-BblHHCJIHMblX 4)yHKU,HH HBJIHeTCH i?-BbIM;HCJIHMOH. Ho, CKa>KeM, 

yTBepjK^eHHe o tom, hto BCHKoe nenycToe £'-nepeHHCJiHMoe MHOJKecTBo jiBjiaeTCH o6jiacTbio sna- 
HeHHit BCK)^ onpe^ejieHHOH £^-BbiHHCJiHMOH 4)yHKi];HH, yjKe ne rapaHTHpoBano: npn neKOTopbix E 

3T0 He TaK.) 

5. Mojkho nbiTaTbCH o6o6iii;aTb noHHTHe cjiynaHHocTH b ^pyroM nanpaBjienHH, paccMaTpHBaH 
He BbiHHCJiHMbie Mepbi, a nepeHHCjiHMbie nojiyMepbi, to ecTb Bbixo^Hbie pacnpeflejieHHH BepoHTHocT- 
HbDc MaraHH, BbiflaiomHx 6ht 3a 6htom (h, bosmoxcho, Bbi^aiomHx KoneHHyio nocjie^OBaTejibHOCTb c 

HOJIOXCHTejIbHOit BepOHTHOCTblo). 9tO npeflJIOJKHJI JleBHH, HMeH B BHfly OnpeflejIHTb HeSaBHCHMOCTb 

flBjoc HocjieflOBaTejibHocTeli an/? KaK cjiynaliHocTb napbi (a, /3) oTHocHTejibHo nojiyMepbi a x a. 
(TaKoil uop;xoji npe/inojiaraeT, hto Bce nocjie/];oBaTejibHOCTH cjiynaftHbi OTHOCHTCjibHO nojiyMepbi 
a.) CooTBeTCTBeHHo fle(J)eKT cjiyHaHHocTH napbi (a,/3) oTHocHTejibHo ax a mojkho Gmno 6bi na- 
3BaTb KOJiHHecTBOM o6iLi;eH HH(J)opMan;HH B HocjieflOBaTejibHocTHx a H /3, no anajiornn c KonennbiMH 
cjioBaMH, r^e BsanMnaa HH<J)opMan;iiH cjiob x vi y, onpe^ejiHeMaa KaK 

KP{x) + KP{y) - KP{x,y) = -log(m(a;) x m(y)) - KP{x,y), 

BbirjLHflHT KaK fle^^eKT cjiyiaitHocTH oTHocHTejLbno m X m. 

Oflna H3 BosMOJKHocTen pflu onpeflejiennH cjryHaliHocTH nocjieflOBaTejibHocTH oTHocHTejibHo no- 
jiyMepbi Q TaKaa: noTpe6oBaTb orpann'^eHHOCTH OTHomeHna a.{x) /Q{x) HaiajibHbix OTpesKOB 
X nocjieflOBaTejibHocTH oj. /],pyroH BapnanT: paccMaTpnBaTb cjiyHaHHbie no MapTnn-JIecjjy othoch- 
TejibHo paBHOMepnolt Mepw nocjie;;oBaTejibHocTH cjiynaitHbix 6htob, ncnojibsoBaTb hx KaK hcxo^h 
flaTHHKa cjiynannbix 6htob b BepoHTHOCTHoii Maninne n cMOTpeTb, KaKne nocjie^oBaTejibHOCTH mo- 
ryT nojiyHHTbCH na Bbixo/];e. HensBecTHO, coBna/iaioT jih sto onpe/i;ejieHHH. HeH3BecTHO TaKJKe, 

KOppeKTHO JIH BTOpOe H3 HHX (b TOM CMblCJie, ^TO flByM BepOflTHOCTHbIM MauIHHaM C OflHHM H TeM 

jKe BbixoflHbiM pacnpe^ejieHHeM cooTBeTCTByeT o^no h to JKe MHOJKecTBo o6pa30B cjiynaHnbix nocjie- 
flOBaTejibHocTeft) . JXnsi BbiiHcjiHMbix Mep (Mamnn, BbmaiomHx GecKonennbie nocjieflOBaTejibHocTH 

C BepOJITHOCTblO 1) 9T0 fleitCTBHTejIbHO TaK. 

6. (3tot Bonpoc 3aflaji C. CnMncon) Mojkho jih npe^jiojKHTb ecTecTBennoe nonjiTHe TecTOB 
cjiyHafinocTH pjisi, CKaxceM, 2-cjiyHaiiHbix nocjie^OBaTejibHOCTeii? (06biHHoe onpe^ejienne na H3biKe 
TecTOB cooTBeTCTByeT TecTaM, ne hbji5iioili;hmch nojiynenpepbrnnbiMH.) 

Bjiaro^apHOCTH 

AbTopbi 6jiaro/i;apHbi cbohm KOJiJieraM, c KOTopoMH ohh o6cyjK/i;ajiH paccMaTpnBaeMbie b CTaTbe 
Bonpocbi, B nepByio oiepeflb JI. JleBnny, k KOTopoMy BocxoflST MHorne h3 nonaTHit 3toh CTaTbn, 
A. By4)eT0By n A. KjinMenKO, a TaKJKe B. Bbrornny n ^pyrnM ynacTHnKaM KOJiMoropoBCKoro 
ceMHHapa (na MexMaxe MFY b MocKBe). CiaTbH Hanncana npn 4)HHaHC0B0H noflflepjKKe rpanTOB 
NAFIT ANR-08-EMER-008-01, RFBR 0901-00709-a. 
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